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Abstract

An infinitary proof theory is developed for modal logics whose models are coalgebras of polynomial
functors on the category of sets. The canonical model method from modal logic is adapted to construct a
final coalgebra for any polynomial functor. The states of this final coalgebra are certain “maximal” sets of
formulas that have natural syntactic closure properties.

The syntax of these logics extends that of previously developed modal languages for polynomial coal-
gebras by adding formulas that express the “termination” of certain functions induced by transition paths.
A completeness theorem is proven for the logic of functors which have theLindenbaumproperty that every
consistent set of formulas has a maximal extension. This property is shown to hold if if the deducibility
relation is generated by countably many inference rules.

A counter-example to completeness is also given. This is a polynomial functor that is not Lindenbaum:
it has an uncountable set of formulas that is deductively consistent but has no maximal extension and is
unsatisfiable, even though all of its countable subsets are satisfiable.

1 Introduction

If T : Set−→Setis a functor on the category of sets, then aT-coalgebrais a pair〈A, α〉with A being a set andα
a function of the formA−→T A. This concept has proven useful in modelling various computational structures
and systems, including data structures (infinite lists, streams, trees), state-based systems (automata, labelled
transition systems, process algebras) and classes in object-oriented programming languages [34, 18, 38, 39,
23, 22]. TypicallyA is thought of as a set ofstates, andα as atransition structure. TheT-coalgebras form a
category under a natural notion of coalgebraic morphismf : 〈A, α〉 −→ 〈B, β〉 given by a functionf : A−→ B
that preserves the transition structures in a suitable sense.

Particular importance attaches to the notion of afinal (or terminal) coalgebra, which is a coalgebra〈C, γ〉
such that for each coalgebra〈A, α〉 there is exactly one coalgebraic morphism from〈A, α〉 to 〈C, γ〉. In the
context of process algebra, the states of a final coalgebra can be thought of as representing all possible “observ-
able behaviours” of processes, because statesx of 〈A, α〉 andy of 〈B, β〉 are “observationally indistinguishable”
precisely when they are identified by the unique morphisms from〈A, α〉 and〈B, β〉 to 〈C, γ〉.

A final T-coalgebra is unique up to isomorphism, if it exists. Conditions under which it exists, and rep-
resentations of it when it does, have been extensively studied [3, 4, 5, 18, 39, 25, 37]. The principal aim of
this paper is to show how the proof theory of modal logic can give an elegant construction of the final coalge-
bra for anypolynomialfunctor. A functor is polynomial if it can be inductively constructed from the identity
functor and constant-valued functors by forming productsT1A× T2A, coproducts (disjoint unions)T1A+ T2A,
and exponentials (T A)I with fixed exponentI . Polynomial functors can be thought of as being constructed by
these operations from some fixed sets given in advance, and a polynomial coalgebra is a very general kind of
deterministic transition system for which the value of a constant functor is a set of “observable outputs” and an
exponentI constitutes a set of “inputs”.

∗Corresponding author:rob.goldblatt@vuw.ac.nz. The authors acknowledge support from a Logic and Computation pro-
gramme funded by the New Zealand Institute of Mathematics and its Applications, and thank the referees for their helpful suggestions.
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There have been a number of proposals of formal languages and logics for characterising properties of
coalgebras. A desideratum of such logics is that they have a semantic satisfaction relationA, α, x |= ϕ, ex-
pressing “formulaϕ is true/satisfied at statex in coalgebra〈A, α〉”, that provides a logical characterisation of
observational indistinguishability in the following form:

x is observationally indistinguishable fromy
if, and only if,

for all formulasϕ, A, α, x |= ϕ iff B, β, y |= ϕ.

In other words, observational indistinguishability is identical to logical indistinguishability. If such a logic
exists we say that it, or the functorT, has theHennessy-Milner property, after the pioneers of this idea for
process algebra [16, 17].

The first explicit coalgebraic logic with the Hennessy-Milner property was introduced by Moss [32] for a
broadly defined class of functorsT that have final coalgebras. The language involved wasinfinitary, allowing
formation of conjunctions of infinite sets of formulas, and was motivated by ideas from modal logic. Finitary
modal languages with the Hennessy-Milner property were subsequently developed for more specific types of
functor, beginning with the work of Kurz [27, 28], Rößiger [35, 37] and Jacobs [20] on polynomial functors.
The fundamentalcanonical modelconstruction was adapted in [35, 28] to build polynomial coalgebras. This
construction originated in the method introduced by Henkin [15] for proving completeness of first-order logic,
and was adapted to modal logic by Lemmon and Scott [30] and others [8, 31]. The essence of the method is to
define a model whose states are certain “maximal” sets of formulas with special closure properties determined
by the proof theory of the logic, and to show that a formulaϕ is satisfied in this model at a maximalx precisely
whenϕ ∈ x. The technique was used in [35, 28] to construct final polynomial coalgebras as canonical models,
under the restriction that any constant output set involved in the formation ofT is finite.

In this paper we show that the canonical model method can be used to construct a finalT-coalgebra forany
polynomialT, including those that have infinite constant output sets, such as the set of natural numbers or even
uncountable sets. This is done by developing aninfinitary proof theory for afinitary modal language determined
by T. The proof theory is infinitary in the sense that it involves a deducibility relationΓ |− ϕ, interpreted as
“formula ϕ is deducible from the set of formulasΓ”, which may hold concurrently withΓ′ |− ϕ failing for every
finite Γ′ ⊆ Γ. So the deduction ofϕ may depend on infinitely many “premisses”. In particular, it may be that
Γ is deductively inconsistent, in the sense thatΓ |− ⊥ where⊥ is a constant false formula, while at the same
time each finite subset ofΓ is consistent. Proof theories of this kind were developed in [9] for standard modal
logics, and are adapted here to the coalgebraic setting. While the general framework of [9] carries over, there
are a many novel features involved, including the axioms and rules of inference used, and the canonical model
construction itself, which is distinctively coalgebraic.

Our modal language is finitary in the sense that its formulas are finite sequences of symbols. Its syntax
extends that of R̈oßiger’s polynomial language by a new construct expressing assertions about the existence of
transition functions induced by certainpathexpressions. This path notion was developed in [35, 37] and then
in [19, 20] and provides a way of representing the internal structure and formation of a polynomial functorT.

We writeT
p
− S to indicate thatp is a path fromT to functorS: such paths exist wheneverS is a component

of the formation ofT. Paths induce a partial functionpA : T A�→ S Afor each setA, and this composes with
a T-transitionα : A−→ T A to give a partial functionpA ◦ α : A�→ S A. p is astate pathif S is the identity
functor, soS A= A, and is anobservation pathif S is a constant functor, soS A= D for some fixed setD of
observable values. The language of [35, 37] has formulas (p)c for each such observation pathp and eachc ∈ D.
The formula (p)c is true at statex in T-coalgebra〈A, α〉 when pA(α(x)) is defined and equal toc. There are
also modalities [p] for each state pathp, with a formula [p]ϕ being true at statex whenϕ is true atpA(α(x)),
provided that the latter is defined. Thus [p]ϕ expresses the assertion “after the state-transitionpA ◦ α, ϕ will be
true”.

Now if the the output setD associated with an observation pathp is infinite, then the language of [35, 37]
is unable to express the condition that the transition functionpA ◦α is defined, i.e. that there is a “terminating”,
or “halting”, transition induced byp. If pA(α(x)) exists, then the formula (p)c is true atx for some (indeed for
one)c ∈ D. Thus the requirement thatpA(α(x)) be defined is expressed by the disjunction of the infinite set
of formulas{(p)c : c ∈ D}. Hence the condition thatpA(α(x)) beundefined is expressed by theconjunction of
{¬(p)c : c ∈ D}. But conjunctions and disjunctions of infinite sets do not exist in a finitary language. This is
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the essential reason why the canonical model constructions of [35, 28] were restricted to polynomial functors
formed from finite output sets.

Here this restriction is overcome by extending the syntax to add a newatomicformula (p)↓ for each path
p, with the semantics

A, α, x |= (p)↓ iff α(x) belongs to the domain ofpA.

There is a price for this solution: the language remains finitary, but its proof theory becomes infinitary and
its semantics exhibits failures of compactness. This is inevitable and unavoidable as soon as output sets of
observation paths are allowed to be infinite. To see why, consider the set of formulas

{¬(p)c : c ∈ D} ∪ {(p)↓}.

This set is unsatisfiable, in the sense that there is no state at which all of its members can be simultaneously
true, but each of its finite subsets may be satisfiable whenD is infinite. Correspondingly, our proof theory
should make this set inconsistent while allowing all of its finite subsets to be consistent. By the same token, the
deducibility relation should have{¬(p)c : c ∈ D} |− ¬(p)↓ while allowing that{¬(p)c : c ∈ D′} |6− ¬(p)↓ for all
finite D′ ⊆ D.

The proof theory we develop will indeed fulfil{¬(p)c : c ∈ D} |− ¬(p)↓ for all observation pathsp, as well
as satisfying other “inference rules” built from these by the modalities and the implication connective, such as{

ψ→
[
q
]
¬(p)c : c ∈ D

}
|− ψ→

[
q
]
¬(p)↓.

Our definition of a “maximal” set of formulas will include the requirement of closure under such inference
rules. A canonicalT-coalgebra〈AT , αT〉 will be constructed withAT as the set of all these maximal sets and a
“Truth Lemma” proven, showing that

AT , αT , x |= ϕ iff ϕ ∈ x.

From this it will follow that〈AT , αT〉 is a finalT-coalgebra. The explanation for this reveals the naturalness of
using the canonical model construction here. Each stateb in a coalgebra〈B, β〉 determines the “truth set”

{ϕ | B, β,b |= ϕ},

consisting of all formulas that are true atb. This truth set proves to be maximal, and hence is itself a member
of AT , i.e. is state of the coalgebra〈AT , αT〉. This defines a map fromB to AT which proves to be the unique
morphism between the coalgebras.

The Truth Lemma says that the truth set{ϕ | AT , αT , x |= ϕ} of a statex in AT is justx itself. So the states of
the canonical coalgebra are precisely all the truth sets of all states of all coalgebras, and in this sense the final
coalgebra represents “all possible situations”.

A completenesstheorem also follows from the Truth Lemma, stating that ifϕ is a semantic consequence of
Γ (i.e.ϕ is satisfied by any state at whichΓ is satisfied), thenΓ |− ϕ. Equivalently, ifΓ is deductively consistent
(Γ |6− ⊥), thenΓ is satisfiable at some coalgebraic state. But these completeness results require theLindenbaum
propertythat every consistent set of formulas has a maximal extension. We show that this property does hold
under a countably proviso on the set of infinitary inference rules of the kind exemplified above. We characterise
this proviso in terms of the number of paths thatT has, and give examples in Section 7 illustrating the range of
possibilities for this.

Experience with infinitary logic indicates that some such cardinality constraint on completeness is to be
expected (we also give examples of that experience in Section 7). Indeed we show that there are cases of
incompleteness here, by exhibiting a simple polynomial functor for which the Lindenbaum property fails. In
this example aT-coalgebra is any functionα : A −→ ωR, with R the set of real numbers andω the set of
natural numbers. The associated logic has a setΓ of formulas that is deductively consistent but has no maximal
extension and is not satisfiable at any state of anyT-coalgebra. This unsatisfiableΓ is uncountable, and all of
its countable subsetsaresatisfiable.

Here is an outline of the paper. In the next Section we review the basic coalgebraic theory that will be
used, including the notion ofbisimilarity that gives a mathematical formulation of the concept of observational
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indistinguishability, and a characterisation of bisimilarity in terms of the behaviour of path-transitions. Section
3 sets out the formal syntax and semantics of our logic for a polynomial functorT, including the basic semantic
consequence relationΓ |=

T
ϕ, and confirms that the logic has the Hennessy-Milner property forT-coalgebras.

Section 4 begins the study of proof theory, introducing axioms and certain inferentially closed sets of formulas
calledtheories. Section 5 uses theories to define the deducibility relation|−T determined byT, and establishes
its main properties, as well as introducing maximal sets and developing their relationships. Section 6 constructs
the canonical coalgebra and shows that it is final. Section 7 studies the Lindenbaum property and completeness
theorems. Section 8 gives the above-mentioned incompleteness example. Section 9 closes the paper with a
discussion of possible generalisations and questions for further study.

2 Coalgebras and paths of polynomial functors

We begin by establishing some notation concerning sets and functions. The identity function on a setA is
denoted idA. The symbol�→ will be used for partial functions. Thusf : A�→ B means thatf is a function
with codomainB whose domain, Domf , is a subset ofA.

The cartesian productA1 × A2 of two sets has associatedprojectionsπ j : A1 × A2 −→ A j for j ∈ {1,2}. The
coproduct A1 + A2 of A1,A2 is their disjoint union, with injectiveinsertionfunctionsι j : A j −→ A1 + A2 for
j ∈ {1,2}. Each element ofA1 + A2 is equal toι j(x) for a uniquej and a uniquex ∈ A j . Associated with each
insertionι j is its partial inverse, theextractionfunctionε j : A1 + A2�→ A j havingε j(y) = x iff ι j(x) = y. Thus
Domε j = ι jA j , i.e.y ∈ Domε j iff y = ι j(x) for somex ∈ A j .

TheD-th exponentialof a setA is the setAD of all functions from setD to A. For eachd ∈ D there is the
evaluation-at-dfunctionevd : AD −→ A havingevd( f ) = f (d).

D 2.1 ( ) A functor T : Set−→ Setassigns a setT A to each setA, and a function
T f : T A−→ T B to each functionf : A −→ B in such a way thatTidA = idT A andT(g ◦ f ) = Tg◦ T f . The
identity functorId has IdA = A and Idf = f . For each setD, theconstant functorD hasDA = D andD f = idD.

A functorT is polynomialif it can be obtained in finitely many steps from Id and/or constant functorsD with
D , ∅ by forming product, coproduct, and exponential functors with constant exponents. These operations on
functors are as follows.

• product functors:T1 × T2 acts on sets byA 7→ T1A× T2A, with (T1 × T2) f being the function〈x1, x2〉 7→

〈T1( f )(x1),T2( f )(x2)〉.

• coproduct functors:T1 + T2 hasA 7→ T1A+ T2A on sets; while (T1 + T2) f acts byι j(x) 7→ ι j(T j( f )(x)).

• exponential functors:TD hasA 7→ (T A)D, while TD( f ) acts byg 7→ T( f ) ◦ g.

D 2.2 () Any functor involved in the formation ofT is a componentof T. Formally, the
set comp(T) of T-components is inductively defined by putting comp(T) = {T} if T = Id or T = D; comp(T) =
{T} ∪ comp(T1) ∪ comp(T2) if T = T1 × T2 or T = T1 + T2; and comp(TD) = {TD} ∪ comp(T).

It is evident that comp(T) is finite and always contains at least Id or some constant functorD.

D 2.3 () A T-coalgebrais a pair〈A, α〉, whereA is a set andα is a function of the form
A−→ T A. A is called thestate setandα is called thetransition structure.

SinceA can be recovered as Domα we often refer to〈A, α〉 simply asα.

D 2.4 ( ) Let 〈A, α〉 and 〈B, β〉 be T-coalgebras. A functionf : A −→ B is a
(T-)morphismfrom 〈A, α〉 to 〈B, β〉 if β ◦ f = T f ◦ α, i.e. the following diagram commutes:

A
f

//

α

��

B

β

��

T A
T f

// T B
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The identity function onA is a T-morphism idA : 〈A, α〉 −→ 〈A, α〉. TheT-coalgebras and their morphisms
form a category under functional composition of morphisms. An isomorphism in this category is a bijective
T-morphism.

There are many illustrations in the literature (e.g. [34, 18, 38, 39, 23, 22]) showing how data structures and
state-based systems can be presented as coalgebras.

D 2.5 ( ) A T-coalgebra〈A, α〉 is final if, for any T-coalgebra〈B, β〉, there exists a
uniqueT-morphism from〈B, β〉 to 〈A, α〉.

Thus a finalT-coalgebra is a terminal object in the category ofT-coalgebras, so any two final coalgebras
are isomorphic. There have been several studies of conditions onT that ensure there is a finalT-coalgebra
[3, 4, 39, 25]. In particular, a final coalgebra exists for all polynomial functors.

D 2.6 ( [3] &  ) For T-coalgebras〈A, α〉 and〈B, β〉 a relationR ⊆ A × B is a
(T-)bisimulationfrom α to β if there exists a transition structureρ : R−→TRonRsuch that the projections are
morphisms from〈R, ρ〉 to α andβ, i.e. the following diagram commutes:

A

α

��

R
π1oo

ρ

��

π2 // B

β

��

T A TR
Tπ1

oo
Tπ2

// T B

The union of any collection of bisimulations fromα to β is a bisimulation [39, Section 5]. Hence there is a
largest bisimulation fromα to β, calledbisimilarity, which we denote by∼. Two statesx ∈ A andy ∈ B are
bisimilar, x ∼ y, if there exists a bisimulationR ⊆ A × B with 〈x, y〉 ∈ R. Bisimilarity is a mathematical
formulation of the notion of observational/behavioural indistinguishability.

D 2.7 () A path is a finite list (possibly empty) of symbols of the kindsπ1, π2, ε1, ε2,evd. We

write p.q for the associative operation of concatenation of listsp andq. The notationT
p
− S means thatp is a

path from functorT to functorS, defined inductively on the formation ofT as follows:

• T
〈〉
− T, where〈〉 is the empty path

• T1 × T2
π j .q
− S, wheneverj ∈ {1,2} andT j

q
− S

• T1 + T2
ε j .q
− S, wheneverj ∈ {1,2} andT j

q
− S

• TD
evd.q
− S for everyd ∈ D, wheneverT

q
− S.

It is evident that if there is a pathT− S, thenS is one of the components ofT. Conversely, ifS ∈ comp(T)

then there exists a path fromT to S. Paths can be composed by concatenating lists: ifT1
p
− T2 andT2

q
− T3,

thenT1
p.q
− T3. A pathT

p
− S is a state pathif S = Id, and anobservation pathif S = D for some setD.1

Every path can be extended either to a state path or to an observation path.

D 2.8 ( ) A path T
p
− S induces a partial functionpA : T A�→ S A for every setA,

defined by induction on the length ofp as follows:

• 〈〉A : T A−→ T A is the identity function idT A and is total.

• (π j .p)A = pA ◦ π j , the composition ofT1A × T2A
π j
−→ T jA

pA
�→ S A. Hencex ∈ Dom (π j .p)A iff π j(x) ∈

DompA.

• (ε j .p)A = pA◦ε j , the composition ofT1A+T2A
ε j
�→T jA

pA
�→S A. Hencex ∈ Dom (ε j .p)A iff x ∈ Domε j

andε j(x) ∈ DompA.

1Observation paths and state paths are called “positions” in [37].
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• (evd.p)A = pA ◦ evd, the composition of (T A)D evd
−→ T A

pA
�→ S A. Hence f ∈ Dom (evd.p)A iff f (d) ∈

DompA.

Concatenation of paths corresponds to composition of functions, in the sense that (p.q)A = qA ◦ pA. Note that
if no extraction symbolε j occurs inp, thenpA is always a total function. It is the presence of coproducts that
introduces partiality into this theory. �

An important role played by paths is to provide a characterization of aT-bisimulation as a relation that is
“preserved” by the partial functions induced by state and observation paths fromT. To explain this we adopt
the convention that whenever we write “f (x) Q g(y)” for some relationQ and some partial functionsf andg we
mean thatx ∈ Dom f iff y ∈ Domg and if both f (x) andg(y) are defined then〈 f (x),g(y)〉 ∈ Q. In particular,
we use this convention for the relation “=”. Proofs of the following results can be found in [12, Section 5].

T 2.9 Let 〈A, α〉 and〈B, β〉 be T-coalgebras.

(1) R⊆ A× B is a T-bisimulation iff x R y implies

• pA(α(x)) = pB(β(y)) for every observation path T
p
− D, and

• pA(α(x)) R pB(β(y)) for every state path T
p
− Id.

(2) f : A−→ B is a morphism fromα to β iff

• pA(α(x)) = pB(β( f (x))) for every observation path p, and

• f (pA(α(x))) = pB(β( f (x))) for every state path p.

(3) If f : A−→ B is a morphism fromα to β, then for any path T
p
− S ,

• α(x) ∈ DompA iff β( f (x)) ∈ DompB.
�

3 Syntax and Semantics of Formulas

We now define a Hennessy-Milner style modal language for a polynomial functorT which will remain fixed
throughout the rest of the paper. The language consists of propositional formulas that are “constant”, i.e. there
are no propositional variables.

D 3.1 The set ofwell-formed formulas(wff) ΦT is defined inductively to consist of the following:

• ⊥

• (p)↓, for every pathT
p
− S

• (p)c, for every observation pathT
p
− D andc ∈ D

• ϕ→ ψ, for everyϕ, ψ ∈ ΦT

•
[
p
]
ϕ, for every state pathT

p
− Id andϕ ∈ ΦT .

The connectives¬,>, ∨, ∧,↔ are defined in the usual way from⊥ and→. In particular¬ϕ is ϕ→ ⊥. We also
write (p)↑ for the wff ¬(p)↓.
ΦT includes the formulas of the language of [37], which are generated essentially as above but without the

formation of (p)↓. Note thatΦT may be uncountable, since the setsD may be uncountable, and/or because
there may be uncountably many pathsp.
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D 3.2 (  ) The truth relationα, x |= ϕ is defined inductively on the formation of
ϕ, as follows for allT-coalgebras〈A, α〉, with x ∈ A:

• α, x 6|= ⊥
• α, x |= (p)↓ iff α(x) ∈ DompA

• α, x |= (p)c iff α, x |= (p)↓ andpA(α(x)) = c
• α, x |=

[
p
]
ϕ iff α, x |= (p)↓ impliesα, pA(α(x)) |= ϕ

• α, x |= ϕ→ ψ iff α, x |= ϕ impliesα, x |= ψ

Thusα, x |= ¬ϕ iff α, x 6|= ϕ, and similarly the other standard connectives have their usual semantics.
We say thatϕ is true at x in α, or x satisfiesϕ, if α, x |= ϕ, and thatϕ is valid in α, α |= ϕ, if it is true at all

states inA. The set{ψ ∈ ΦT | α, x |= ψ} is called thetruth setof x in α. A setΓ ⊆ ΦT is true/satisfiedat x in α,
α, x |= Γ, if α, x |= ϕ for all ϕ ∈ Γ.

Semantic consequence relations are defined by

Γ |=α ϕ iff (∀x ∈ A) α, x |= Γ impliesα, x |= ϕ
Γ |=

T
ϕ iff Γ |=α ϕ for all T-coalgebrasα.

Satisfaction of formulas is invariant under the action of morphisms:

L 3.3 Let 〈A, α〉 and〈B, β〉 be T-coalgebras and f: A−→ B be a morphism fromα to β. Then for every
ϕ ∈ ΦT , α, x |= ϕ iff β, f (x) |= ϕ.

Proof This is proven for allx ∈ A by induction on the construction ofϕ.
For any pathp from T we haveα(x) ∈ DompA iff β( f (x)) ∈ DompB, by Theorem 2.9(3), henceα, x |= (p)↓

iff β, f (x) |= (p)↓.
If p is an observation path, thenpA(α(x)) = pB(β( f (x))) by 2.9(2), sopA(α(x)) = c iff pB(β( f (x))) = c, and

henceα, x |= (p)c iff β, f (x) |= (p)c.
If p is a state path, thenf (pA(α(x))) = pB(β( f (x))), so assuming the result forϕ givesα, pA(α(x)) |= ϕ iff

β, f (pA(α(x))) |= ϕ iff β, pB(β( f (x))) |= ϕ, which leads toα, x |=
[
p
]
ϕ iff β, f (x) |=

[
p
]
ϕ.

The cases of the propositional connectives are straightforward. �

It is a pertinent question as to what makes a formal language appropriate for a given class of coalgebras. We
have stressed the Hennessy-Milner property that logical equivalence of states should coincide with bisimilarity.
That property is already possessed by the language of [37]. But it is desirable also that the language be powerful
enough to allow effective model-building, and that is why we needed to add the formulas of type (p)↓. Of course
adding more formulas preserves the property of logically distinguishing states that are not bisimilar, but then
we need to check that it does not also cause some states to be distinguished thatarebisimilar.

T 3.4 (H-M P) Let 〈A, α〉 and 〈B, β〉 be T-coalgebras with x∈ A and y∈ B. The
following are equivalent:

(1) x ∼ y

(2) α, x |= ϕ iff β, y |= ϕ for everyϕ ∈ ΦT .

Proof (1) ⇒ (2): Let 〈R, ρ〉 be a bisimulation fromα to β with x R y. The projectionsπ1 : R−→ A and
π2 : R−→ B are morphisms so by Lemma 3.3,α, x |= ϕ iff ρ, 〈x, y〉 |= ϕ iff β, y |= ϕ.

(1) ⇐ (2): If (2) holds, then in particularα, x |= ϕ iff β, y |= ϕ for everyϕ that has no occurrence of a
“halting” formula (p)↓, and [37, Proposition 2.8] shows that this is sufficient to provex ∼ y. But we sketch a
proof anyway.

Let R= {〈x, y〉 ∈ A× B | (2) holds}. It is enough to show thatR is a bisimulation relation, for then〈x, y〉 ∈ R
impliesx ∼ y. By Theorem 2.9(1) we need to show that

(i) pA(α(x)) = pB(β(y)), for every observation pathp, and

(ii) pA(α(x)) R pB(β(y)), for every state pathp.

The property (i) is captured by the fact thatα, x |= (p)c iff β, y |= (p)c, and the property (ii) is captured by the
fact thatα, x |=

[
p
]
ϕ iff β, y |=

[
p
]
ϕ. �
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4 Axioms, Inference Rules and Theories

By “proof theory” we mean the study of a binary relationΓ |− ϕ, from setsΓ of formulas to formulasϕ, that is
intended to capture the notion thatϕ is deducible/derivable/provable from members ofΓ by using certain axioms
and rules of inference. The definition of|− will depend on the syntactic shape of the formulas involved, together
with basic set-theoretic properties of sets of formulas. We then seek to obtainsoundnessandcompleteness
results to show that|− is identical to some semantically defined relation, such as the consequence relation|=

T
of

the previous section.
There is more than one approach to defining deducibility relations. Classically,Γ |− ϕ was often taken to

mean that there is aproof-sequencefrom Γ to ϕ, i.e. a sequence of formulas ending atϕ, with each member
of the sequence being either a member ofΓ, an axiom, or derivable from previous members of the sequence
by a rule of inference. This approach works well when all inference rules have finitely many premisses. Then
proof-sequences can be constrained to be finite, and the relation|− is finitary in the sense that wheneverΓ |− ϕ
thenΓ′ |−ϕ for some finite setΓ′ ⊆ Γ. But if there are rules with infinitely many premisses, then proof-sequences
may be transfinite in length, and their analysis requires the arithmetic of infinite ordinals [24].

Working with concatenations of transfinite sequences can be cumbersome. Consequently a more “ax-
iomatic” approach to|− was developed, using the general theory ofinductive definitions, in which an induc-
tively defined set is given as theleast fixed pointof a monotonic operator on sets [2]. The operator in question
takes each set of formulas to its closure under the relevant axioms and rules of inference. A fixed point of this
operator, i.e. a set of formulas that is closed under the axioms and rules, is called atheory, andΓ |− ϕ is defined
to hold whenϕ belongs to every theory extendingΓ. This results in the set{ϕ | Γ |− ϕ} of formulas deducible
from Γ being inductively characterised as the least theory extendingΓ. See for example [1, 6] for extensive use
of this kind of formulation of infinitary proof theory.

We will take this approach to|− here, adapting a framework for infinitary modal logic developed in [9], but
will also make some use of classical proof-sequences in Section 8. We first discuss axioms, rules and theories
that are particular to our coalgebraic language, and then in the next Section introduce deducibility relations and
“maximal” sets of formulas.

D 4.1 () The set ofT-axioms, AxT , consists of the following formulas.

1. All instances of propositional tautologies.

2. (〈〉)↓

For each pathT
p
− S1 × S2 and j ∈ {1,2}:

3. (p)↓ ↔ (p.π j)↓

For each pathT
p
− SD and alld ∈ D:

4. (p)↓ ↔ (p.evd)↓

For each pathT
p
− S1 + S2:

5. [(p)↓ ↔ (p.ε1)↓ ∨ (p.ε2)↓] ∧ ¬[(p.ε1)↓ ∧ (p.ε2)↓]

For each observation pathT
p
− D and allc,d ∈ D such thatc , d:

6. (p)c→ ¬(p)d

7. (p)d→ (p)↓

For each state pathT
p
− Id and allϕ, ψ ∈ ΦT :

8. ¬
[
p
]
ϕ→

[
p
]
¬ϕ

9. (p)↓ → ¬
[
p
]
⊥

8



10. (p)↑ →
[
p
]
⊥

11.
[
p
]
(ϕ→ ψ)→ (

[
p
]
ϕ→

[
p
]
ψ).

These axioms express natural properties of the structure of coalgebras and their path functions. Axiom 3
expresses the fact that the path function (p.π j)A = π j ◦ pA is defined precisely whenpA is defined, since the
projection functionπ j is total. Likewise for axiom 4, as evaluation functions are total. Axiom 5 expresses the
fact that the domain ofpA is the disjoint union of the domains of (p.ε1)A and (p.ε2)A. Axiom 11 is the well
known axiom K (for “Kripke”) from classical modal logic. Axioms 9 and 10 together express the fact that (p)↓
is true precisely when

[
p
]
⊥ is not, and could have been presented as the biconditional (p)↓ ↔ ¬

[
p
]
⊥. But each

has its own role to play (in Lemmas 4.11(4) and 6.5 respectively), so it is convenient to separate them.
With similar observations about the other axioms, we are led to the conclusion that

T 4.2 All T-axioms are valid in all T -coalgebras. �

We now begin the study of syntactic closure properties of sets of formulas.

D 4.3 ( ) A set∆ of formulas ismodally closedif
[
p
]
ϕ ∈ ∆ wheneverϕ ∈ ∆ and p is

any state path fromT. Themodal closureΓ∗ of any set of formulasΓ is the smallest modally closed set that
extendsΓ. This Γ∗ consists of all formulas of the form

[
p0
]
. . .
[
pn−1
]
ϕ whereϕ ∈ Γ and p0, . . . , pn−1 is any

finite sequence (possibly empty) of state paths.

Many systems of modal logic have a set of theorems that is modally closed: ifϕ is a theorem then so is�ϕ,
where� is any modality of “box” type, like our modalities

[
p
]
. Indeed the presentation of such logics usually

has the inference rulefromϕ infer �ϕ, known as the rule of Necessitation, or the “Box rule”. Alternatively, for
finitary logics this rule can be stipulated just for the case thatϕ is an axiom, and then derived for theorems in
general by using the appropriate version of axiom K (our axiom 11). Here we will achieve this effect by taking
the modal closureAx∗T of the set ofT-axioms and building it in to the notion of atheory, which we define next.
This will allow certain versions of the Box rule to be derived later (see Lemma 5.4).

D 4.4 A setΓ ⊆ ΦT is:

• closed under Detachmentif ϕ, ϕ→ ψ ∈ ∆ impliesψ ∈ ∆;

• a theoryif it includes the modal closureAx∗T of the set of axioms and is closed under Detachment;

• negation completeif for everyϕ ∈ ΦT , eitherϕ ∈ Γ or ¬ϕ ∈ Γ;

• ⊥-free if ⊥ < Γ.

L 4.5

(1) If Γ is a negation complete theory, then for everyϕ, ψ ∈ ΦT ,

ϕ→ ψ ∈ Γ iff ϕ ∈ Γ impliesψ ∈ Γ.

(2) If Γ is a⊥-free negation complete theory, then:

¬ϕ ∈ Γ iff ϕ < Γ

ϕ ∧ ψ ∈ Γ iff ϕ ∈ Γ andψ ∈ Γ
ϕ ∨ ψ ∈ Γ iff ϕ ∈ Γ or ψ ∈ Γ
ϕ↔ ψ ∈ Γ iff (ϕ ∈ Γ iff ψ ∈ Γ).

(3) Every truth set is a negation complete⊥-free theory.

Proof (1) and (2) follow by standard arguments, using the fact that all tautologies are inΓ by axiom 1.
For (3), observe first that the setΓα = {ψ | α |= ψ} of formulas valid in coalgebraα contains all axioms

by Theorem 4.2, and is modal closed because ifψ is true at all states ofα then so is
[
p
]
ψ for any state path

p. HenceAx∗T ⊆ Γ
α. Then each truth set{ψ | α, x |= ψ} includesΓα and hence includesAx∗T ; is closed under

Detachment by the semantics ofϕ → ψ; is negation complete by the semantics of¬ϕ; and is⊥-free by the
semantics of⊥.

�
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D 4.6 Let 2ΦT be the powerset ofΦT , with Γ ∈ 2ΦT andR ⊆ 2ΦT × ΦT .

• An inference rule, or justrule, is a pair〈Σ, ϕ〉 ∈ 2ΦT ×ΦT . HereΣmay be thought of as a set ofpremisses,
andϕ as aconclusion.

• Γ is closed under the rule〈Σ, ϕ〉 if Σ ⊆ Γ impliesϕ ∈ Γ, i.e. if Σ * Γ or ϕ ∈ Γ.

• Γ is R -closedif it is closed under every rule belonging toR .

• Γ is anR -theory if it is R -closed and is a theory (i.e. is closed under Detachment andAx∗T ⊆ Γ). In
particular, an∅-theory is just a theory as in Definition 4.4. �

The functorT determines a special relationR T ⊆ 2ΦT × ΦT that is central to our proof theory and is defined as
follows:

D 4.7

• For each observation pathT
p
− D, Ip is the inference rule〈{¬(p)d | d ∈ D} , (p)↑〉.

• For each state pathq,
[
q
]
Σ = {

[
q
]
ψ | ψ ∈ Σ}.

• ForΣ ∪ {ψ} ⊆ ΦT , ψ→ Σ = {ψ→ θ | θ ∈ Σ}.

• R T is the smallest relation (i.e. intersection of all relations) satisfying

– Ip ∈ R T for all observation pathsp;

– if 〈Σ, ϕ〉 ∈ R T , then
〈[

q
]
Σ,
[
q
]
ϕ
〉
∈ R T for every state pathq;

– if 〈Σ, ϕ〉 ∈ R T , then〈ψ→ Σ, ψ→ ϕ〉 ∈ R T for everyψ ∈ ΦT .

T 4.8 〈Σ, ϕ〉 ∈ R T impliesΣ |=
T
ϕ.

Proof EachT-coalgebraα has{¬(p)d | d ∈ D} |=α (p)↑ for any observation pathp. Also, from Σ |=α ϕ

it follows that
[
q
]
Σ |=α

[
q
]
ϕ for all state pathsq andψ→ Σ |=α ψ→ ϕ for all ψ ∈ ΦT . Thus the relation

{〈Σ, ϕ〉 | Σ |=α ϕ} satisfies the three closure properties definingR T , and so includesR T as the smallest such
relation. Hence〈Σ, ϕ〉 ∈ R T impliesΣ |=α ϕ for all T-coalgebrasα. �

C 4.9 Every truth set is anR T-theory.

Proof If Γ is the truth set ofx in α, andΣ ⊆ Γ with 〈Σ, ϕ〉 ∈ R T , thenα, x |= Σ andΣ |=
T
ϕ, soα, x |= ϕ and

ϕ ∈ Γ. ThusΓ is R T-closed. ButΓ is a theory by Lemma 4.5(3). �

D 4.10 For each state pathp and∆ ⊆ ΦT , let∆p =
{
ϕ |
[
p
]
ϕ ∈ ∆

}
.

This operation is crucial both to the proof theory of the modalities [p] and to the construction of a canonical/final
coalgebra.

L 4.11 For any∆ ⊆ ΦT , anyR ⊆ 2ΦT × ΦT , and any state path p:

(1) If ∆ is a theory, then so is∆p.

(2) If 〈Σ, ϕ〉 ∈ R implies
〈[

p
]
Σ,
[
p
]
ϕ
〉
∈ R , then if∆ is R -closed so is∆p.

(3) If ∆ is negation complete, then so is∆p.

(4) If (p)↓ ∈ ∆, then if∆ is⊥-free so is∆p.

Proof

(1) If ϕ ∈ Ax∗T , then
[
p
]
ϕ ∈ Ax∗T ⊆ ∆, and soϕ ∈ ∆p. HenceAx∗T ⊆ ∆p. If ϕ → ψ, ϕ ∈ ∆p, then[

p
]
(ϕ → ψ),

[
p
]
ϕ ∈ ∆. But every instance of axiom 11 is in∆, so closure of∆ under Detachment gives[

p
]
ψ ∈ ∆, henceψ ∈ ∆p. Thus∆p is closed under Detachment.
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(2) Let ∆ be R -closed. Then if〈Σ, ϕ〉 ∈ R andΣ ⊆ ∆p, we get
[
p
]
Σ ⊆ ∆ and

〈[
p
]
Σ,
[
p
]
ϕ
〉
∈ R , hence[

p
]
ϕ ∈ ∆. This shows that∆p is R -closed.

(3) If ∆ is negation complete, then for everyϕ either
[
p
]
ϕ ∈ ∆ or ¬

[
p
]
ϕ ∈ ∆. But ¬

[
p
]
ϕ →

[
p
]
¬ϕ ∈ ∆ by

axiom 8, so either
[
p
]
ϕ ∈ ∆ or

[
p
]
¬ϕ ∈ ∆, by Detachment. Thus eitherϕ ∈ ∆p or ¬ϕ ∈ ∆p, showing that

∆p is negation complete.

(4) If (p)↓ ∈ ∆, then as (p)↓ → ¬
[
p
]
⊥ ∈ ∆ by axiom 9,¬

[
p
]
⊥ ∈ ∆ by Detachment, i.e.

[
p
]
⊥ → ⊥ ∈ ∆.

Thus if⊥ < ∆, then
[
p
]
⊥ < ∆ by Detachment, and so⊥ < ∆p.

�

5 Deducibility and Maximality

We now useR T-theories to define a deducibility relation|−T that will eventually be seen to be identical to the
semantic consequence relation|=

T
for manyT.

D 5.1 Let Γ |−T ϕ mean thatϕ ∈
⋂
{∆ | Γ ⊆ ∆ and∆ is anR T-theory} i.e. thatϕ belongs to every

R T-theory extendingΓ.
Since the class ofR T-theories is closed under intersection, it follows that the set{ϕ ∈ ΦT | Γ |−T ϕ} is the

smallestR T-theory extendingΓ.

A number of properties follow directly from this definition, and are left to the reader to check:

L 5.2

(1) If ϕ ∈ Γ ∪ AxT , thenΓ |−T ϕ.

(2) R T-theories are deductively closed: ifΓ |−T ϕ andΓ is itself anR T-theory, thenϕ ∈ Γ.

(3) 〈Σ, ϕ〉 ∈ R T impliesΣ |−T ϕ. �

T 5.3 (S) If Γ |−T ϕ thenΓ |=
T
ϕ.

Proof SupposeΓ |−T ϕ andα, x |= Γ for someT-coalgebra〈A, α〉 andx ∈ A. We need to showα, x |= ϕ, so let
∆ = {ψ | α, x |= ψ}. Then∆ is anR T-theory by Corollary 4.9. Therefore, sinceΓ ⊆ ∆ andΓ |−T ϕ, ϕ ∈ ∆. Hence
α, x |= ϕ. �

L 5.4

(1) Cut rule (CT):If Γ |−T ψ for all ψ ∈ ∆ and∆ |−T ϕ, thenΓ |−T ϕ.

(2) Deduction theorem (DT):Γ ∪ {ϕ} |−T ψ impliesΓ |−T ϕ→ ψ.

(3) Monotonicity: If Γ |−T ϕ andΓ ⊆ ∆, then∆ |−T ϕ.

(4) Detachment:If Γ |−T ϕ andΓ |−T ϕ→ ψ, thenΓ |−T ψ.

(5) If Γ |−T ϕ andΓ ∪ {ϕ} |−T ⊥, thenΓ |−T ⊥.

(6) If Γ ∪ {¬ϕ} |−T ⊥, thenΓ |−T ϕ.

(7) Box rule: If Γ |−T ϕ, then
[
p
]
Γ |−T
[
p
]
ϕ for all state paths p.

(8) Implication rule:If Γ |−T ϕ, thenψ→ Γ |−T ψ→ ϕ.

(9) If ∅ |−T ϕ, thenΓ |−T
[
p
]
ϕ for all Γ ⊆ ΦT .

Proof (1)–(8) can be proven as in [9], but we give the proof for (7) since our use of the setAx∗T is slightly
different to the setup in [9]. Suppose then thatΓ |−Tϕ. To show

[
p
]
Γ |−T
[
p
]
ϕ, let∆ be anR T-theory with

[
p
]
Γ ⊆ ∆.

ThenΓ ⊆ ∆p. But∆p is anR T-theory by Lemma 4.11, so fromΓ |−T ϕ we getϕ ∈ ∆p, hence
[
p
]
ϕ ∈ ∆.

For (9), if∅ |−T ϕ then
[
p
]
∅ |−T
[
p
]
ϕ by the Box rule (7). But

[
p
]
∅ = ∅ ⊆ Γ, so thenΓ |−T

[
p
]
ϕ by Monotonicity

(3). �
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A deducibility relation gives rise to various notions of deductive consistency:

D 5.5 A setΓ of wffs is

• |−T-inconsistentif Γ |−T ⊥, and|−T-consistentotherwise;

• finitely |−T-consistentif all finite subsets ofΓ are|−T-consistent;

• maximally finitely|−T-consistentif it is finitely |−T-consistent but has no proper extension that is finitely
|−T-consistent;

• maximalif it is a negation complete and|−T-consistentR T-theory.

T 5.6 Every truth-set is maximal.

Proof Any truth set is|−T-consistent: ifΓ = {ψ | α, x |= ψ}, thenα, x |= Γ soΓ 6|=α ⊥, and thereforeΓ |6−T ⊥ by
Soundness (5.3). It follows from Lemma 4.5(3) and Corollary 4.9 that every truth-set is maximal. �

The most obvious example of a|−T-inconsistent set is one containing⊥. Then next most obvious is one
including{ϕ,¬ϕ} = {ϕ, ϕ → ⊥} for someϕ, since any theory containingϕ,¬ϕ will contain⊥ by closure under
Detachment.

Here are the main relationships between the various notions of consistency described in Definition 5.5:

L 5.7

(1) If Γ is finitely |−T-consistent, then so is one ofΓ ∪ {ϕ} andΓ ∪ {¬ϕ} for eachϕ.

(2) If Γ is negation complete and finitely|−T-consistent, then it is a theory.

(3) Γ is maximally finitely|−T-consistent iff it is negation complete and finitely|−T-consistent.

(4) If Γ is maximal, then it is maximally finitely|−T-consistent and hence is maximally|−T-consistent.

(5) An R T-theory is|−T-consistent iff it is ⊥-free.

Proof (1)–(4) can be proven as in [9]. For (5), observe that anR T-theoryΓ hasΓ |−T ϕ iff ϕ ∈ Γ in general by
Lemma 5.2. In particularΓ |6−T ⊥ iff ⊥ < Γ. �

The following result will be needed in our construction of a final coalgebra.

L 5.8 Let Γ be a maximal set of wffs. For each observation path T
p
− D, if (p)↓ ∈ Γ then(p)d ∈ Γ for a

unique d∈ D.

Proof Let (p)↓ ∈ Γ. Then (p)↑ < Γ, asΓ is |−T-consistent. SinceΓ is R T-closed it is closed under the rule
Ip = 〈{¬(p)d | d ∈ D} , (p)↑〉, so then¬(p)d < Γ for at least oned. Hence (p)d ∈ Γ by negation completeness.
In fact d is unique, for ifd , c ∈ D, then (p)c → ¬(p)d ∈ Γ by axiom 6, so (p)c < Γ by closure under
Detachment. �

The companion result for state paths is

L 5.9 Let∆ be a maximal set of wffs. For each state path T
p
− Id, if (p)↓ ∈ Γ, then∆p is maximal.

Proof By Lemma 4.11, as∆ is a negation completeR T-theory, so too is∆p, and as (p)↓ ∈ Γ and⊥ < ∆,
⊥ < ∆p. But then by Lemma 5.7(5),∆p is |−T-consistent. �
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A simpler characterisation of maximal sets will now be obtained. Inference rules of the form〈ψ→ Σ, ψ→ ϕ〉

were built into the definition ofR T , and hence of|−T, because they are needed to establish the crucial deduction
property DT (see [9, 9.3.3(4)]). It transpires that for negation complete sets, closure under such implicational
rules can be derived from the other properties ofR T , as we will now see.

D 5.10 R −T is the smallest set of inference rules satisfying

• Ip ∈ R −T for all observation pathsp;

• if 〈Σ, ϕ〉 ∈ R −T , then
〈[

p
]
Σ,
[
p
]
ϕ
〉
∈ R −T for every state pathp.

L 5.11 Every negation completeR −T -theory is anR T-theory.

Proof Let Θ be the set of all negation completeR −T -theories. DefineR to be the set of all rules〈Σ, ϕ〉 such
that every member ofΘ is closed under〈Σ, ϕ〉. We will show thatR has the three properties definingR T . Hence
R T ⊆ R becauseR T is the smallest set of rules having these properties. But each member ofΘ is R -closed by
definition ofR , so then isR T-closed, and hence is anR T-theory.

First,Ip ∈ R becauseIp ∈ R −T and every member ofΘ is R −T -closed. Secondly, suppose〈Σ, ϕ〉 ∈ R , Then
for any state pathp, to show that

〈[
p
]
Σ,
[
p
]
ϕ
〉
∈ R , take any∆ ∈ Θ and suppose

[
p
]
Σ ⊆ ∆. ThenΣ ⊆ ∆p. But

by Lemma 4.11,∆p is a negation completeR −T -theory because∆ is, so∆p ∈ Θ and hence∆p is closed under
〈Σ, ϕ〉, givingϕ ∈ ∆p, whence

[
p
]
ϕ ∈ ∆. This proves that any∆ ∈ Θ is closed under

〈[
p
]
Σ,
[
p
]
ϕ
〉
, so that rule is

in R .
Thirdly, given〈Σ, ϕ〉 ∈ R consider the rule〈ψ→ Σ, ψ→ ϕ〉. If ∆ ∈ Θ andψ→ ϕ < ∆, then Lemma 4.5(1),

ψ ∈ ∆ andϕ < ∆. Since∆ is closed under〈Σ, ϕ〉, Σ * ∆. Taking aθ ∈ Σ with θ < ∆ we getψ → θ < ∆ as∆ is
a theory, so (ψ → Σ) * ∆. Hence∆ is closed under the rule〈ψ→ Σ, ψ→ ϕ〉, which thus belongs toR . That
completes the proof of the Lemma. �

C 5.12 Γ is maximal if, and only if, it is maximally finitely|−T-consistent andR −T -closed.

Proof From left to right holds by Lemma 5.7(4) and the fact thatR −T ⊆ R T soR T-closure impliesR −T -closure.
Conversely, ifΓ is maximally finitely |−T-consistent andR −T -closed, then by (2) and (3) of Lemma 5.7 it is

a negation complete theory, hence anR −T -theory, so is anR T-theory by Lemma 5.11. Moreover⊥ < Γ asΓ is
finitely |−T-consistent, so thenΓ is |−T-consistent by 5.7(5). �

By similar arguments we can also characterise maximality without reference to the deducibility relation|−T
thus: Γ is maximal iff it is a negation complete⊥-free R −T -theory. The formulation of 5.12 is however more
convenient for the completeness theorem to come later.

6 The CanonicalT-Coalgebra

In this Section we will see that every maximal set is a truth set. This is established by constructing a single
T-coalgebra〈AT , αT〉 whose states are the maximal sets, and showing that each maximal set is the truth set
of itself as a state inAT . Since all truth sets are maximal (Theorem 5.6), this implies that the truth set of any
state in any coalgebra is equal to the truth set of some member ofAT . It will turn out that〈AT , αT〉 is a final
T-coalgebra.

D 6.1 AT = {x ⊆ ΦT | x is maximal}.

To define the transition structureαT we use the proof theory to associate with each pathT
q
− S a partial

functionαq : AT �→ S AT which will prove to be equal to the functionqAT ◦ αT (see Corollary 6.4 below).
αT itself arises when the construction is applied to the empty path. More precisely, when defining theαq’s in
Lemma 6.2 we show thatαp.q = qAT ◦ αp for all concatenated pathsp.q, and then putp = 〈〉.

The reader may find it helpful to read the statements of Lemma 6.2 and Definition 6.3, and then Corollary
6.4, before coming to the proof of 6.2. A comparison with the canonical coalgebra constructions of [36] and
[21] may be found in Section 9 at the end.
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L 6.2 For each T-component S and each path T
p
− S there exists a partial functionαp : AT �→ S AT

with Domαp = {x ∈ AT | (p)↓ ∈ x}, such that for every path S
q
− U,

Domαp.q = Dom (qAT ◦ αp) = {x ∈ Domαp | αp(x) ∈ DomqAT }

andαp.q = qAT ◦ αp:

AT ◦
αp

//
◦

αp.q
''OOOOOOOOOOOO S AT
◦

qAT

��

UAT

Proof Define Domαp = {x ∈ AT | (p)↓ ∈ x} for all pathsT
p
− S. Then defineαp(x) for all x ∈ Domαp by

induction on the formation of the component functorS, as follows.

C T
p
− D: By Lemma 5.8 there is a uniqued ∈ D such that (p)d ∈ x. Defineαp(x) = d.

C T
p
− Id: Defineαp(x) = xp =

{
ϕ |
[
p
]
ϕ ∈ x

}
(see Definition 4.10). By Lemma 5.9,xp ∈ AT .

Now for the inductive cases. These follow a similar pattern, in which it is also shown in each case that there is
some path symbols (= π j or evd or ε j) such that

αp.s = (s)AT
◦ αp. (6.i)

C T
p
− S1 × S2: For j ∈ {1,2}, make the induction hypothesis onS j that for the pathT

p.π j
− S j , the function

αp.π j : AT �→ S jAT has been defined. By axiom 3, (p)↓ ∈ x iff (p.π j)↓ ∈ x, so Domαp = Domαp.π j .
Defineαp(x) = 〈αp.π1(x), αp.π2(x)〉. This makes

αp.π j = (π j)AT
◦ αp,

which is equation (6.i) in this case, where (π j)AT
is the projectionS1AT × S2AT −→ S jAT .

C T
p
− SD: By axiom 4, Domαp = Domαp.evd for all d ∈ D, whereαp.evd : AT�→S AT . Defineαp(x)(d) =
αp.evd(x) for all d, to obtainαp(x) ∈ (S AT)D = (SD)AT .

This makesαp.evd = (evd)AT
◦ αp, where (evd)AT

is the evaluation function (S AT)D −→ S AT .

C T
p
− S1 + S2: By axiom 5, Domαp is the disjoint union of Domαp.ε1 and Domαp.ε2. Defineαp(x) =
ι jαp.ε j (x) for the uniquej ∈ {1,2} with x ∈ Domαp.ε j .

This makesαp.ε j = (ε j)AT
◦ αp, where (ε j)AT

is the extractionS1AT + S2AT �→ S jAT .

This completes the definition ofαp for anyT
p
− S, with equation (6.i) satisfied appropriately in all the inductive

cases. Then for eachS
q
− U we prove the rest of the Lemma by induction on the formation ofS again. In each

case, ifq = 〈〉 thenU = S with p.q = p andqAT = idS AT , henceαp.q andqAT ◦ αp are identical as required. In
particular, ifS = Id or D, then we must haveq = 〈〉, so the result holds as just stated.

The inductive casesS = S1 × S2 or SD
1 or S1 + S2 now all follow the same pattern using (6.i): ifq , 〈〉,

thenq = s.r for some symbols and some pathsS
s
− S′

r
− U. By induction hypothesis onS′, applied to the

pathsT
p.s
− S′

r
− U, we get

Domαp.q = Domαp.s.r = Dom (rAT ◦ αp.s)

andαp.q = αp.s.r = rAT ◦ αp.s. But then sinceαp.s = (s)AT
◦ αp by (6.i), we have

Domαp.q = Dom (rAT ◦ (s)AT ◦ αp) = Dom ((s.r)AT
◦ αp),

andαp.q = (s.r)AT
◦ αp as required. �
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D 6.3 LetαT = α〈〉, i.e.αp for p = T
〈〉
− T. 〈AT , αT〉 is called thecanonical T-coalgebra.

C 6.4

(1) DomαT = AT .

(2) For every path T
q
− U, Domαq =

{
x ∈ AT | αT(x) ∈ DomqAT

}
andαq = qAT ◦ αT :

AT
αT //

◦

αq
''OOOOOOOOOOOO T AT
◦

qAT

��

UAT

Proof

(1) Every maximal set contains axiom 2, (〈〉)↓, so Domα〈〉 = AT .

(2) Let p = 〈〉 in Lemma 6.2. �

We can now prove the fundamental result showing that each maximal setx is a truth set, viz.x = {ϕ |
αT , x |= ϕ}:

L 6.5 (T L) αT , x |= ϕ iff ϕ ∈ x.

Proof By induction on the structure ofϕ, we show that for allx ∈ AT , αT , x |= ϕ iff ϕ ∈ x :

C ϕ = ⊥: αT , x 6|= ⊥ andx is⊥-free.

C ϕ = (p)↓: αT , x |= (p)↓
iff αT(x) ∈ DompAT by the semantics of (p)↓
iff x ∈ Domαp by Corollary 6.4
iff (p)↓ ∈ x by the definition ofαp.

C ϕ = (p)d: (⇒) If αT , x |= (p)d thenαT , x |= (p)↓ andpAT (αT(x)) = d. Therefore (p)↓ ∈ x, by the previous
, andαp(x) = d, by Corollary 6.4. Hence, by Lemma 5.8 and the definition ofαp (Lemma 6.2),
(p)d ∈ x.

(⇐) If ( p)d ∈ x then (p)↓ ∈ x by axiom 7. By its definition (Lemma 6.2),αp(x) = d and thuspAT (αT(x)) =
d, by Corollary 6.4. SinceαT , x |= (p)↓ by the previous C it follows thatαT , x |= (p)d.

Now assume the lemma holds forθ andψ.

C ϕ = θ → ψ:
αT , x |= θ → ψ

iff αT , x |= θ impliesαT , x |= ψ by the semantics of→
iff θ ∈ x impliesψ ∈ x by the induction hypothesis
iff θ → ψ ∈ x by Lemma 4.5(1).

C ϕ =
[
p
]
ψ: (⇒) SupposeαT , x |=

[
p
]
ψ. If αT , x 6|= (p)↓, then (p)↑ ∈ x, and so using axiom 10,

[
p
]
⊥ ∈ x.

Also⊥ → ψ is a tautology, so
[
p
]
(⊥ → ψ) ∈ Ax∗T ⊆ x. But by axiom 11[

p
]
(⊥ → ψ)→ (

[
p
]
⊥ →

[
p
]
ψ) ∈ x,

and so by Detachment it follows that
[
p
]
ψ ∈ x.

Otherwise,αT , x |= (p)↓ andαT , pAT (αT(x)) |= ψ. Therefore (p)↓ ∈ x andαT , xp |= ψ, aspAT (αT(x)) =
αp(x) = xp by Lemma 6.2 and Corollary 6.4. Henceψ ∈ xp by the induction hypothesis, and so

[
p
]
ψ ∈ x.

(⇐) Suppose
[
p
]
ψ ∈ x. By negation completeness either (p)↑ ∈ x or (p)↓ ∈ x. For the former it

immediately follows thatαT , x 6|= (p)↓ and thereforeαT , x |=
[
p
]
ψ. For the latter,αT , x |= (p)↓ and

ψ ∈ xp ∈ AT so, by the induction hypothesis,αT , xp |= ψ. But xp = pAT (αT(x)); henceαT , x |=
[
p
]
ψ. �
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Now we are able to show that the canonicalT-coalgebra is a final object in the category ofT-coalgebras. The
reason is natural and conceptually appealing: states can be represented by their truth sets. Any stateb in a
coalgebra〈B, β〉 has a truth set in this coalgebra that is maximal and therefore a member ofAT . This defines
a mapB−→ AT which proves to be the unique morphism between the coalgebras. The proof of that uses the
characterisation of morphisms from Theorem 2.9(2), which is specific topolynomialfunctors.

T 6.6 〈AT , αT〉 is a final T-coalgebra.

Proof Let 〈B, β〉 be anyT-coalgebra. Define

!β : B−→ AT : b 7−→ {ϕ | β,b |= ϕ} .

Now we show that !β is the unique morphism fromβ to αT .

• !β(b) ∈ AT : !β(b) is a truth set, so is inAT by Lemma 5.6.

• !β is a morphism: by Theorem 2.9(2) we need to showpB(β(b)) = pAT (αT(!β(b))) for observation paths
and !β(pB(β(b))) = pAT (αT(!β(b))) for state paths.

Firstly,
β(b) ∈ DompB

iff β,b |= (p)↓ by the semantics of (p)↓
iff (p)↓ ∈!β(b) by the definition of !β
iff αT , !β(b) |= (p)↓ by the Truth Lemma (6.5)
iff αT(!β(b)) ∈ DompAT by the semantics of (p)↓.

For observation paths, whenβ,b |= (p)↓:

pB(β(b)) = c
iff β,b |= (p)c by the semantics of (p)c
iff (p)c ∈!β(b) by the definition of !β
iff αT , !β(b) |= (p)c by the Truth Lemma (6.5)
iff pAT (αT(!β(b))) = c by the semantics of (p)c,

so pB(β(b)) = pAT (αT(!β(b))).

For state paths, whenβ,b |= (p)↓:

ϕ ∈!β(pB(β(b)))
iff β, pB(β(b)) |= ϕ by the definition of !β
iff β,b |=

[
p
]
ϕ by the semantics of

[
p
]
ϕ

iff
[
p
]
ϕ ∈!β(b) by the definition of !β

iff ϕ ∈ αp(!β(b)) by the definition ofαp

iff ϕ ∈ pAT (αT(!β(b))) by Corollary 6.4,

so !β(pB(β(b))) = pAT (αT(!β(b))).

• uniqueness of !β: Let f : B −→ AT be a morphism fromβ to αT . Now we need to showϕ ∈ f (b) iff
ϕ ∈!β(b):

ϕ ∈!β(b)
iff β,b |= ϕ by the definition of !β
iff αT , f (b) |= ϕ by Lemma 3.3
iff ϕ ∈ f (b) by the Truth Lemma (6.5). �
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7 Completeness

“Completeness” of the deducibility relation|−T with respect to our semantics would state thatΓ |=
T
ϕ impliesΓ |−Tϕ.

An equivalent formulation of this assertion is that every|−T-consistent set is satisfiable at some coalgebraic state
(using Lemma 5.4(6)).

D 7.1 The functorT is calledLindenbaumif every |−T-consistent set of formulas is a subset of some
maximal set.

T 7.2 (C) If T is Lindenbaum, then following are equivalent:

(1) Γ |−T ϕ

(2) Γ |=
T
ϕ

(3) Γ |=αT ϕ.

Proof

(1)⇒(2): Theorem 5.3.

(2)⇒(3): Follows asαT is aT-coalgebra.

(3)⇒(1): If Γ |6−Tϕ thenΓ∪{¬ϕ} is |−T-consistent, by Lemma 5.4(6). Therefore, by the Lindenbaum property, there
exists a maximalx ⊇ Γ ∪ {¬ϕ}. By the Truth Lemma (6.5),αT , x |= Γ andαT , x 6|= ϕ, henceΓ 6|=αT ϕ. �

The Lindenbaum property is in factnecessary, as well as sufficient, for completeness to hold. To see this,
supposeΓ |=

T
ϕ impliesΓ |−T ϕ. Then ifΓ is |−T-consistent, we haveΓ |6−T ⊥ and henceΓ |6=

T
⊥, soα, x |= Γ for some

α, x. Then the truth set{ψ | α, x |= ψ} extendsΓ and is maximal by Theorem 5.6.
Infinitary proof relations often satisfy Lindenbaum and completeness properties only under some cardinality

condition. For instance the predicate logicLω1ω, whose formulas admit denumerably long conjunctions and
disjunctions but only finite strings of quantifiers, has a standard proof relation that satisfiesΓ |− ϕ iff Γ |= ϕ

for countableΓ, but not in general. Indeed [40] cites an example of a negation complete and consistent set
of Lω1ω-formulas that is unsatisfiable, and gives another that is consistent but has no negation complete and
consistent extensions.

Another well-known example, in the case of languages with finite-length formulas, isω-logic. This con-
cerns first-order languages that include constants for all members of the setω of natural numbers, and whose
proof theory has theω-rule

from {ϕ(n) | n ∈ ω} infer ∀xϕ(x).

The completeness theorem forω-logic in [7] works for countable languages only. Similarly, for our coalgebraic
logic we can derive the Lindenbaum property under a cardinality constraint:

T 7.3 If R −T is countable, then every|−T-consistent subset ofΦT can be extended to a maximal set.

Proof Fix an enumeration〈Σ0, ϕ0〉 , 〈Σ1, ϕ1〉 , . . . , 〈Σn, ϕn〉 , . . . of the countable setR −T . SinceR −T ⊆ R T , we
haveΣn |−T ϕn for all n.

SupposeΓ is |−T-consistent. Let∆0 = Γ. Now assume inductively that∆n is defined and|−T-consistent. If
∆n |−T ϕn, then let

∆n+1 = ∆n ∪ {ϕn} ,

which is |−T-consistent because∆n is, by Lemma 5.4(5). Alternatively,∆n |6−T ϕn. But Σn |−T ϕn, so in that case by
the cut rule CT there must exist aψ ∈ Σn such that∆n |6−T ψ. Let

∆n+1 = ∆n ∪ {¬ψ} ,

which is |−T-consistent by Lemma 5.4(6).
Next, let∆ =

⋃
n>0∆n. By construction, for alln, if ϕn < ∆ then¬ψ ∈ ∆ for someψ ∈ Σn.
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∆ is finitely |−T-consistent — any finite subset of∆ is a subset of some∆n, which is |−T-consistent. More
generally, the union of any chain of finitely|−T-consistent sets is finitely|−T-consistent, so Zorn’s Lemma applies
to the⊆-ordered set

{∆′ ⊆ ΦT | ∆ ⊆ ∆
′ and∆′ is finitely |−T-consistent}

to provide an extension∆′ of ∆ that is maximally finitely|−T-consistent. (Alternatively, by a standard argu-
ment, we could enumerateΦT and use Lemma 5.7(1) to proceed inductively along this (possibly transfinite)
enumeration to build∆′ as a negation complete finitely|−T-consistent extension of∆.)

Now for eachn, if ϕn < ∆
′ thenϕn < ∆, so by construction there existsψ ∈ Σn with ¬ψ ∈ ∆ ⊆ ∆′, hence

ψ < ∆′ or else{¬ψ, ψ} would contradict∆′ being finitely|−T-consistent. This shows that∆′ is closed under the
rule 〈Σn, ϕn〉 for all n, so isR −T -closed. By Corollary 5.12 it follows that the extension∆′ of Γ is maximal. �

The status of the countability ofR −T is clarified by the following results.

T 7.4

(1) R −T is countable if, and only if, either

(i) T has no observation paths; or

(ii) T has countably many paths.

(2) T has no observation paths precisely when it has no constant components.

(3) T has countably many paths precisely when every exponential T-component SE has a countable exponent
set E.

Proof

(1) SupposeR −T is countable. IfT does have an observation path then there is a rule of the formIp, so
R −T , ∅. But for any rule〈Σ, ϕ〉 ∈ R −T we have

〈[
q
]
Σ,
[
q
]
ϕ
〉
∈ R −T for all state pathsq, so there can only

be countably many state paths. Also, there are only countably many rules of the formIp, so there can
only be countably many observation paths. Since any path can be extended to a state or observation path,
there are then only countably many paths altogether.

Conversely, if (i) holds then there are noIp rules, soR −T is the countable set∅. On the other hand if (ii)
holds putR 0 = {Ip | p is an observation path}, and inductively

R n+1 =
{〈[

q
]
Σ,
[
q
]
ϕ
〉

: 〈Σ, ϕ〉 ∈ R n andq is a state path
}
.

Then, inductively, eachR n is countable, hence so is
⋃

n>0 R n = R −T .

(2) T has paths to all its components, so there is an observation path iff there is a constant component.

(3) A path is a finite list of symbols of the formπ1, π2, ε1, ε2,evd. SinceT has finitely many components, if
all exponents occurring inT are countable, then there are countably many symbols of the formevd in the
list-alphabet, hence countably many finite lists.

On the other hand, ifT has a componentSE with E uncountable, then since there exists a pathT
p
− SE,

the paths include the uncountable collection{p.evd | d ∈ E}.
�

L 7.5 If T has no constant components withinfinite constant set, then|−T is finitary.

Proof If every constant componentD of T is determined by afinite setD, then every rule〈Σ, ϕ〉 of the form
Ip has a finite premiss-setΣ (this holds vacuously whenT has no constant components, since thenR −T = ∅).
But then every rule inR −T has a finite premiss set. By standard arguments this implies that the deducibility
relation |−T is finitary, i.e. if Γ |−T ϕ thenΓ′ |−T ϕ for some finiteΓ′ ⊆ Γ. IndeedΓ |−T ϕ iff there exists a finite
sequenceϕ0, . . . , ϕn = ϕ such that eachϕi is an axiom, or a member ofΓ, or can be inferred from previous
members of the sequence either by Detachment or by some rule fromR −T (see the proof of Lemma 8.1 below
for a similar result). �
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C 7.6 If |−T is infinitary, thenR −T is countable if, and only if, T has countably many paths.

Proof If T has no observation paths, then it has no constant components at all, hence by Lemma 7.5,|−T is
finitary. Contrapositively, if|−T is infinitary then it must have observation paths, so the Corollary now follows
from Theorem 7.4(1). �

In the light of these facts, a range of possibilities can be observed:

• If |−T is finitary, thenT is Lindenbaum and so|−T is complete. For if|−T is finitary, then a set of formulas
is |−T-consistent iff it is finitely |−T-consistent, and hence the union of any chain of|−T-consistent sets is|−T-
consistent. This means that the inductive argument of the proof of Theorem 7.3 still works for transfinite
inductions, and so can work with an enumeration ofR −T of any length. Thus any|−T-consistent set can be
shown to have a|−T-maximal extension even whenR −T is uncountable.

• It is possible to haveR −T = ∅, henceT is Lindenbaum, whileΦT is uncountable. IfT is constructed from
the identity functor Id by any of the polynomial operations, thenT has no constant componentsD, hence
no observation paths and no rules of the formIp, soR −T = ∅. For example, ifT = IdR, whereR is the
set of real numbers, thenR −T = ∅ whileΦT includes the uncountably many formulas (evr )↓ for all r ∈ R.

Note that ifR −T = ∅, then alsoR T = ∅. In this case in fact every theory is anR T-theory, which implies
that |−T is finitary.

• It is possible to haveR −T countable (and even finite), henceT is Lindenbaum, whileR T is uncountable.
For instance, letT = R and putp = 〈〉 (the only path), withIp = 〈Σ, ϕ〉. ThenR −T = {Ip}, since there are
no state paths, whileR T has the uncountably many rules〈(p)r → Σ, (p)r → ϕ〉 for all r ∈ R.

• T may still be Lindenbaum whenR −T is uncountable. This holds ifT = D
R

with D any finite set (even
a one-element set). Since the only constant component ofT has a finite constant set,|−T is finitary by
Lemma 7.5, soT is Lindenbaum as above. But Theorem 7.4 implies thatR −T is uncountable, sinceT has
a constant component and an uncountable exponentR.

8 Incompleteness

We now present an example to show that the Lindenbaum property and completeness of|−T can fail whenR −T is
uncountable. In a sense to be explained, this is the simplest possible example of incompleteness.

We have just seen that ifT has no infinite constant component, then|−T is finitary soT is Lindenbaum
regardless of the size ofR −T . But even ifT has infinite constant sets, then it will still be Lindenbaum provided
that any exponentE of a componentSE is countable, for thenR −T will be countable by parts (1) and (3) of
Theorem 7.4. Thus any potential counter-example to completeness will have to contain at least one infinite
constant component, and at least oneuncountableexponent. The simplest such case is to takeT to be the
exponential functorωR (any uncountable set would do for the exponent here). In that caseT has the uncountably

many observation pathsT
evr
− ω for r ∈ R, and these are all the non-empty paths there are. The only non-trivial

path functions are the (total) evaluation functionsevr : ωR −→ ω.
Now for each setX ⊆ R, define a setΓX of wffs by putting

ΓX = {(evr )n→ ¬(evs)n | r, s ∈ X, r , s, andn ∈ ω}.

ThenΓR is itself unsatisfiable. To see this, suppose on the contrary thatα, x |= ΓR for someα andx. Define
f : R −→ ω by putting f (r) = α(x)(r) = evr (α(x)). Then f (r) = n iff α, x |= (evr )n, and so from the truth of all
members ofΓR at x we get f (r) , f (s) for all r , s ∈ R. But this impossible, as there is no injective function
fromR toω. HenceΓR |=T ⊥.

On the other hand, ifX is countable, thenΓX is satisfiable: take any injective functionf : X −→ ω, put
A = {x}, and letα(x) be any function belonging toωR that agrees withf on X. Thenα, x |= (evr )n→ ¬(evs)n
for all r , s ∈ X. HenceΓX |6=T ⊥ for all countableX.

It turns out thatΓR is |−T-consistent. To prove this we observe that there is an an infinite analogue of the
principle used in the proof of Lemma 7.5 that finite premiss sets lead to a finitary deducibility relation. If all
premiss sets of the rules fromR T have fewer thanκ members, whereκ is a regular cardinal, then any instance
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of the relationΓ |−T ϕ is witnessed by a proof-sequence of length less thanκ, soΓ |−T ϕ impliesΓ′ |−T ϕ for some
subsetΓ′ of Γ with fewer thanκ members (see [2, 1.3]). In particular, we will sketch below a proof of

L 8.1 For T = ωR, if Γ |−T ϕ thenΓ′ |−T ϕ for some countableΓ′ ⊆ Γ. �

This Lemma shows that ifΓR were |−T-inconsistent, thenΓ′ |−T ⊥ for some countableΓ′ ⊆ ΓR. ThenΓ′ ⊆ ΓX

for some countableX ⊆ R, soΓX |−T ⊥. But thenΓX |=T ⊥ by Soundness, contradicting the satisfiability ofΓX as
above.

Thus we see thatΓR |=T ⊥ butΓR |6−T ⊥, so completeness fails. This also shows directly why the Lindenbaum
property fails:ΓR is |−T-consistent but has no maximal extension, or else it would be satisfied at such an extension
in the canonical coalgebra〈AT , αT〉, by the Truth Lemma.

Proof of Lemma 8.1:
Note first that theIp-rules determined by observation paths all have the form〈{¬(evr )n | n ∈ ω}, (evr )↑〉

for somer ∈ R, and so have a countable premiss-set. From this it can be seen that if〈Σ, ϕ〉 ∈ R T , thenΣ is
countable.

Now define aΓ-sequenceto be any sequence of wffs of the form〈ϕµ | µ 6 ν〉, such thatν is acountable
ordinal and for allµ 6 ν:

• ϕµ ∈ Γ; or

• ϕµ is an axiom; or

• ϕµ follows from previous members of the sequence by Detachment, i.e. there existκ, λ < µ with ϕλ =

(ϕκ → ϕµ); or

• ϕµ follows from previous members of the sequence by a rule fromR T , i.e. there exists〈Σ, ϕ〉 ∈ R T such
thatΣ ⊆ {ϕκ | κ < µ} andϕ = ϕµ.

Next define a relation|−ω by puttingΓ |−ωϕ iff there exists aΓ-sequence as above withϕν = ϕ. If ∆ is any maximal
set withΓ ⊆ ∆, then the closure properties of∆ ensure that every member of everyΓ-sequence belongs to
∆. From this it follows thatΓ |−ω ϕ implies Γ |−T ϕ. The converse is also true, and is shown by proving that
∆Γ = {ϕ | Γ |−ω ϕ} is anR T-theory withΓ ⊆ ∆Γ. The proof, whose details are left to the reader, requires the
construction of certainΓ-sequences by concatenation of other such sequences. The fact that the premiss-set of
each rule inR T is countable is crucial here in allowing all the required sequences to be indexed by countable
ordinals. Then ifΓ |−T ϕ, theR T-theory∆Γ must containϕ, soΓ |−ω ϕ.

To complete the proof of Lemma 8.1, supposeΓ |−T ϕ. Then there is aΓ-sequence〈ϕµ | µ 6 ν〉 with ϕν = ϕ.
PutΓ′ = Γ ∩ {ϕµ | µ 6 ν}. Then〈ϕµ | µ 6 ν〉 is aΓ′-sequence showingΓ′ |−T ϕ, andΓ′ is countable. �

9 Comparisons and Questions

As far as we know this is the first paper to develop a systematic infinitary proof theory for finitary formulas in
coalgebraic logic. We have used it to show that the canonical model method can be extended to give a natural
logical construction of final coalgebras for all polynomial functors. The essential new features allowing this
were the “halting formulas” (p)↓ and their associated inference rules. It may be asked whether the technique
can be adapted to other kinds of functor. Relevant to this is the result of [14] that on an abstract level the
existence of a finalT-coalgebra is equivalent to the existence of a logical system, with a relation of satisfaction
of formulas by coalgebraic states, that has the Hennessy-Milner property and asetof formulas (rather than a
proper class of formulas, as can happen if enough infinite conjunctions and disjunctions are permitted).

A different approach to polynomial coalgebraic logic, closer to the classical equational logic of universal
algebra, was introduced in [10, 12]. In this approach the atomic formulas are equations between terms for
algebraic expressions likep(α(x)) where p is a path expression,α a symbol for transition structures, andx
a state-valued variable. Boolean combinations of such equations provide a set of formulas whose semantics
fulfills the Hennessy-Milner property. This is a more expressive language than that of the present paper, since
it includes formulas with the same semantics as the constructs (p)↓, (p)c and

[
p
]
ϕ but also provides syntax

for many other polynomial operations: projections, pairings, insertions, case-analyses, evaluations, lambda
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abstractions, functional applications. It would be of interest to investigate whether there is a suitable proof
theory and canonical model construction for this richer language.

As mentioned in the Introduction, a polynomial coalgebra can be viewed as a very general kind of determin-
istic automaton. Non-deterministic transition systems can be modelled by operations involving the powerset
functorP, wherePA is the set of all subsets ofA. The “Kripke polynomial” functors are those constructible
by the polynomial operations andP. This class of functors was introduced in [36] and studied further [21].
The full use of the powerset functor prevents there being a final coalgebra, but there is still interest in canonical
models and questions of completeness. The canonical coalgebra constructions in [36] and [21] differ from the
one given here. Both of those papers consider only finitary deducibility relations for functors that have finite
constant sets. They also take a many-sorted approach to syntax and proof theory, defining a class of formulas of
sortS, and relation|−S over the set ofS-formulas, for each componentS of the main functorT. Rößiger works
with the setMS of maximally|−S-consistent sets ofS-formulas, and defines certain functionsαS : MS−→S(MT)
for all T-componentsS. In particular this gives a functionαT : MT −→ T(MT) which is taken as the canonical
T-coalgebra. Thus this coalgebra is built out ofT-formulas, whereas ourAT ’s correspond toMId and are built
out of Id-formulas.

Jacobs works algebraically with indexed families of Boolean algebras with operators, each index corre-
sponding to a component ofT. From these, coalgebras are built using the representation theory of Boolean
algebras. In this approach ultrafilters play the role of algebraic analogues of maximal sets of formulas. Inter-
preted syntactically, it could be said that the approach builds functions of the formrS : MS −→ S(MId). Then
the functionrT : MT −→T(MId) is composed with a certain mapMId −→MT to give a functionMId −→T(MId)
that serves as a canonicalT-coalgebra.

In these terms, our method in Section 6 was to use the internal structure ofT as given by pathsT
p
− S to

build a partial functionαp : MId�→S MId, which turn out to bepAT ◦αT , and to deriveαT : MId−→T MId from
the case thatp is the empty path. It may be possible to take this approach with nondeterministic coalgebras,
modifying our path functions to set-valued functionspA : T A−→ PS A, or equivalently to binary relations
Rp ⊆ T A×S A, to obtain a structural analysis reminiscent of the Kripke relational semantics for classical modal
logic.

It would also be of interest to develop an algebraic analogue of this approach. The construction would be
more complex than Jacob’s, in that it would not be possible to use all ultrafilters of a Boolean algebra when the
formation ofT involves infinite constants sets. Only those ultrafilters that have an infinitary “richness” property
analogous to theR T-closure of maximal sets would be admissible. A theory of rich ultrafilters for polynomial
coalgebras has been extensively developed in [10, 11, 13]).

Another related study is the work on Stone coalgebras in [26]. This involves coalgebras whose state-
set carries a Stone-space topology, with the Vietoris functor on Stone spaces being used in place ofP. The
Boolean representations of Jacobs [21] are adapted to give a construction of a final coalgebra for each “Vietoris
polynomial functor”. Here it would appear thatcompactnessreplacesfinitenessas the constraint on the constant
sets occurring in functors. A natural line of enquiry then would be to see if our canonical coalgebra construction
could be lifted to this topological setting to give an alternative construction of these final coalgebras. This may
involve topological conditions on path relations, such as thepoint-image-closurerequirement that sets of the
form {y | x Rp y} are closed.

Finally, a comment onfinitely branchingnon-determinism, which can be modelled by replacingP by the
finitary powerset functorPω, wherePωA is the set of all finite subsets ofA. This imposes theimage-finiteness
property that point-image sets{y | xRp

Ay} are finite. It is known that a final coalgebra exists for any functor
built from polynomial operations andPω. But as far as we are aware there is no known construction, either in
classical modal logic or in coalgebraic logic more generally, that produces canonical models that are image-
finite. Further investigation of this may be worthwhile.
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