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Abstract. Several years ago Schwinger proposed a physical mechanism for sonoluminescence in
terms of photon production due to changes in the properties of the quantum-electrodynamic (QED)
vacuum arising from a collapsing dielectric bubble. This mechanism can be re-phrased in terms
of the Casimir effect and has recently been the subject of considerable controversy. This paper
probes Schwinger’s suggestion in detail: using the sudden approximation we calculate Bogolubov
coefficients relating the QED vacuum in the presence of the expanded bubble to that in the presence
of the collapsed bubble. In this way we derive an estimate for the spectrum and total energy
emitted. We verify that in the sudden approximation there is an efficient production of photons,
and further that the main contribution to this dynamic Casimir effect comes from a volume term, as
per Schwinger’s original calculation. However, we also demonstrate that the timescales required
to implement Schwinger’s original suggestion are not physically relevant to sonoluminescence.
Although Schwinger was correct in his assertion that changes in the zero-point energy lead to
photon production, nevertheless his original model is not appropriate for sonoluminescence. In
other work we have developed a variant of Schwinger’s model that is compatible with the physically
required timescales.

1. Introduction

In this paper we shall concentrate on Schwinger's original proposal regarding
sonoluminescence [1-7], that of photon production associated with changes in the quantum-
electrodynamic (QED) vacuum state. His idea was to explain the sonoluminescence
phenomenon, which consists in light emission by a sound-driven gas bubble in fluid [8],
in the framework of the so-called dynamical Casimir effect. Our first aim is to verify,

in a dynamic framework, that a sudden change in bubble size will cause efficient photon
production, thereby indicating the possibility of arpriori interesting role for the dynamic
Casimir effect in this condensed matter context. While we demonstrate that the key features
of Schwinger’s calculations are correct, this study also demonstrates that for other reasons (to
do with the observed timescale of the phenomenon) the original approach of Schwinger is not
physically relevant to sonoluminescence. In related work [9—12] we have developed a different
implementation of Schwinger’s ideas regarding sonoluminescence that is compatible with the
physically observed timescales.
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The idea of a ‘Casimir route’ to sonoluminescence was developed by Schwinger in a series
of papers [1-7]. One key issue in Schwinger's model is simply that of calculating static Casimir
energies for dielectric spheres—and there is already considerable disagreement on this issue.
A second and in some ways more critical question is the extent to which a change in static
Casimir energies might be converted to real photons during the collapse of the bubble—it is this
issue that we shall address in this paper. We estimate the spectrum of the emitted photons by
calculating an appropriate Bogolubov coefficient relating the two states of the QED vacuum.

Another model associating sonoluminescence with QED vacuum changes is the variant
of Schwinger’s proposal due to Eberlein [13-15]. In contrast to Schwinger's quasi-
static approach, Eberlein’s model is truly dynamical but uses a radically different physical
approximation—the adiabatic approximation. The two models should not be confused.
See [10] for a deeper discussion of Eberlein’s approach to sonoluminescence.

Considerable confusion has been caused by Schwinger’s choice of the phrase ‘dynamical
Casimir effect’ to describe his model. In fact, the original model is not dynamical and is better
described as quasi-static as the heart of the model lies in comparing two static Casimir energy
calculations: that for an expanded bubble with that for a collapsed bubble. In a series of
papers [1-7] Schwinger showed that the dominant bulk contribution to the Casimir energy of a
bubble (of dielectric constamtysige) in a dielectric background (of dielectric constap(sige
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p +247rR3/‘K 4nk2dklﬁk< 1 1 )+
T, Nt = " TThe _ -
cavity 3 0 (2m)3 2 +/€inside  4/€outside
1_ 1 1
6 A/ €inside  4/€outside,

There are additional sub-dominant finite volume effects [16—18]. The qudatisya high-
wavenumber cutoff that characterizes the wavenumber at which the dielectric constants drop
to their vacuum values. This result can also be rephrased in the clearer and more general form
as [16-18]:
5 % 1_ )

Ecavny =+ V/ th[wmsme(k) - Cl)out3|de(k)] T ( )
where it is evident that the Casimir energy can be interpreted as a difference in zero-point
energies due to the different dispersion relations inside and outside the bubble.

In contrast, Milton [19], and Milton and Ng [20, 21] strongly criticize Schwinger’s result.
Using what is to our minds a physically dubious renormalization argument leads them [21] to
discard both the volume and even the surface term and to claim that the Casimir energy for
any dielectric bubble is of ordef ~ hc/R.

In [16—18] an extensive discussion on these topics is found. Therein it is emphasized that
one has to compare two different geometrical configurations, and different quantum states, of
the same spacetime regions. In a situation like that of Schwinger’'s model one has to subtract
from the zero-point energy (ZPE) for a vacuum bubble in water the ZPE for water filling all
space. ltis clear that in this case the bulk term is physicalraustbe taken into account.

In the situation pertinent to sonoluminescence, the total volume occupied by the gas is not
constant (the gas is truly compressed), and it is far too naive to simply view the ingoing water
as flowing coherently from infinity (leaving voids filled with air or vacuum somewhere in the
apparatus). Since the density of water is approximately but not exactly constant, the influx
of water will instead generate an outgoing density wave which will be rapidly damped by the
viscosity of the fluid. The few phonons generated in this way are surely negligible. Surface
terms are also present, and eventually other higher-order correction terms, but they prove to
not be dominant for sufficiently large cavities [18].
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2. Bogolubov coefficients

As afirst approach to the problem we study in detail the basic mechanism of particle creation,
and test the consistency of the Casimir energy proposals previously described. With this
aim in mind we consider the change in the QED vacuum associated with the collapse of the
bubble, by keeping fixed the refractive index both of the gas and of the water. For the sake of
simplicity we take, as Schwinger did, only the electric part of QED, reducing the problem to
one of scalar electrodynamics. Moreover, at this stage of development,we are not concerned
with the dynamics of the bubble surface. In analogy to the subtraction procedure of the
guasi-static calculations of Schwinger [1-7], and of Molinaiand co-workers [16—18], we

shall consider two different configurations of space. An ‘in’ configuration with a bubble of
dielectric constandj,sige (typically vacuum) in a medium of dielectric constapiisige and an

‘out’ one in which one has just the latter medium (dielectric constapiqg filling all space.

Strictly speaking we should compare a large bubble having raRijjdgwith a small bubble

of radiusRmin. We are approximating the small bubble by zero volume on the grounds that
the small bubble that is relevant to sonoluminescence is at least a million times smaller than
the large bubble at the expansion maximum. Keeptpg, finite significantly complicates

the calculation but does not give much more physical information. The above ‘in’ and ‘out’
configurations will correspond to two different bases for the quantization of the field. The two
bases will be related by Bogolubov coefficients in the usual way. Once we determine these
coefficients we easily get the number of created particles per mode and from this the spectrum.
This tacitly makes the ‘sudden approximation’: changes in the refractive index are assumed to
be non-adiabatic, see [9-11] for more discussion. We shall also make a consistency check by a
direct confrontation between the change in Casimir energy and the direcEsn, ", winy

of the energies of the created photons. The former energy (the total energy of the particles that
can be produced by the collapse) must necessarily equal the Casimir energy of the bubble in
the ‘in’ state since in the current simplified model there is no external source of energy (like
the driving sound in the true dynamical effect). For this reason we expect to be able to give
a definitive answer on the nature (dependence on the bubble radius and on the cut-off) of the
static Casimir energy. Of course it is evident that such a model cannot be considered a fully
satisfactory model for sonoluminescence. In fact this model completely ignores the details of
the dynamics and moreover, by considering just one cycle, implies impossibility of testing for
the possible presence of any parametric resonances. We thus consider the present calculation
as a toy model in which some basic features of the Casimir approach to sonoluminescence
are investigated: it provides a test of the nature and quantity of the particles produced by a
collapsing dielectric bubble in the sudden approximation.

2.1. Formal calculation

Let us consider the equations of the electric fields (Schwinger framework) in spherical
coordinates and with a time-independent dielectric constant (we temporarity=set for

ease of notation, and shall reintroduce appropriate factors of the speed of light when needed
for clarity)

€do(dE) — V’E = 0. (3)
We look for solutions of the form

E = &(r, t)YZm(Q)%. 4)
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Then one finds

€(32D) — (92D) + r_121(z +1)d =0. (5)
For both the ‘in’ and ‘out’ solution the field equation s given by

€D — %D + r_121(z +1)®d = 0. (6)

In both asymptotic regimes (past and future) one has a static situation (either a bubble in the
dielectric, or just the dielectric) so one can in this limit factorize the time and radius dependence
of the modes®(r, r) = €' f(r). One gets

f+ | ew® - %1(1 +1)) f=0. 7)
r

This is a well known differential equation. To handle it more easily in a standard way we can
cast it as an eigenvalues problem:

" 1
f- (r—zla ¥ 1)) f==3"f ®)
wherer? = ew?. With the change of variableg = r/2G we get
1 2
G+—G+</\2—v—2>G=O. (9)
r r

This is the standard Bessel equation. It admits as solutions the first type Bessel and Neumann
functions, J,(Ar) and N, (Ar), with v = [ + 1/2. Remember that for those solutions which
have to be well defined at the origin,= 0, regularity implies the absence of the Neumann
functions. For the ‘in’ basis we have to take into account that the dielectric constant changes
at the bubble radiusR). In fact we have

€inside = ngasz dielectric constant of air-gas mixture

if r<R
€ =

. . . . 10
€outside = nﬁquid = dielectric constant of ambient liquid (10)

(typically water) if r>R.

Typically one simplifies calculations by using the fact that the dielectric constant of air is
approximately equal to 1 at standard temperature and pressure (STP), and then dealing only
with the dielectric constant of watenua = /€ouside ~ 1.3). We find it convenient to
explicitly keep track ofigas andniiguig in the formalism we develop. Defining the in and out
frequenciesqin, andwgy; respectively, one has

. A, J, (Ngagbin?) if r<R
G:)n(”gas Nliquid» @in, r) = gastin . (11)
B, J, (njiquidwinr) + C, N, (njiquid@in?) if
TheA,, B,, andC, coefficients are determined by matching condition®in
A, J,(ngagwinR) = B, J, (jiquidwinR) + C, N, (Njiquidwin R) (12)

Ay Jy (ngagoinR) = B, J,)' (Miiquidwin R) + C, N,/ (Niiquid@in R).

The ‘out’ basis is easily obtained solving the same equation but for a space filled with a
homogeneous dielectric,

G2 (iquid» @out, ) = Jy (Miiquid@out!”)- (13)
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To check that the ‘out’ basis is properly normalized we use the scalar product, defined as usual
by

(b1 d2) = —i /2 b1 50 65 L. (14)

There are subtleties in the definition of scalar product which are dealt with more fully in [9-11].
The naive scalar product adopted here is missing a dependence on the refractive indices of
the gas and the surrounding water. Given the fact that in the present framework both of these
are approximately equal to one, the product adopted here is good enough for a qualitative
discussion. Consider now the scalar product of a eigenfunction with itself, one expects to
obtain a normalization condition which can be written as

(@h)", (@) = 87 (15)
Inserting the explicit form of th& functions we get

(DL )" (PL™) = (L + 1) / rdrd, () J, (W)= (16)
0
S(A—A) . ,
=+ )J)%e'(l—l ) (17)
where we have used the Hankel Integral Formula [22]
/ rdrd,(Ar)J,(\r) =8 — M) /A. (18)
0
The Bogolubov coefficients adefinedas
aij = —(EM™, EM) (19)
Bij = +H(EM EM). (20)

We are mainly interested in the coefficightsince| 8|2 is linked to the total number of particles
created. By a direct substitution it is easy to find the expression:

p=—i /00 (q’out(", t)Ylm(Q)%> (go <<Din(r, t)Ylfm/(Q):r—l) r?dr dQ (21)
0

[o¢]
i +win)t out
= (win — Cl)out)el(woLII @in) 31 S / G[ (nliquid» wout, T')
0

x G (ngas Miquids @in, )7 dr. (22)

To compute the integral one needs some ingenuity. Let us write the equations of motion for
two different values of the eigenvaluesandu:

o1, 1 1\

G, +-G,+|»*-S(1+5) |G, =0 23
s r s ( r2 ( 2) > A ( )
sl , 1 1\

G/J«+;G//«+ 122 _r_2 l+§ G/LZO. (24)

If we multiply the first byG, and the second b§;, we get

. 1, , 1 1\?

GG+ =G, Gy + (x -5 (z + 5) ) G,G, =0 (25)

. 1, , 1 1\?
GMGA"';GMGA"' M _ﬁ l+§ G”’G}\:O. (26)
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Subtracting the second from the first we then obtain
p p 1 . )
(G,Gu=G,G)*+ (GG = G,Gy) * (A - u?G,G, = 0. (27)
The second term on the left-hand side is a pseudo-Wronskian determinant
Wi (r) = G, (NG, (r) — G, (NG(r) (28)

andthefirsttermis its total derivativéld , /dr. It's apseudo-Wronskian, notatrue Wronskian,
since the two function&, andG,, correspond to different eigenvalues and so solve different
differential equations. The derivatives are all with respect to the vantatsing this definition

we can cast the integral overof the product of two given solutions into a simple form.
Generically:

b b b
(/LZ—AZ)/ rer;\GM=/ rdrdWAM+/ drWy,,. (29)

That is

b 1
/ rdrG,G, = ———=Wi,r

b b b
(/,Lz — )\2) ) — /a er)\Ii +/; dVWAM. (30)

So the final result is

1 b

b
/{: I"dl"G)LGM = M(Wkur) a'

This expression can be applied in our specific case equation (22), we obtain:

(1)

o0

t .
/ r dr G (niiquia, @, )G (gas Niiquid, @, )
0

R .

t
= / r dr G (niquia@outr) G') (ngagvinr)
0

oo .
+/ r dr G (njiquia@out ) Gyt (Miiquid @inT") (32)
R

i {r W[GSUI(nquuidwoutr)a Gi,?(ngasﬂ)inr)]}g
B (nliquida)out)2 - (”lgasﬂ)in)2
+{’” WG (niiquidwoutr), G" (Miiquidwin?)] 1§
(Mliquid@wou)? — (Miiquid@in)?
— R |: W[Ggm(nliquidwoutr)y Givn (nga@inr)]k,
(nliquidwout)2 - (nga§0in)2
B W[G " (njiquiswoutr), G (Miiquia@in?)] &, ]
(Miquid@oud)? — (Miiquid®in)?
where we have used the fact that the above forms are well behaved (and equal to-8)dor
We have discarded additional delta-function contributions arising fremoo because they
are proportional t@ (win — weyr) and do not contribute to the Bogolubov coefficigndue to
the prefactowin — wou). (Here and henceforth we shall automatically give the savadue
to the ‘in’ and ‘out’ solutions by using the fact that equation (22) contains a Kronecker delta
inl/and!".)
Finally the two pseudo-Wronskians so found can be shown to be equal (by the junction
condition (12)). In fact one can easily check that

(33)

(34)

A, W[, (”quuidwout’”)a Jv(ngasCUinr)]R =B, W[J, (”quuidwout’”)a Jv(ngasCUinr)]R
+C\, W[J, (niiquid@outr ), Ny (ngagoin)] - (35)
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This equality allows one to rewrite integral in equation (22) in a more compact form

o0
out in
/ r dr G (niiquid, @, )G (Ngas Niiquid, @, )
0

1 1
=A —
' |:(nliquidwout)2 - (ngasﬂ)in)2 (nliquidwout)2 - (nliquidwin)2:|

xW[J, (Miiquid@outr ), Jy (”lga@in’”)]R (36)
_ nﬁquid - néas A, Ra)izn wiJ, (Miquidwout), Ju (ngasﬂ)inr)]R 37)
nﬁquid [U)gut - 0)|2n [(nliquidwout)2 - (ngasﬂ)in)z]

Inserting this expression into equation (22) we get

2 2
Niogig — N — wj
ﬂ _ Ilquld2 gas 811 S (a);ut a)|2n) RA,
Miquid out — @in
% wiZnW[Jv (Mliquid@out’) s ]v(ngasﬂ)inr)]R d(@ourton)t
[(nliquidwout)2 - (ngasﬂ)in)zl .
We are mainly interested in the square of this coefficient summed awelbn. Itis in fact this
quantity that is linked to the spectrum of the ‘out’ particles present in the ‘in’ vacuum, and it is
this quantity that is related to the total energy emitted. Including all appropriate dimensional
factors ¢, 1) we have

M = </ | B(win, wout)|2dwin> (39)

dwoyt

(38)

and

_ [ dN
/ Mwout dwoyt. (40)

E=h
dwout
Hence we shall deal with the computation of

| B(win, wout)|2 = Z Z[ﬂlm,l/m’ (win, CUout)]z (41)

Im U'm'

2 2 2 2 2 x
Npyig — N < R
- "q”'dz gas ( @in ) g (20 + 1)|A, |
@out + @in 1=1

Piquid

(42)

% |:W[Jv (nliquidwoutr/c)a Jy (”gaél)inr/c)]R i|2
(”quuidwout)2 - (ngasﬂ)in)2 ’

This expression is too complex to allow an analytical resolution of the problem. Nevertheless
we shall show that the terms appearing in it can be suitably approximated in such a way as to
obtain a computable form that shall give us some information about the main predictions of
this model. We shall first look at the large-volume limit, which will allow us to compare this
result with Schwinger’s calculation, and then develop some numerical approximations suitable
for estimating the predicted spectra for finite volume.

2.2. Behaviour in the larg® limit

One of the main objectives of this calculation is to shed some light on the extent to which
the change in static Casimir energy can be transformed into photons. In particular, we
expect that the total energy of the photons calculated from this Bogolubov approach would
give approximately the same results as the static Casimir energy calculations such those of
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Schwinger [1-7] and Molina-Par and co-workers [16-18], since we have excluded any
external forces.

From equation (42) it is easy to check that the general form of the squared Bogolubov
coefficient is given by

RZ
1B(x, y)I? = C—zﬁé(x, y) (43)

where 82(x, y) is a dimensionless quantity and we introduce dimensionless variables
Miquid@outR /c @andy = ngagoinR/c. (The dimensions of should always be those of time.)
The spectrum is then given by

dN (wou R RK
(@ow) _ < fo |ﬂo<x,y>|2dy) (44)

dwoyt Chgas

and the energy radiated is

hc *© kK 2
E= 2—/ dx/ dyx|Bo(x. y)I*. (45)
Niiquid"gask Jo 0

If R is very large (but finite in order to avoid infrared divergences) then the ‘in’ and the ‘out’
modes can both be described by ordinary Bessel functions

G" (ngas @, 1) = J, (ngagoinr/¢) (46)
G*"(niiquid, @, ) = J, (Miiquid@out? /). (47)

We can now compute the Bogolubov coefficient relating these states
Bij = (EP", EM) (48)
= (wm;—zwouoei @outt ) ), 8, / Jy (ngagoinr /) J, (Miiquid @outr/ ) ¥ dr (49)
3 (ngagwin — MiiquidWout)

= (win — wout)ei(wDU1+win)t3ll’5mm’ (50)
NgagPin
1 1 iwin (Ngas/ Miquid D)t
=\— - €/ ¥in{tigas/ Miquid 811’5mm/5(nga§0in _nliquidwout)' (51)
Ngas  Mliquid
This result implies that
| B(win, wout)|2 = Z Z | Bimirm (@in, wout)|2 (52)
Im U'm'
Nliquid — Ngas 2 2
= =—2) D (@ + D{8(ngagoin — niquidwour)} (53)
Nliquidgas 7
Nliquid — Ngas 2
= ——) D @+ D5(0)8(ngagin — Miiquidwour) (54)
Nliquidgas 7
= (a0 = 1950)* S~ 514 1) R gt — miuistoon (55)
Nliquidgas 7 2nc
where we have invoked the standard scattering theory result
3.2 V 3
{8°(k)} = —5—==6"(k) (56)

(2m)3
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specialized to the fact that we have a one-dimensional delta function (in frequency, not
momentum). The sum over angular momenta (which is formally infinite) can now be estimated
as follows:

Imax(@out)

D @ +1) = Fadwon) — 1 s (@ow). (57)
=1

The angular momentum cutoff is estimated by taking
(”quuidﬁa)out/c) x R

Imax(w) ~ 7 = ”quuidwoutR/C =X. (58)
So in the above we are justified in approximating
D@ +1) ~ X% (59)
l

By changing to the dimensionless variablesy) this finally gives

2 Nliquid — Ngas 2 R? 2
1B, I = ( ) 52X O =) (60)

Nliquidgas

We can now compute the spectrum and the total energy of the emitted photons:

dN@ow _ R (”quuid - ngas>2 / st — y)dy
0

~
da)out 27T cn gas

Nliquid"gas
2
R Nliquid — Mgas
- ( au %) ¥20(RK — x)
277'C”lgas Nliquid"gas
2 2 p3. 2
liquid ( Mliquid — Hgas Rewf,
= ( —- ch; O(K — niiquid@out/)- (61)
gas liquid/lgas

For future comparison purposes it is convenient to write the spectrum in dimensionless form
as

d_N N 1 <nliquid — Ngas
dx 27'”’lliquid”lgas
From this equation it is easy to get the total number of the created photons:
1 Niiquid — 1 2 oo
N ~ < liquid gas) / x?’O(RK — x)dx
0

27T”lliquidngas

2
) x?O(RK — x). (62)
Nliquidgas

Nliquid"gas
1 Nliquid — Mgas 2 3
= (RK) (63)
67”’lliquidngas NliquidMgas

and the total emitted energy

he i — e\ [0 RK
E ~ 5 ( liquid gas> / dx/ X % x2 X 8(x — y) dy
27 nfigquigNgask \ Miiquid7gas 0 0
2

hc Rliquid — N
quid gas | 3
||q id"*ga: |IqU|d gas 0

he (nliquid - ngas>2 (RK)4

2ﬂnﬁquidngasR Niiquidgas 4
1 Nliquid — Mgas 2— 3
- — ( > K (RK)S. (64)
87Tn|iquidngas Nliquidlgas
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Hence, feeding our results (60) into equations (44) and (45) #okd /dw and E, we find a
resultwhichis in substantial agreementwith the Schwinger (and Catsd)results. We view

this as definitive proof that indeed Schwinger was essentially correct: the main contribution to
the Casimir energy which can be extracted from the collapse of a (large) dielectric bubble is a
bulk effect. The total energy radiated in photons balances the change in the Casimir energy up
to factors of order one which the present analysis is too crude to detect. (For infinite volume
the whole calculation can be re-phrased in terms of plane waves to accurately fix the last few
prefactors.)

In Schwinger’s original model he tookyas & 1, niiquia & 1.3, R & Rmax ~ 40 um and
K =~ 27 /(360 nm [4]. ThenK R =~ 698. Substitution of these numbers into equation (1)
leads to an energy budget suitable for about 3 million emitted photons.

By direct substitution in equation (63) it is easy to check that Schwinger’s results can
qualitatively be recovered also in our formalism: in our case we get about 0.7 million
photons for the same numbers of Schwinger and about 1.5 million photons using the updated
experimental figure®max ~ 45 um andkK = 27 /(300 nm). The average energy per emitted
photon is approximatelyt

(E) = 3hcK [niquid = Shomax ~ 3 eV. (65)

Itis important to stress that equation (1) and equation (64) are not identical (even if in the
large R limit the leading term of Casimir energy of the ‘in’ state and the total photon energy
coincide). One can easy see that the volume term we just found (equation (64)) is of second
order in(n — 1) and not of first order like equation (1). This is ultimately due to the fact
that the interaction term responsible for converting the initial energy in photons is a pairwise
squeezing operator [12]. Equation (64) demonstrates that any argument that attempts to deny
the relevance of volume terms to sonoluminescence due to their dependeface dn has
to be carefully reassessed. In fact what you measure when the refractive index in a given
volume of space changesnst directly the static Casimir energy of the ‘in’ state, but rather
the fraction of this static Casimir energy that is converted into photons. We have just seen that
once conversion efficiencies are taken into account, the volume dependence is conserved, but
not the power in the difference of the refractive index.

Indeed the dependence [gf|? on (n — 1)?> and the symmetry of the former under the
interchange of ‘in’ and ‘out’ states also proves that it is the amount of change in the refractive
index and not its ‘direction’ (from ‘in’ to ‘out’) that governs particle production. This also
implies that any argument using static Casimir energy balance over a full cycle has to be
used very carefully. Actually the total change of the Casimir energy of the bubble over a cycle
would be zero (if the final refractive index of the gas is again 1). Nevertheless, in the dynamical
calculation one gets photon production in both collapse as well expansion phases. (Although
some destructive interferences between the photons produced in collapse and in expansion are
conceivable, these will not be really effective in depleting photon production because of the
substantial dynamical difference between the two phases and because of the, easy to check,
fact that most of the photons created in the collapse will be far away from the emission zone
by the time the expansion photons would be created.) This apparent paradox is easily solved
by taking into account that the main source of energy is the sound field and that the amount of
this energy actually converted in photons during each cycle is a very tiny amount of the total
power.

We now turn to the study of the predictions of the model in the case of finite radius.
Unfortunately this cannot be done in an analytic way due to the wild behaviour of the pseudo-
Wronskian of the Bessel function. Nevertheless, some ingenuity and a detailed study of the

T The maximum photon energy/igomax ~ 4 V.



Sonoluminescence as a QED vacuum effect 2261

different parts of the Bogolubov coefficient leads to reasonable approximations that allow a
clear description of the spectrum of particle predicted by the model.

2.3. The A factor

The A, B,, andC, factors can be obtained by a two-step calculation. First, one must solve
the system (12) by expressiyandC as functions ofA. Then one can fixA by requiring
B?+(C? = 1, a condition which comes from the asymptotic behaviour of the Bessel functions.
Following this procedure, and again suppressing factotsfof notational convenience, we
get

W[J, (miquid@in?), Ny (Riiquid@in?)]

\/W[Jv(”gasﬂ)inr), Nu(”lliquida)in")]2 + W[Jv(”ga@inr)v Ju(”liquidwinr)]z R
B, = A, W[Jv(ngasﬂ)inr)v Nv(nliquida)inr)] (67)
W, (niiquid@int), Ny (Riiquid@in?)] |
C. = A, WIJ, (niiquidwint), Jy (ngagoinr)] ' (68)
WI[J, (miquia@in?), Ny (Riiquid@in?)] | &

We are mostly interested in the coefficient. This can be simplified by using a well known
formula (Abramowitz—Stegun, p 360, formula 9.1.16) for the (true) Wronskian of Bessel
functions of the first and second kind.

2
Wtrue[Jv(Z), NV(Z)] = 7_[_2 (69)

In our case, taking into account that for our pseudo-Wronskian the derivatives are with respect
to r (not with respect ta), one gets for the numerator 4f;:

2 2

WIJ, (miquidwin?), Ny (iiquid@in?)] r = ”quuidwinm =—= (70)
Hence thed, can be written as
4/(w?R?)
14,12 = > . (71)
W[Jv(ngaél)inr)y Nu(nliquida)inr)] + W[Ju(ngasﬂ)inr), Jv(nliquidwinr)] Ir
Forw — oo at! fixed the asymptotic behaviour is
A2 ~ 2ngadliiquid 72)

”éas"' nﬁquid + (nﬁquid - néas) COY(2ngagnin — (v + 1/2)7)

Numerical plots of|A,|?> show that it is an oscillating function which rapidly reaches this
asymptotic form.

We shall use this approximation to replace thgfactor with its mean value for large
arguments:

1 (= 2ngadliiquid
2 gadlliqui _
A~ o / . 73)
7T Jo Ngas* Miiguid T Miquia — Mgas) COK2)

That this approximation is adequate may be cheelgalsterioriby seeing that the Bogolubov
coefficients are not noticeably affected.
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Figure 1. Plot of |4;|? for v = 3 andv = 3. (Here we define = wR/c and putngss = 1,
niquid = 1.3.) The function rapidly stabilizes to the asymptotic behaviour. The dotted curve shows
the behaviour of the asymptotic form for= g

2.4. The pseudo-Wronskian

Use the simplified notation in which = njquqwoutR/c, y = ngagwinR/c. In these
dimensionless quantities, after including the approximation equation (73), and making explicit
the dependence aR andc, equation (42) takes the form:

Rz( 2iui - 2a 2 2 2
B, 12 = K Uhaua ~ "gad ( Y ) Fx.y). (74)

2 2 2 .
¢ Miiquid"gas Ngast ¥ Niiquid Y

Here F (x, y) is shorthand for the function

L& Lo [

= xJy(x)  yJo(y)
Fx,y)=) (2+1) — (75)
1=1 (.X -y )
where in this equation the primes now signify derivatives with respect to the full arguments (

ory).

In order to proceed in our analysis we now need to perform the summation over angular
momentum. Although the infinite sum is analytically intractable, there are two reasonable
arguments (one physical and one mathematical) both leading to the conclusion that suitable
truncations of this sum will be enough for our purposes.

The first argument is a physical one and it is based on the maximum amount of angular
momentum that an outgoing photon may have. Basically, if one supposes the photons to
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be produced inside or at most on the surface of the bubble, the upper limit for the angular
momentum will be the product of the bubble radius times the maximal ‘out’ momentum. Then
one gets:

R(RK)

Imax(K) = 7 RK. (76)

For sonoluminescenck is of order 2r/(200 nm. Deciding the appropriate value & is
more tricky. Since the sonoluminescence flash occurs at or near the moment of minimum
radius one might wish to usy;n ~ 500 nm in which casgnx(K) =~ 15. Certainly, for this
choice ofR keeping the first ten or so terms will be sufficient. More conservatively, one might
wish to chooseR to be of ordemR mpient~ 4.5 wm in which caséna(K) ~ 135. Keeping this
number of terms in the series is already very unwieldy. Finally, in Schwinger’s original version
of the model it is the change in Casimir energy during the collapse all the way from maximum
radius that is relevant, so perhaps one shouldRigg ~ 45 um. In this casénax(K) ~ 1350,
and explicit summation of the series is prohibitively difficult. To handle these problems we
develop a semi-analytic approximation to the sum which is sufficient for making numerical
estimates of the spectrum.

This argument can be bolstered by considering the large-order expansiornf at fixed
x) of the Bessel functions. In this limit one gets [23]:

Jy(x) ~ \/% (5)- (77)

This can be used to obtain the asymptotic form of the pseudo-Wronskian appearing in
equation (75):

Jv(x) Jv(y)
XN YI() (78)

Ju(x) Ju(y)
xJp+1(x)  yJoer(y)
2 2 v b
o @ —yY ( xy ) (5)2 " (80)
2r(V)Y2(» + 132 \y(v + 1) 2
where we have used the standard recursion relation for the Bessel fundfians =
vJ,(z2) — zJu+1(z). This indicates that the sum overis convergent: the terms for which
(xy/v?) < 1 are suppressed. Since, depending on one’s views as to the appropriate value of
R, x andy are at most of order 15, 135, or 1350 we deduce that the maximal contribution to
the sum comes from a limited number of terms.

Analytically, it is easy to see that the functiétix, y) is finite along the diagonal and goes
smoothly to zero fox, y — 0. To proceed to an actual computation of the predicted spectrum
we need to develop an semi-analytic approximate form for this function by considering
separately the behaviour along the diagonat y = 0 and in the transversal direction
x +y = constant.

W, (x,y) =

(79)

2.5. Working along the diagonall

To study in more detail the behaviour of such a function in this zone one can perform a Taylor

expansion ofF' (x, y) aroundx = y:

) L) L)
W, (x, . J! J!

im ey e 1 y () v (y)

=y (x—y)  xov (x—y)

(81)
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Figure 2. Plot of the exacD (x) against its approximated form in the range:Ix < 30.
Jy(x) Jy(x) + (x — ) J)(x)
_ im xJy(x)  xJi(x)+ (x — [ x) +xJ) (x)] (82)
x>y (x—y
_ | Hhx) Ji(x)
T xJl(x) J(x)+xJ](x) (83)
= 1, (x) +xJ/(x)] — xJ.(x)°. (84)
The derivatives can be eliminated by using the well known recursion relations:
. Wv ; 2 _ .2 2
fim 0 [T [27000 = a0 (85)
=y (x —y) X X
= 2vJ, (x) Jye1(x) — x[J?(x) + T2, (0)]. (86)

For sake of simplicity we shall use an equivalent form of equation (86) where lower-order
Bessel functions appear:

W,
lim M
=y (X —y)
This result shows that, as expected, each terim(ef x) is finite along the diagonal and equal
to zero atc = y = 0. Moreover
{2+ D) Jia1y2(0) Ji-12(0) = X[J3)5(0) + I 4 (0]
4x2 ’

= 20J,(X) Jy_1(x) — x[J2(x) + T2 (x)]. (87)

D(x) = F(x,x) = Z(zz +1)
=1

(88)
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Figure 3. Transverse fit: an orthogonal slice®fx, y) intersecting the diagonal at, y) = (3, 3).
Here F (3 +z, 3 — z) is plotted in comparison with [sfitrz/2)]/(rz/2)2.

This sum can easily be checked to be convergent for fixdtdse equation (77).) With a little
more work it can be shown that

xILmoo D(x) = 22
The truncated function obtained after summation over the first few terms (say the first ten or so
terms) is a long and messy combination of trigonometric functions that can however be easily
plotted and approximated in the range of interest. Due to numerical artifacts, the function is
not controllable near the origin, fortunately we have analytic information in that region—the
function is very near to zero in the rang® 1) for both ‘out’ and ‘in’ frequencies, and can be
approximated by zero without any undue influence on the numerical results. A semi-analytical
study led us to the approximate form bfx)

1 2(x—1)2
2723+ 2(x — 1)
A confrontation between the two curves in the range of interest is given in figure 2.

D(x) ~ O(x — 1) (89)

2.6. The factorization approximation

To numerically perform the integrals needed to do obtain the spectrum it is useful to note the
approximate factorization property

F(x,y)zF(Hy “y)G<x_y>. (90)

2 2 2
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Figure 4. Transverse fit: an orthogonal slice®fx, y) intersecting the diagonal at, y) = (5, 5).
HereF (5 +z,5— z) is plotted in comparison with [sfitrz/2)]/(rz/2)2.

That is: to a good approximatiofi(x, y) is given by its value along the nearest part of the
diagonal, multiplied by a universal function of the distance away from the diagonal. A little
experimental curve fitting is actually enough to show that to a good approximation

Fr.y)~D (x + y) sirt(r[x — y]/4)‘
2 (r[x — y1/4)
From figures 3-7 it is easy to check that the functi®tx, y) is quite well fitted by our
approximation. We feel itis important to stress that this is approximation is based on nhumerical
experimentation, and is not an analytically driven approximation. (In the infinite-volume case
we know thatF'(x, y) — (constant x §(x — y), cf equation (60). The effect of finite volume
is effectively to ‘smear out’ the delta function. The combinatiorf&if/ (x2) is one of the
standard approximations to the delta function.) Our approximation is quite good everywhere
except for values aof andy near the origin (less than 1) where the contribution of the function
to the integral is very small.

(91)

2.7. The spectrum: numerical evaluation

We have now transformed the functiétix, y) into an easy to handle product of two functions
1 (x+y—2?2 sirf(z[x —y]/4)
2726+ (x+y—22 (n[x —)1/4?
We exhibit tridimensional graphs for both the exact (apart from the approximation of truncating

the sum at a finité) and approximate forms of the functidi(x, y). We have chosen the case
of R = 0.5 um (corresponding tomax = 2.5 as previously explained).

Fx,y)Ox+y—2) (92)
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Figure 5. Transverse fit: an orthogonal slice 6f(x, y) intersecting the diagonal &k, y) =
(10, 10). Here F(10 +z, 10— z) is plotted in comparison with [sfitrz/2)] /(7w z/2)2.

A numerical study of the error due to the replacemenk ¢f, y) with its approximated
form equation (92), leads to an upper limit of 20% error in the total energy emitted.
The dimensionless spectrum, based on equations (42) and (74), is

aN (Miquia = 1§ad” /RK < y? )2 b (x + y> sir?(z[x — y]/4)
dx nﬁquidngas 0 Ngast * Mliquid Y 2 ([x — y]/4)?

As a consistency check, the infinite-volume limit is equivalent to making the formal
replacements

dy.  (93)

Sinz(rr[x —y1/4)
e —ylaz Py o

x+y 1

D( 2 )_>2n2' (95)
Doing so, equation (93) reduces to equation (62) up to an overall fagtot pf order one.
The correct dependence on refractive index and correct power-law behaviour for the spectrum
are recovered, and the overall order-one factor is merely a reflection of the crudity of the cutoff
in angular momentum used in deriving (62).

With this consistency check out of the way, it is now possible to perform the integral with

respect toy to estimate the spectrum for finite volume. For definiteness wejigad = 1.3

and
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Figure 6. Plot of the exac# (x, y) intherange O< x <5,0< y < 2.5.

andngas= 1.0, putK = 27/(200 nm, and pickR = 0.5 um (corresponding tgmax = 15).
We integrate frony = 0 toy = 15 and plot the resulting spectrum from= 0 tox = 18.

One can also ask what sort of result one would get if, alternatively, we pick a much larger
value of R, sayR = 5 um, corresponding to the bubble at equilibrium radius. In this case the
approach towards the Schwinger (infinite volume result) result is much closer. We now have
ymax = 135. We integrate fromp = 0 to y = 135 and plot the resulting spectrum fram= 0
tox = 140. For comparison we plot it together with equation (62) which is Schwinger’s naive
model (the re-scaled infinite volume limit).

The case corresponding to the bubble at maximum radius,50 um, requires a range
of integration too large for standard numerical plotting. In any case the graph will only be a
replica of the previous one on a larger scale.

3. Discussion

The lessons we have learned from this test calculation are:

(1) The model proves (in an indirect way) that the Casimir energy produced via the bubble
collapse includes (in the largR-imit) a term proportional to the volume (actually to the
volume over which the refractive index changes). In the case of a truly dynamical model
one expects that the energy of the photons so created will be provided by other sources of
energy (e.g., the sound wave), nevertheless the presence of a volume contribution appears
unavoidable.

(2) The present model is still unable to fully fit other experimental features of
sonoluminescence. For example, it provides maximal photon release at maximum



Sonoluminescence as a QED vacuum effect 2269

0. 03—

0.025

0. 02—

PN
W
‘f)"‘«‘\\\\\
FN

N
/()'é‘«\\\\\\\\\\\\

\
BTasaN\\:
();}Xéﬁv \\\Q\&\Q

L
74 \\
f‘D?W§§\
S
A

N

0.015+

PATOICESSANN Y
vvvfg“‘é\\\\\\\\\
\

0.01—

AN
SN
NN

0. 005+

Figure 7. Plot of the approximated ' (x, y) intherange O< x <5,0< y < 2.5.

expansion. Barbeet al [8] point out that in Schwinger’s original model the main
production of photons may be expected when the the rate of change of the volume is
maximum, which is experimentally found to occur near the maximum radius. In contrast
the emission of light in sonoluminescence is experimentally found to occur near the point
of minimum radius, where the rate of change of area is maxinAlhelse being equathis

would seem to indicate a surface dependence and might be interpreted as a true weakness
of the dynamical Casimir explanation of sonoluminescence.

In fact we have shown elsewhere [9—12] that the situation is considerably more complex
than might naively be thought. It is important to stress that what Schwinger proposed was
clearlyonly a first estimate of the vacuum energy, which was in principle viable as the basis
for a model, andhot a fully dynamical model. Schwinger was fully aware of this in his papers.

A fully dynamical calculation is required in order to deal with these issues, and the
experimental data give remarkable suggestions about the plausible directions for theoretical
developments within the framework of the dynamic Casimir effect. In particular, one of
the key features of photon production by a space-dependent and time-dependent refractive
index is that for a change occurring on a timescaléhe amount of photon production is
exponentially suppressed by an amount(expr). In [10] we have provided a specific model
that exhibits this behaviour, and argued that the result is in fact generic. The importance for
sonoluminescence is that the experimental spectrumtigxponentially suppressed at least
out to the far ultraviolet. Therefore any mechanism of Casimir-induced photon production
based on an adiabatic approximation is destined to failure: since the exponential suppression
is not visible out taw ~ 10 Hz, it follows thatif sonoluminescence is to be attributed to
photon production from a time-dependent dielectric bubble (i.e., the dynamical Casimir effect),
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Figure 8. Spectrum obtained by the approximated Bogolubov coefficientRfoe= 0.5 um
corresponding tomax = 15. We integrate frony = 0 to y = 15 and plot the resulting spectrum
fromx = 0tox = 18.
120
100
80+
60+
40
20+
0 20 40 60 80 100 120 140

Figure 9. Spectrum obtained by the approximated Bogolubov coefficientRfoe= 5 um
corresponding tomax = 135. We integrate fromy = 0 to y = 135 and plot the resulting
spectrum fromx = 0 tox = 140.



Sonoluminescence as a QED vacuum effect 2271

thenthe timescale for change in the refractive index must be of ordefahtosecondThus

any Casimir-based model has to take into accounitigho longer the collapse frommax to

Rmin that is important One has to divorce the change in refractive index from direct coupling

to the bubble wall motion, and instead ask for a rapid change in the refractive index of the
entrained gases as they are compressed down to their van der Waals hard core [10,11]. We
stress that this conclusion, though it moves away from the original Schwinger proposal, is still
firmly within the realm of the dynamic Casimir effect approach to sonoluminescence. The
fact is that this work shows clearly that a viable Casimir ‘route’ to sonoluminescence cannot
avoid a ‘fierce marriage’ between QFT and features related to condensed matter physics.

4. Conclusions

The present calculation unambiguously verifies that a sudden change in radius of a dielectric
bubble causes a change in the Casimir energy that is, as predicted by Schwinger [1-7] and
Molina-Pais and co-workers [16—18], converted into real photons with a phase space spectrum.
As far as sonoluminescence is concerned, we have also explained why such arohatige
sudden in order to fit the experimental data. This leads us to propose a somewhat different
model of sonoluminescence based on the dynamical Casimir effect, a model focused on the
actual dynamics of the refractive index (as a function of space and time), and not just of
the bubble boundary. (In Schwinger's original approach the refractive index changes only
due to motion of the bubble wall.) In summary, provided the sudden approximation is valid,
changes in the refractive index will lead to efficient conversion of zero-point fluctuations into
real photons. Trying to fit the details of the observed spectrum in sonoluminescence then
becomes an issue of building a robust model of the refractive index of both the ambient water
and the entrained gases as functions of frequency, density, and composition. Only after this
prerequisite is satisfied will we be in a position to develop a more complex dynamical model
endowed with adequate predictive power.

In light of these observations we think that one can also derive a general conclusion about
the long standing debate on the actual value of the static Casimir energy and its relevance to
sonoluminescence: sonoluminescence is not directly related siadtieCasimir effect. The
static Casimir energy is at best capable of giving a crude estimate for the energy budget in
sonoluminescence.
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