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PSEUDO-JUMP INVERSION, UPPER CONE AVOIDANCE, AND
STRONG JUMP-TRACEABILITY

ROD DOWNEY AND NOAM GREENBERG

ABSTRACT. There are noncomputable c.e. sets, computable from every c.e.
set relative to which ¢’ is strongly jump-traceable. This yields a natural
pseudo-jump operator, increasing on all sets, which cannot be inverted back
to a minimal pair or even avoiding an upper cone.

1. INTRODUCTION

While interactions between measure theory and computability theory can be
traced back to the 1950’s through the work of de Leeuw, Moore, Shannon and
Shapiro [4] and Spector [28], most of the spectacular development of these inter-
actions has really occurred in the last decade. Foremost in this development has
been the use of methods from computability theory to understand and calibrate
algorithmic randomness (see, for example, Downey and Hirschfeldt [7], Nies [24]
and Downey, Hirschfeldt, Nies and Terwijn [9]). What has been less apparent is
the extremely fruitful interaction the other way. That is, the use of algorithmic ran-
domness to help us to understand computation. This paper is an example of this
kind of interaction. We will use methods emanating from issues around K-triviality
to answer a rather longstanding question in classical computability, explicitly artic-
ulated in Coles, Downey, Jockusch and LaForte [3], but going back to the papers of
Jockusch and Shore [14, 15]: we show that there is a natural pseudo-jump operator,
increasing on all sets, which cannot be inverted while avoiding an upper cone. The
techniques that we introduce in order to prove this result are far from what might
have been tried before the development of the randomness-related concepts of the
last decade. We believe that they will have many other applications.

The origins of the methods of this paper are attempts of combinatorial charac-
terisations of the notion of K-triviality. K-triviality has turned out to be a very
important concept in algorithmic randomness. This concept originated in the work
of Solovay [27], and was more recently developed starting with Downey, Hirschfeldt,
Nies and Stephan [3]. Although this notion is defined in terms of initial-segment
complexity (a set is K-trivial if every initial segment of it is incompressible using
a prefix-free machine), the celebrated work of Nies, Hirschfeldt and others shows
that K triviality coincides with notions such as lowness for K, lowness for Martin-
Lof randomness, lowness for weak 2-randomness, and being a base for randomness.
All of these equivalent concepts express a lack of derandomisation power of an or-
acle with respect to some notion of algorithmic randomness: for example, a set
A € 2¥ is low for Martin-Lof randomness if every set which is Martin-Lof random
remains Martin-Lof random relative to A; in other words, A cannot detect patterns
in Martin-Lof random sets. We refer the reader to [7, 9, 24, 22, 23] for details of
such results.
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One key question we might ask is whether there is some way to characterise
classes like the K-trivials in terms of computability-theoretic considerations not
involving randomness but “purely discrete” concepts like the Turing jump. In this
context, Terwijn [29], and then Terwijn and Zambella [30] found a new direction in
this programme. They discovered that we could use what is called tracing to give
insight into such lowness concepts. Tracing had its origins in set theory (see [26]),
but in computability the concept is defined as follows.

Definition 1.1. A trace for a partial function ¥: w — w is a sequence T =
(T'(2)),,, of finite sets such that for all z € dom, ¥(z) € T(z).

Thus, a trace for a partial function ¢ indirectly specifies the values of ¥ by pro-
viding finitely many possibilities for each value; it provides a way of “guessing” the
values of the function 1. Such a trace is useful if it is easier to compute than the
function v itself. In some sense the notion of a trace is quite old in computability
theory. W. Miller and Martin [19] characterized the hyperimmune-free degrees as
those Turing degrees a such that every (total) function h € a has a computable
trace (the more familiar, but equivalent, formulation, is in terms of domination).
Terwijn and Zambella used a uniform version of hyperimmune-freeness, called com-
putable traceability, to characterise lowness for Schnorr randomness, thereby giving
a “combinatorial” characterisation of this lowness notion.

In this paper we are concerned not with how hard it is to compute a trace, but
rather, how hard it is to enumerate it.

Definition 1.2. A trace T' = (T'(z)) is computably enumerable in a Turing degree
a if the set of pairs {(z,2) : z € T(z)} is c.e. in a.

In other words, T is c.e. in a if uniformly in 2, an oracle in a can enumerate the
elements of T'(z). It is guaranteed that each set T'(z) is finite, and yet if T is merely
c.e. in a, we do not expect a to know when the enumeration of 7'(z) ends.

To calibrate the strength of a c.e. trace, we use effective bounds on the size of
each component of the trace. The fewer options the trace can give for a value of
the function it traces, the closer we are to knowing what that value is, and so the
better the trace. The bounds are known as order functions; they calibrate rates of
growth of computable functions.

Definition 1.3. An order function is a nondecreasing, computable and unbounded
function h such that h(0) > 0. If h is an order function and T = {(T'(2)) is a trace,
then we say that T is an h-trace (or that T is bounded by h) if for all z, |T'(z)| < h(z).

In addition to measuring the sizes of c.e. traces, order functions are used to
define uniform versions of traceability notions. For example, computable traceability
mentioned above, the uniform version of hyperimmune-freeness used by Terwijn and
Zambella, is defined by requiring that traces for functions in a hyperimmune-free
degree a are all bounded by a single order function.

Zambella (see Terwijn [29]) observed that if A is low for Martin-Lof randomness
then there is an order function h such that every function computable from A has a
c.e. h-trace. This was improved by Nies [22], who showed that one can replace total
by partial functions. In some sense it is natural to expect a connection between
uniform traceability and lowness notions such as K-triviality; if every function
computable (or partial computable) from A has a c.e. h-trace, for some slow-growing
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order function h, then the value ¥ (n) of any such function can be described, in a
prefix-free fashion, by logn + log h(n) many bits.

Following this, it was a natural goal to characterise K-triviality by tracing, prob-
ably with respect to a family of order functions. This problem still remains open.
However, an attempt toward a solution lead to the introduction of what seems now
a fairly fundamental concept, which is not only interesting in its own right, but
now has been shown to have deep connections with randomness.

Definition 1.4 (Figueira, Nies and Stephan [10]). Let h be an order function.
An oracle A € 2¥ is h-jump-traceable if every A-partial computable function has a
c.e. h-trace. An oracle is strongly jump-traceable if it is h-jump-traceable for every
order function h.

Figueira, Nies and Stephan gave a construction of a non-computable strongly
jump-traceable c.e. set. Their construction bore a strong resemblance to the con-
struction of a K-trivial c.e. set. J. Miller and Nies [18] asked if strong jump-
traceability and K-triviality coincided. Cholak and the authors [2] showed that
the strongly jump-traceable c.e. sets form a proper subclass of the c.e. K-trivial
sets. They also showed that the class formed an ideal in the c.e. degrees. This
ideal was later shown to be II9 complete by Ng [20], giving an alternative proof of
the proper containment, as the K-trivial c.e. sets form a %9 ideal. One of main
contributions of the paper [2] was the introduction of new combinatorial tools for
dealing with the class of c.e., strongly jump-traceable sets, collectively known as
the “box-promotion” technique. We remark that recently, in [6] the authors showed
how to adapt this technique to the non-c.e. case by showing that all strongly jump-
traceable sets are K-trivial, when there was no a priori reason that they should
even be AS.

In view of these results it might seem that strong jump-traceability might be an
interesting artifact of the studies of randomness, but as it turned out, the class of
c.e., strongly jump-traceable sets has been shown to have remarkable connections
with randomness. Greenberg, Hirschfeldt, and Nies [11] proved that a c.e. set is
strongly jump-traceable if and only if it is computable from every superlow random
set, if and only if it is computable from every superhigh random set; they related
such random sets with the benign cost functions which by work of Greenberg and
Nies [12] characterise c.e., strong jump-traceability. Greenberg and Turetsky [13]
complemented work of Kucera and Nies [17] and showed that a c.e. set is strongly
jump-traceable if and only if it is computable from a Demuth random set, thus
solving the Demuth analogue of the random covering problem, which remains open
for Martin-Lof randomness and K-triviality. Other attractive spin-offs in the arena
of randomness include Nies’s new work on the calculus of cost functions [25]. This
material is only just beginning to work itself out and we expect a lot more to grow
from these ideas.

The goal of the present paper is to use strong jump-traceability to solve a long-
standing question in classical computability. This question concerns what are called
pseudo-jump operators.
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Definition 1.5 (Jockusch and Shore [14, 15]). A pseudo-jump operator is a map
J: 2% — 2¢ of the form J(A) = A@WA.Y A pseudo-jump operator J is everywhere
increasing if for all A e 2%, J(A) >1 A.

Pseudo-jump operators are a generalisation of the Turing jump operator, which
maps each set A € 2 to A’, the halting set relative to A. Jockusch and Shore’s key
insight was that this generalisation of the Turing jump allowed one to give simple
constructions of Turing degrees of various prescribed properties. The key concept
was pseudo-jump inversion.

Theorem 1.6 (Jockusch and Shore [14]). Let J be a pseudo-jump operator. Then
there is some non-computable c.e. set A such that J(A) =1 0'.

The degree a of the c.e. set A given by Theorem 1.6 is an instance of inverting
the operator J. Roughly, the idea is that J explains how to relativise to any oracle
the construction of a c.e. set J(&). Inverting the operator J allows us, up to Turing
equivalence, to view the halting problem ¥’ as the result of the construction J,
relativised to some c.e. oracle. For example, applying pseudo-jump inversion to the
Turing jump operator gives a non-computable low set, a set whose Turing jump
is as simple as possible. In turn, inverting the construction of a low set yields a
high set, an incomplete c.e. set whose Turing jump is 0” (as high as possible for a
c.e. set). Jockusch and Shore went on to give simple constructions of c.e. degrees
in every level of the low,, and high,, hierarchy using pseudo-jump inversion. These
methods have seen many generalisations, and have extensions to randomness, as
witnessed by Nies [24, Theorem 6.3.9], and to II{ classes by Cenzer, LaForte and
Wu [1], in some sense extending the Jockusch-Soare low basis theorem.

In spite of the usefulness of pseudo-jump operators, there is distinct lack of gen-
eral theory concerning them, aside from the original Jockusch-Shore papers. Coles,
Downey, Jockusch and LaForte [3] studied the general theory of these operators,
trying to understand what techniques pseudo-jump inversion would be compatible
with. Such questions were implicit in the Jockusch-Shore papers. For example, in
[3] it is shown that pseudo-jump inversion is compatible with a Friedberg strategy:
for any everywhere increasing pseudo-jump operator J, it is possible to construct
two Turing incomparable c.e. inversions of J. However, the question of whether
pseudo-jump inversion is compatible with avoiding upper cones, and even with the
construction of a minimal pair, remained open. In [3], the authors construct a
pseudo-jump operator J which is increasing on c.e. sets, for which inversion cannot
be combined with upper cone avoidance. That is, there is a non-computable c.e.
set E which is computable from all c.e. inversions of J. However, there is no reason
to believe that this operator J is increasing on all sets, rather than only on the c.e.
ones. The difficulty of making J increasing globally is similar to the problem of
producing a degree-invariant solution for Post’s problem. Moreover, this operator J
is unnatural, in that it is given by a direct priority construction. Their construction
was a 0”-priority argument.

In this paper we solve this question, by showing that there is an everywhere-
increasing pseudo-jump operator for which inversion cannot be combined with
upper-cone avoidance. This operator is the relativisation of the construction of
a non-computable strongly jump-traceable set from [10]. Thus our example is

Here WEA is the et? c.e. set relativised to A, in some fixed list of all c.e. operators.



PSEUDO-JUMP INVERSION AND STRONG JUMP-TRACEABILITY 5

natural. While our construction is combinatorially complex, it does not use the
0"-priority machinery utilised in [3], and so is logically simpler.

Relativising this construction, let Jgjr be a pseudo-jump operator, everywhere
increasing, such that for all A € 2%, Jgyr(A) is strongly jump-traceable relative
to A. Because every strongly jump-traceable set is “very low” (it is K-trivial and
so superlow), every inversion A of JsyT must be “very high”: ¢’ is K-trivial relative
to A, and so A is superhigh. Inversions of JgjT, namely c.e. sets relative to which
&’ is strongly jump-traceable, were first studied by Ng in [21], where they are called

ultrahigh.
Nies related notions of lowness, such as superlowness, K-triviality and jump-
traceability, to so-called weak reducibilities (see [24, Ch. 8]). These are partial

relativisations of these lowness notions which are made so as to obtain transitive
relations on 2. The best-known weak reducibility < r is obtained by partially rela-
tivising lowness for randomness, equivalently lowness for K. The weak reducibility
corresponding to strong jump-traceability, <gjr, is obtained by relativising the
complexity of the traces, but by preserving the complexity of the bounds on the
traces:

Definition 1.7. For A, B € 2%, we let A <gyr B if for every (computable) order
function h, every A-partial computable function 1 has an B-c.e. trace bounded
by h.

Nies noted that this formulation makes the relation <gjr transitive. To see this,
suppose that A <sjv B <syr C; let h be a computable order function, and let
1) be an A-partial computable function. Let T be a B-c.e. trace for v, bounded
by Vh. We write T(n) = {¢(n,1),0(n,2),...,0(n,/h(n))}, where ¢ is a B-
partial computable function. Let S be a C-c.e. trace for ¢ bounded by /. Then
R(n) = Uzs\/ﬁ S(n, i) is a C-c.e. trace for ¢ bounded by h.

Akin to other reducibilities, we say that a set B € 2% is SJT-hard if &' <gjr B.
That is, if for every order function h, every partial X9 function has an B-c.e. trace
bounded by h. Certainly every ultrahigh set is SJT-hard.

The main theorem of this paper is:

Theorem 1.8. There is a noncomputable c.e. set which is computable from every

SJT-hard c.e. set.
Applying the result to ultrahigh sets and so to inversions of Jgjr, we get:

Corollary 1.9. There is a pseudojump operator J, increasing on all sets, which
cannot be inverted while avoiding any prescribed upper cone.

A question pursued by several researchers is whether there is a minimal pair of
LR-hard c.e. degrees. By a relativisation of Nies’s results, a c.e. degree a is LR-
hard if and only if ¢’ is K-trivial relative to a. The interest in LR-hard degrees
was sparked by work of Kjos-Hanssen, J. Miller and Solomon [16], who showed
that a Turing degree is LR-hard if and only if it is almost everywhere dominating,
a notion suggested by Dobrinen and Simpson [5]. Relativising a result of Nies’s
mentioned above, we see that there is an order function h such that for any LR-
hard c.e. degree a, 0’ is h-jump-traceable relative to a. An examination of the
proof of Theorem 1.8 reveals that in fact, there is an order function g and a non-
computable c.e. set E which is computable from every c.e. set relative to which 0’ is
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g-jump-traceable. If we could make g grow at least as quickly as h, we would settle
the question in the negative. Currently we know that for h, we can take sufficiently
large constant multiples of logn. The proof of Theorem 1.8 gives an order function
g whose growth rate is roughly loglogn. In further work with Diamondstone and
Turetsky, it is shown that for g we can take log,(n)/6. The gap is excruciatingly
small, but it has not been bridged yet.

As mentioned above, mixing randomness with Turing reducibility has resulted
in interesting classes of c.e. degrees. The collection of c.e. degrees which lie below
all SJT-hard c.e. degrees seems to be a new ideal of c.e. degrees, about which, at
this point, we know very little. Further work with Diamondstone and Turetsky,
which elaborates on the technique introduced here, shows that this ideal contains
superhigh c.e. degrees, but that it is likely not principal. However, further research
is needed, and would no doubt require a further refinement of the box-promotion
technique, which is first used to deal with highness notions in this paper.

2. MINIMAL PAIRS

The proof of Theorem 1.8 is technical. Its proof is an elaboration on the proof of
a weaker result: that there is no minimal pair of c.e. SJT-hard degrees. We present
this simpler proof first.

2.1. Discussion. Let A and A' be SJT-hard c.e. sets. We enumerate a set E,
which we make noncomputable and reducible to both A° and A'. The noncom-
putability requirements are the familiar
P E # ¢°,
where {(¢°) is an effective enumeration of all partial computable functions. These
requirements are met by the Friedberg-Muchnik strategy: a requirement P¢ ap-
points a follower x, waits for the follower to be realised, which means p¢(x)|= 0,
and then wants to enumerate x into F.

Of course, to ensure that F is computable from A° and from A', when the
requirement P¢ appoints z, it needs to determine uses u° and u! for reducing the
question “z € E?” to A° and to A'. We are not allowed to enumerate z into
E unless both A° and A' change below u” and u! respectively. Moreover, if, for
example A°} u° changes at some stage s, we would either need to get a change in
Al ul at the same stage (or some later stage, but bounded by some computable
function), and then we would have permission to put z into E; or we would need
to reset u® and wait for another A° change on the new use. That is, permissions
need to be more or less simultaneous.

Fortunately, the fact that A° and A' are SJT-hard means that they do have
to change often; for example, they are both high. The SJT-hardness gives us a
mechanism for forcing desirable changes in these sets. SJT-hardness means that
for both i = 0,1, the set A’ can trace any 9 partial function 1 by a trace T% =
<Ti(z)>z<w which is bounded by any prescribed computable order function h. That
is, if z € dom v, then 9(2) € T%(2), and for all 2, |T%(2)| < h(2).

Let us first describe how we use SJT-hardness to manufacture changes in A° and
Al. To define a 9 partial function v, we define a uniformly computable sequence
(ths),,, (of total functions) and let 1(z) = y if for all but finitely many s we have
¥s(z) = y; if there is no such y then z ¢ dom. The resulting function 1 is easily
seen to have a 9 definition. Now, for i < 2, let T? be an Ai-c.e. trace for 1,
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bounded by some order function h that we design. Suppose that we define, at some
stage, ¥s(z) = s (as we will always do), and promise to keep 1;(z) = s at stages
t > s, until we see that s € T{(z), where T} is the stage t approximation for 7%
enumerated using the oracle A¢. Then such a stage ¢ must eventuate: otherwise,
¥(z) = s and so s € T%(z), and the latter fact must be witnessed at some finite
stage.

Changes in A are caused by repeating this process more than h(z) many times:
at some stage so we define ¥, (z) = so, and wait for a stage s; > so at which we see
so € T (). We then set 15, (2) = s1 and repeat. For a while, A* can enumerate all
the values sg, s1,... into T}(z), but it cannot do this more than h(z) many times.
Eventually, A® needs to “make room” in T¢(z) for the latest value s,,, and in order
to do so, one of the earlier values s, must be extracted from T%(z). This is done
by A? changing below the use u = u'(z, s;) of the enumeration of s into T%(z).

The very basic plan, thus, is quite simple: we pick a follower x for some require-
ment P¢ at a stage sp, and associate it with some input z. We set ¢;,(2) = so,
and wait for sg € T}(z). We then declare the use of the reduction of E(x) to each
A® to be the use ui(z,sg). If later z is realised, then we prompt A’ to change by
changing ¥ (z).

The ideal situation is when h(z) = 1. We call such inputs z “l-boxes”; the
“box” also refers to the trace T%(z), which is thought of as a receptacle containing
it elements. If there is room for only one value in T%(z), then every change in v (z)
forces a change in A* below the use. That is, if we are working with a 1-box, then
every request for a change must be granted. However, we note that while we may
define h(z) = 1 for some inputs z, there can be only finitely many such inputs
(there are only finitely many 1-boxes): we need to make lim,, h(n) = co. The other
constraint which drives us to use k-boxes for k£ > 1 is that in some cases, we will
want to associate different followers x with different inputs z. This is important,
for example, in the case that a follower x is never realised (but in some other cases
as well). If the same input z is shared by « and by infinitely many other followers
Yn, then each time y, springs to action, it will redefine ¥ (z). This will drive to
infinity the use of reducing F(x) to A’

So we have to deal with k-boxes, inputs z with h(z) = k, for k > 1. It is no
longer the case that every request for change will be accepted. If we only consider
one side, this is easily dealt with, by appointing more followers. As before, we start
with a follower xg, associated with z, set 15, () = 8o, get so € T;(2) at some later
stage t, and set the uses ui(zo) to be the use of enumerating so into 7} (z). Then the
follower is realised, and we ask for a change by setting ¢, (2) = s1. It is possible
that change will not be given, but rather, both s; and so will appear in T} (z). We
then appoint a new follower x1, and tie its use to the use of enumerating s; into
T}. Repeat; eventually, after no more than k + 1 many tries, one of the followers
will be permitted.

We recall, though, that we require simultaneous permission from A° and A'.
Again, if we have 1-boxes, this is not a problem: both A° and A' have to permit
every follower, so we can wait until they both permit our follower and enumerate it
into E. But for £ > 1 we have a problem. Take, for example, k = 2, and consider
the following chain of events. We start with a follower x, tied to a value sg € T%(2).
It is realised, and we request permission from both sides. However, the sides do
not act in tandem: A, say, gives permission (and takes sg out of 7(z)), but A°
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does not. At that point we have T%(z) = {so,s1} and T'(z) = {s1}. We cannot
enumerate ro into E, and we need to define a new use for reducing E(zg) to A;
the only candidate is the use of enumerating s; into 7%(z). Note that we should
not “keep the A' permission open”, that is, refrain from attaching a new use to
reducing E(zg) to A'; it is possible that A° will never give permission to zy, and
so we will not be able to enumerate xg into E. In that case, as we shortly see, later
followers will be permitted by both A® and A!, so the diagonalisation will succeed,
but the reduction of E to A' will be ruined.

However, what actually happens is the following. A new follower x; is tied to s;
on both sides. When z; is realised, we ask for permission again (define 1)(z) = s2).
This time, A° permits both xq and z; but A! permits neither. We get T°(z) = {52}
and T*(z) = {s1,s2}. The next time, A! will permit but A° will not; this can
repeat for ever. Essentially, our opponent is playing Lachlan’s “freeze one side
which changing the other” strategy for constructing a minimal pair of c.e. degrees.
And indeed, up to some level, this strategy is successful; if the growth rate of h
is about 2™, then there is a minimal pair of c.e. sets which are both h-JT hard
(equivalently, superhigh with truth-table reduction with exponential use); see for
example Ng’s [21]. We need to make use of the fact that the order function h grows
slowly.

We remark that a similar phenomenon occurs close to 0, in the proof [2] that
the SJT degrees form an ideal. The closure under join happens only below some
slow growth rate. For every order function g there is an order function g, so that
whenever two c.e. sets By and B; are g-jump-traceable, their join Bo@®Bj is g-jump-
traceable. However, no matter how quickly g grows, § has to be sub-logarithmic for
the argument to work, and indeed, for sufficiently quickly growing orders g (around
exponential), there are two g-jump-traceable sets which join to ¢f’. The key in that
argument, as it will be here, is the interaction between the various levels of boxes.
In both proofs, we design a cursus honorum, a path for followers to progress from
k-boxes to (k — 1)-boxes and so on, and if they do not get “stuck”, they eventually
reach 1-boxes and can use them to obtain simultaneous permission, as described
above.

The key concept is that of boxr promotion, and it was already implicitly used
above when we discussed how to obtain permission from one set if we do not use
1-boxes. Consider the counter-factual above for the case k = 2. The first follower
7o is not permitted by A°. This lack of permission promotes the box T%(z) to be a
1-box in the eyes of all other followers. While A° persists with not permitting o,
we can win by first using at most two new followers to get another permission from
Al for a follower y > x; and then get immediate permission for y from A°. The
new ingredient, compared to other box-promotion arguments, is that promotions
can be undone. In our example, when A° does permit xo, the box T (z) returns to
being a 2-box.

The solution is to make use of actual 1-boxes as well as 2-boxes. Going on with
our example, when A' gives permission to xy but A° does not, we get the new use
for reducing F(x¢) to A! not from the 2-box T (z) but from a 1-box T (2’) (where
2! < z). We then wait for A%-permission for xo. If this is ever given, then we will
immediately get A' permission for zo as well. If it is never given, then the box
T(2) has been permanently promoted to being a 1-box, and the same strategy can
take place for other followers, this time using an A'-2-box and the manufactured
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A% 1-box. And this strategy can be propagated up the levels. Even before A® gives
the first permission to xg, followers for weaker requirements can use z as a 1-box,
this time on the A'-side. The general process is illustrated in Figures 1 and 2.

A0
S
/ /r
w2 x y
w3
r
Al
S
21
z2

FIGURE 1. The follower x is waiting for an A'-permission. Mean-
while, a weaker follower y can treat {22} as a 1-box.

A° ’
S
/"

r
w / " —
T 2 Yy Yy
w3
7,,/1
Al s
,r,/
21
z2

FIGURE 2. Follower z received permission from A! at stage s'.
Its A'-pointer moved to z;; it is now waiting for A%-permission.
The follower y was cancelled at stage s’, but while x is waiting for
permission, a new follower gy’ is treating {ws} as a 1-box, and a
follower y” is treating {z2} as a 1-box.

This is the basic idea, but on its own it is not sufficient. We need to introduce
a mainstay of the box-promotion method, namely the amplification of promotions.
In a nutshell, we want a single promotion to be useful for many other followers,
not only one; this is why we use aggregations of inputs, which are sometimes called
metabozxes. Terminology is loose, though, and sometimes by “box” we also mean a
metabox. The principle is that instead of associating the use for reducing E(zx) to
A® for some follower x with only one input z, we use a finite collection M = M (x)
of inputs. The use will be the maximum of the uses of enumerating the associated
value s into T%(z) as z ranges over all the elements of M. Thus, an extraction of s
from even one of these T%(z) will give permission to x, and so, while permission is
not given, all of the boxes T%(z) for z € M are promoted by one level. A number
of followers can now apportion these boxes between them.
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To see why this is necessary, we need a clearer picture of the construction. The
description above may give the wrong impression that when followers are appointed,
they always point on one side at a (probably manufactured) 1-box. The reason this
is not so is that some followers are never realised. While they are not realised,
of course, no permission is useful, as we want to keep them out of E. While we
wait for a follower to be realised, we need to protect its uses from being driven to
infinity by the action of other followers. So unrealised followers cannot share boxes
with other followers weaker than themselves. Only once they are realised they can
collaborate with other followers to generate permissions.

We certainly cannot let a new unrealised follower point at a manufactured 1-box,
as this could be wasteful: an unrealised follower does not help promote boxes for
weaker followers. So unrealised followers for requirement P°, say, will start pointing
at 5-boxes on both sides. When they are realised and receive permission, they start
“walking” down the levels, possibly getting stuck in some places, thereby contribut-
ing to the promotion of some boxes; or eventually making it to the bottom, and
so making use of 1-boxes to obtain simultaneous permission. At each step we wait
for permission from one side, and ignore permissions from the other. In particular,
when setting a new follower up, the side it first requests permission from needs to
set up a “private box” devoted only to followers for the same requirement. When
the follower is realised and receives permission, it joins the rest of the construction
and now cooperates with followers for other requirements in the promotion mech-
anism. While we digress, we note that we only use private boxes on one side. Say
a new follower x first requests permission from A! (it will be convenient, but not
important, to make it so for all followers). When it receives permission, x moves its
pointer from the A'-private box to the next level down, where it can use boxes that
are involved in the general construction. However, 2 did not receive A%-permission,
and so cannot move its A% pointer; so on the A%-side we have to start pointing at
“public” boxes from the beginning.

Returning to metaboxes, now the point is that two followers, for different require-
ments, may be pointing at the same levels on both sides. Consider for example the
situation in Figure 1 above. A follower x points to 2-boxes on either side, namely
wy and zo. While it is waiting for permission from A', other followers such as y
treat zp as a 1-box, but on the A°-side they point to the 3-box ws. They are waiting
for permission from A°, on that 3-box, before they can make use of the fact that
on the A'-side they have a 1-box which gives immediate permissions. Because ws
is a 3-box, we need at least two followers yg and y; pointing at it in order to make
it a 1-box and keep the process going upwards. For this, it is of course essential,
that 39 and 7, are both pointing at the same input w3 on the A'-side: they have
to share the box, as this is the only way they can combine forces to make a useful
promotion. However, these two followers do not want to share the 1-box on the
Al-side, because again, this may result in the use of say yo being driven to infinity.
Thus, we make the 2-box on the Al-side a metabox; see Figure 3.

Of course, we need to apply this reasoning to every level: thinking toward the
4-boxes, we may need to split the collection of 3-boxes into at least three disjoint
parts. But it is not sufficient to have only k many k-boxes.? Consider again the

2We remark at this point that it would be extremely nice to have a version of this construction
requiring only k many k-boxes. As indicated in the introduction, this would imply that there is
no minimal pair of LR-hard c.e. sets.
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A() 71
S /
1
Y To
wQ €T
Yo w3
1| To —

Al

FIGURE 3. The follower x is pointing, on the Al-side, at the
metabox {z2, 24}; yo is pointing at z§ and y; at zo, while on the
AY-side, they share ws.

case of 2-boxes. Even before any promotions are made to 2-boxes, we may need
disjoint 2-boxes (on the A! side) for two followers 3 and y; which are waiting for
permission from A° on 3-boxes. Either one of these may need to be split up in the
future: at most one, but we cannot tell in advance which one. Suppose that yg is
stronger than ;. If 3o gets permission from A°, and its A° pointer moves from
ws to wa, then y; is cancelled, the part of M(2) which was pointed to by yo gets
promoted, and it will be split up between future followers pointing at M (2) and
ws. The part of M (2) which was pointed to by 1 is not promoted, and will not be
used until g is cancelled or moved. If y;, but not yo, gets permission, then ¥ is not
cancelled, but the part of M (2) to which it is pointing is not promoted, and will not
be used by other followers; a future follower will point to sub-boxes of the metabox
pointed to by y;. See Figures 4, 5, and 6. So we need at least three 2-boxes, and
in general about k*-many k-boxes. This explains why the order function h needs
to grow slowly.

AO / S1
1 So
w2
Yo w3
Al /] /
S1 50

FIGURE 4. Both yg and y; seek permission from A°. We do not
know which, if either, will be permitted.

We covered the main ideas which make the construction work, and in the next
subsection we give the full details. But before we do so, we remark on one other
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X \
A() 71
52
X
0 — | o
w2
. w3
Yo ~ T1 T0
Al
\ So

M(2)

F1GURE 5. The follower yy was permitted. Followers zy and x;
use yo’s boxes. y; is cancelled.

A° r—— A 7

Y1 r
Al /
\ 81 S0

FIGURE 6. In an alternate reality, y; was permitted. A new fol-
lower = uses y1’s boxes.

complication. We explained earlier why we can start with only finitely many 1-
boxes; h needs to be unbounded and nondecreasing. However, it is possible that we
will have access to no 1-boxes at all. The reason is “overhead” (or “tax”) charged
by the recursion theorem (and when proving the full theorem in the next section,
the reason would be the need to guess traces for the functions that we build). At
the beginning we said that we define a function v and work with traces T¢ for
1. Circularity is avoided by using the recursion theorem, but formally, for the
recursion theorem to work, we need to describe infinitely many constructions, and
the construction indexed by the fixed point given by the recursion theorem is the
one which will work. All of these versions of the construction need to cooperate
in defining the order function h and cannot interfere with each other. To make
lim h(n) = oo, the correct construction, indexed by a constant ¢, will only have
access to k boxes for k£ > c.

Now it would seem that the very basis of the construction that we described has
disappeared. Our followers progress down the levels, and if they do not get stuck,
then they should eventually reach 1-boxes and receive simultaneous permission.
We then argue that promotions imply that only finitely many followers for each
requirement get stuck along the way. But if there are no 1-boxes, there seems to
be no source for simultaneous permissions.
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And indeed we cannot quite get simultaneous permissions. When a follower
makes it all the way down, is pointing at c-boxes on both sides, and receives per-
mission from one side, say A! (it does not matter which, as long as we choose one),
then the only thing that we can do is leave this permission open. The argument
showing that only finitely many followers get stuck at each level, will show that
there are only finitely many followers for which we leave an open A'-permission
and do not later get an A% permission as well. Thus, our reduction procedure to
A' will converge for all but finitely many numbers. This is the only source for
non-uniformity in our construction: the index for F and the index for a reduction
of E to Ay are computed effectively from indices for A* and for the universal A’-
traces. This “near uniformity” of the construction turns out to be important when
we prove Theorem 1.8, when we try to generalise the construction we discussed
to deal with infinitely many oracles. Looking ahead, as an exercise, the reader is
invited to try to show that if A°, A' and A% are SJT-hard c.e. sets, then there is a
noncomputable c.e. set E reducible to each of A?, A' and A2.

2.2. Construction. We can now give the details of the construction. For tidiness,
we define two partial £ functions, ¥° and ¢!, by defining uniformly computable
sequences <1/J§> of total functions, and let 1)? be the partial limit of the sequence
{(YL). For both i < 2, we let 19(n) = 0 for all n. At stage s we may define ¢¥(z) = s
for some 2’s; for all other 2’s, we let 1 (2) = ¥ (2). We let ¥¢(2) = limg 1(2) if
the limit exists; otherwise 1*(2)1.

We shortly define an order function h. We claim that we can obtain a constant
¢ = 1, and for both i < 2, A’-c.e. traces T for ", which are bounded by h. The
definition of h will rely on the constant c. That is, for each ¢ < w we define an
order function h., with the restriction that h. > ¢. From these we obtain an order
function h, with the property that for all ¢, z and ¢ < 2, hy(c,4,2) < h.(x); here
he = cis used. For i < 2 we take A'-c.e. traces T, bounded by hy, for the %9
function (c,i,x) — ®.(&',4,x). From this we obtain, uniformly in ¢, A’-c.e. traces
T for x — ®.(&';4,x) bounded by h.. The recursion theorem gives us an index
c such that each ¢ is the function x +— ®.(&';4,x). We then take h = h. and
T =T:.

So we fix ¢, and define h (and recall that we must have h > ¢). For k > ¢,
we define I(k), which are finite intervals of natural numbers. These are successive
intervals, so to define these intervals, it suffices to determine their size, which we
set to [I(k)] = 1 + (2k + 2)**1. This, in turn, determines h, because we define
h(z) =k for all z € I(k).

Let i < 2. We let (A be an effective enumeration of A’. For z < s, we let T?(2)
be the collection of numbers enumerated into 7%(z) with oracle AL. By delaying
enumeration of elements into T¢(2), we may assume that for all s, |T¢(2)| < h(z).

For t € Ti(z), we let ul(z,t) be the Al-use of enumerating t into 7%(z). Similarly,
for t € T'(z) we let u’(z,t) be the A’-use of enumerating t into T(z).

Now by the fact that T7 traces 1%, we may assume that for all s, there is some
t > s such that for all z < s, for both i < 2, ¥%(2) € T{(z). To ensure this, when
we redefine 1 (z2), we search for a stage t > s as is sought after. While we search
for ¢, we hold the definition of v, so that if such a stage is not found, we have
" =)’ But then we have a contradiction to the fact that T traces 1*. [We note
that this complies with the requirement of the recursion theorem, that for all values
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of ¢, we give a 39 index for the functions ¢, not just for the “true” version of the
construction.]

There are two options for handling this fact. We could speed up the enumeration
of the sets A? and A' and assume that the stage t provided by the claim equals s.
This necessitates a cascading effect: a typical response for finding s € T?(z), which
likely involves an A‘-change, is to redefine %(z’) = s for more values 2’, and so a
further speed-up of A and A! so that s € T?(z’) for these inputs 2/, and so on. We
can argue that at each stage, this process repeats only finitely many times.

We do not take this approach. Mostly, this is because we want to present a
construction which is close to the full construction proving Theorem 1.8. In that
construction, we work with all c.e. oracles, not only with two c.e. oracles A° and
Al which are guaranteed to be SJT-hard. So in the full construction, we need to
guess which traces, if any, trace the functions 1° we build; for some oracles no
guess will be correct. In other words, in the full construction, the fact above is only
guaranteed to hold for oracles which are SJT-hard, and only for correct guesses of
their trace. Hence in the full construction, we cannot speed up all sets and get
instant gratification. We have to restrict ourselves to stages at which our guesses
seem correct.

We apply a similar, more patient approach in the current construction. Following
Nies’s terminology, the construction will take place at a computable set of stages.
Given a stage s, we let the following stage be the next stage t > s such that for
all z which were encountered by stage s, ¥%(z) € T}(z). Between stages s and ¢, no
change is made to ¥, or to any other object of the construction. The fact above
now says that there are infinitely many stages.

Followers. We try to meet the requirements P¢ for e > ¢. As mentioned above,
a requirement P¢ appoints followers. A follower x for P¢ is realised at stage s if
©¢(z) = 0. The requirement P° is satisfied at stage s if there is some x € Ey which
is realised for P¢. If P€ is satisfied at stage s, then P¢ takes no action at stage s.
We say that a follower x is alive at the end of a stage s if  was appointed at
some stage s’ < s and was not cancelled at any stage s” € (s',s] (no follower is
appointed more than once). Recall that in order to reduce the question “z € E?”
to both A% and A!, we tie the uses of these reduction to A‘-uses of enumerating
elements into trace components T%(z) for a collection of inputs z. If a follower z is
alive at the end of stage s, then we will define for ¢ = 0 and usually also for ¢ = 1:

e M{(x): this is the finite collection of inputs z to which = is tied at the end
of stage s; and
e a value t%(z): this is the value that we use to determine the use.

These will be defined for both ¢ = 0 and 7 = 1, except for the case that we decide
to leave an Al-permission for z open; then, only M?(z) and t2(x) are defined. If
Mi(z) and ti(x) are defined, then we say that = “points” at M!(z).

For i < 2, if M!(z) and t!(z) are defined, and further, for all z € M!(z) we have
ti(x) € Ti(2), then we let

vi(z) = max {u! (z,ti(z)) : z€ Ml(2)},

S

where recall that ul(z,t) is the Al-use of enumerating ¢ into 7%(z). The value v’ (z)
is the use for reducing E(z) to A at stage s. In the case that vi(z) is defined, we
say that an i-computation is defined for x at stage s, and write v’(x)]. If no such
computation is defined, then  has permission from A’ to enter E; we write vi(z)].
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The main technical part of the construction will be the choice of M!(z) (and
ti(x)) for followers z. Recall that the idea is to for x to “zig-zag” its way down to
more and more powerful boxes. Thus, in order to define M!(x) we will first define
a level at which z points at stage s, and denote that level by ki(z). This will be a
number between ¢ and e (where z is a follower for P¢). The meaning of x pointing
at level ki(z) is that we will define M(x) < I(ki(z)). The point is that for all
z € Mi(x), |Ti(2)] < ki(z). The smaller ki(z), the easier will it be to generate A
permissions for x; but there will be fewer available boxes, and so we will need to
take care which followers get access to “stronger” boxes.

Further, if both M?(z) and M} (x) are defined, then we will prioritise one of
these. We will define another parameter top (z) € {0,1}. Let ¢ = top,(z); we will
next seek permission from A°, and ignore the other set, using permissions from A'~?
only if they are accompanied by a permission from A° (in which case, of course, we
can enumerate z into E). If only permission from A? is given, then we will use this
permission to let x progress, so we decrease the level ki(z) by one (and redefine
M(z)); and change the “top” to be 1 —i. If M(z) is not defined (A!-permission is
left open), then top,(z) = 0, of course. For ¢, s and x, either all of the parameters
Mi(z),ti(x), ki(z) and top,(z) are defined, or none of them are.

We can now properly define when a follower is permitted. Let s > 0 be a stage
at the beginning of which a follower x is alive. Let r be the last stage before s; so
x was alive by the end of stage r. Let ¢ = top,.(z). We say that = is permitted at
stage s if vi ()1, or if ALtvi(z) # ALl vi(z).

All followers alive at stage s are linearly ordered by priority, which is determined
by the stage of their appointment (at most one follower is appointed at each stage).
As usual, when a new follower is appointed, it is chosen to be large relative to any
number previously encountered in the construction, and so if x and y are followers
at a stage s, then x is stronger than y if and only if z < y.

We say that a follower x requires attention at stage s if it is appointed at stage
s, or it is permitted at stage s. If some follower = requires attention at stage s,
then the strongest such follower will receive attention. If a follower x, alive both
at the beginning and at the end of a stage s, does not receive attention at stage s,
then there is no change to x’s parameters M*(z),t (x), k*(x) and top(z) from the
previous stage .

If a follower = receives attention at stage s, then all followers weaker than x
are cancelled. In addition, when a requirement P¢ appoints a new follower, all
followers for all weaker requirements are cancelled. As a result, if x is a follower for
a requirement P¢, and y is a follower for a weaker requirement Pe/, both alive at
some stage, then x is stronger than y.

Carving the bozes. Our next task is to explain exactly how each M{(x) is chosen.

For k > ¢, let a(k) = 2k + 2; so |[I(k)| = 1 + a(k)**!. We first let J(k) =
{min I(k)}; we will have M{(x) = J(e) for a new follower for P¢ (this will be the
“private box” for z, where it is interrupted by no other followers.)

Then, we break up I(k)—J(k) into a tree of sub-boxes. These will be indexed by
strings 8 € SF*t1q(k), that is, strings 3 of length at most k + 1, which mention only
numbers smaller than a(k). For each such string we define a sub-box B(k, ) <
I(k) — J(k). They form a tree in the sense that B(k,a) € B(k, ) if « extends
B, and B(k,a) n B(k,B) = & if @ and 8 are incomparable strings. Other than
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the private boxes, each M{(z) will be one of the boxes B(k,8) (for k = ki(z), the
level at which z points at stage s). And it is important to note that each B(k, )
is disjoint from J(k).

The sub-boxes B(k, ) are defined by induction on the length of 5. We start
of course with B(k,{)) = I(k) — J(k), where {} is the empty string. Note that
|B(k,O)| = a(k)**! = a(k)*+11O; in general, we will have |B(k, 8)| = a(k)*+1- 181,
Other than that, the actual definition of B(k, ) does not matter; given B(k, ),
with 8] < k, we let {B(k,8'm) : m < a(k)} be a partition of B(k, ) into a(k)
many subsets of equal size.

Let = be a follower, alive at the end of some stage s. Let ¢ < 2 and suppose that
x’s parameters are defined. Let k = k%(z). As mentioned above, either:

o Mi(z) = J(k) (we say that x points to its private boz); or

e Mi(x) = B(k,p) for some string 3.
In the latter case, we let o’ (x) denote that string 8. So in this case, specifying the
box M{(x) is the same as specifying the string o ().

We decree that every follower starts by first asking for permission from A! (this
is not important, the followers just need to start somewhere) and so the private
boxes will actually only be used on the A'-side. That is, if « is appointed at stage
s then we will have top,(z) = 1 and M} (x) = J(k) (while M?(z) will be “public”,
i.e. some B(e,f)). If z later moves (which will happen only after it is realised),
then the first move will be away from the private box J(k), so after that, we will
have o(z) defined on both sides.

Assigning the boxes. We now need to explain how we choose the strings o' (z).
Suppose that a follower x receives attention at stage s and we allow it to move. It
just received permission from A’ for i = top, (z) (where again r < s is the previous
stage ). We will set top,(z) = 1 —i. The box M!~‘(z) is already defined, and will
not be changed (M!~%(x) = M}! %(x)). However, we want to use the permission
and move the i-pointer for 2 from level ki(z) to one level down, so we will let
ki(z) = ki(z)—1; for brevity, denote this level now by k. We need to define M (z),
which amounts to choosing o’ (z) to be some string 3 € <k*+1a(k).

This choice arises from considering the interaction of x with other followers y
which are still alive at the end of stage s (so are stronger than x) which also point to
level k on the A’-side (i.e. ki(y) = k). There are two kinds of such followers y: ones
for which also top,(y) = ¢, and ones for which top,(y) = 1—i. Since all the followers
follow the same path, in the first case we will have k1 =%(y) = k1= (y)—1 (y is already
one step ahead of ), and in the second case we will have k17 (y) = k1 7%(x), so =
and y point at the same levels on both sides.

Recall that the combinatorics of the construction (and so our choice of o (x)) are
driven by the competition, between followers, for resources — boxes. We ultimately
will need to show that there are any boxes

There are two principles by which we have to abide:

(1) If top,(y) = i then M(z) € M!(y).

(2) If top,(y) = 1 — 4, then M!(x) and M{(y) must be disjoint.
To explain why, we need to observe the intended combinatorics of the construction.
One main question is: how do we arrange that sufficiently many followers eventually
do receive permission, so that all requirements will be met? Recall that this involves
“pressing the button”, i.e. changing 1?(z), often enough, so that the traces T!(z)
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get filled up and eventually force A’ to give permissions. We execute this plan by
redefining, at the stage s at which x moves, 1!(z) = s for all z € M’(z); we then let
ti(x) = s. If we obey the first principle above, then the intersection of M (y) for all
followers y for which ki(y) = k and top,(y) = i will be nonempty, and the values
ti(y) for these followers y will be distinct. This will imply there can be no more
than & many such followers y. In turn, this will give us a bound on the number of
boxes required overall at the next level down on the other side A'~%, and will show
that we can choose appropriate strings a%_i(y) for such followers y.

The second principle follows from the first. Consider a follower y with ki(y) = k
and top,(y) = 1 —i. It is possible that y will never receive permission again.
Consider what could happen if we let M!(z) and M!(y) intersect. Let z be in the
intersection. As mentioned, at stage s we let 1!(2) = s. This prompts an enu-
meration into 7%(z) and a possible change in A?, which will give an A’-permission
to y. But this permission is useless; y is waiting for permission from A'~% not
from A?. So y will not move; but it must update its use v’(y) to the new use of
enumerating s into 7%(z) — otherwise, in the case that y eventually will move and
require A’-permission, it will not be in position to get one. Later, x moves away
or is cancelled, and a new follower 2’ arrives and acts as x did. This can happen
infinitely often, and will drive the use v’(y) to infinity, ruining the reduction of
E(y) to A'.

The two principles dictate how to choose M!(x). We find a weakest y with
ki(y) = k and top,(y) = i, and require M:(x) c Mi(y), so ai(x) to extend ol (y);
we let it be a 1-bit extension: al(x) = a’(y)"m for some m < a(k). So we need
to make sure that |al(y)] < k. Of course, if there is no such y then we replace
a'(y) by the empty string ¢). Then, we need to find a value m < a(k) such that
no al(w), for followers w with k%(w) = k and top (w) = 1 — 4, is comparable with
a’(y)"m; it will be sufficient to show that fewer than a(k) many such followers w
exist, since the worst case is that they all use o’ (y)"m’ for some m’. Proving this
bound on the number of such followers w will be most of our work, and as already
mentioned, it will essentially rely on the linear structure of the boxes for such w on
the A'~-side, and the bound on the size of the traces at that side.

We formalise the discussion above by some more notation. Let s be a stage ,
and suppose that at stage s, a follower x receives attention (is either appointed or
moves); let i < 2 and k > ¢ be such that we want to define k!(x) = k and define
Mi(z). At stage s we cancel all followers weaker than z, so the only followers alive
at the end of the stage are x and followers stronger than x.

We define a string 3¢ (k), the intended parent of the new ol (z):

e Suppose that there is some follower y # x, alive at the end of stage s, such
that ki(y) = k, top,(y) = i, and M{(y) # J(k). Take y to be the weakest
such follower, and let Bi(k) = o'(y).

e If there is no such follower y, let 8(k) = ).

Further, given 3%(k), let m’ (k) be the least m < a(k) such that there is no follower
w # z, alive at the end of stage s, such that ki (w) = k and o’ (w) = Bi(k)'m.

The following statement is the formalisation of the fact that a string o’ (z) can
be chosen as required at stage s:

®s: |BL(k)| < k, and a number m' (k) as above exists.
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We will carry ® along with the construction. That is, at stage s of the construc-
tion we will assume, inductively, that ®; holds; we then carry out the instructions
based on this assumption, and then show that ®;.1 holds as well.

Before we give the formal construction, we remind the reader of the notation
introduced so far.

e 9': the XY partial function used to irritate the c.e. set A*. T%: an A'-c.e.
trace for 9.

e Parameters of follower x for some requirement, alive at a stage s; M (z): the
box to which x points on the A’-side. o'(z): the index of this box. ti(x):
the associated value expected in traces T%(z) for z € Mi(x). ki(x): the
level at which z points on the A’-side, so |T%(z)| < k() for all z € M’(z).
top,(x): the side, 0 or 1, from which x is expecting permission next.

e Defined from these parameters: v’(x), the use of reducing E(x) to A®.

e a(k) =2k +2. J(k): the private box at level k. B(k,$3), for B € <F+la(k):
a sub-box indexed by S.

o Bi(k)and mi(k): astring and a number such that the box B(k, 8(k) mt(k))
is available as a new value for some o’ (z).

Construction. s = 0 is a stage; at stage 0, we do nothing except for defining
¥i(z) = 0 for all 2 < w and both i < 2. Let s > 0; let r be the last stage prior
to s. As described above, s is a stage if for all z mentioned by stage r, for both
i <2, 9i(z) € Ti(z). If s is not a stage, then we do nothing at stage s, and we let
all objects of the construction maintain their previous values; in particular, for all
zand i <2, Pi(2) = ¥i_1(2) = Yp(2).

Suppose that s is a stage. A requirement P€ requires attention at stage s if it is
not yet satisfied, and either:

(1) every follower of P¢ which is currently alive is realised (this includes the
case that it has no followers); or
(2) some realised follower of P¢ is permitted.

If no requirement requires attention, we do nothing, and let all objects of the
construction maintain their previous values. Otherwise, we let P¢ be the strongest
requirement which requires attention at stage s.

If (1) above holds, we appoint a new, large follower 2 for P¢. We cancel all
followers for requirements weaker than P¢. We set up z’s parameters as follows:
We define k2(z) = kl(z) =e.

We let top,(z) = 1.

We let M!(x) = J(e) (so z begins its life by residing in its private box).

e By ®,, we let M2(z) = B (e, 82(e)'m?(e)).

We let t9(x) = tl(z) = s.

To facilitate this, we define, for both i < 2 and all z € M!(z), ¥%(z) = s. For all
other z, we let 1! (z) = 9’_,(2) = ¥i(z), and end the stage.

If (2) above holds, let = be the strongest follower for P¢ which is permitted at
stage s. We cancel all followers weaker than x. Now we need to let  move; there
are three cases.

A.TIf k!l | (z) = kl(x) is undefined, this means that = has open permission from A*,
and has just received permission from A° (so top, ;(z) = 0 and k?_;(z) = ¢). So
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we now have double permission and so we enumerate x into E. As P¢ now becomes
satisfied, we cancel all the followers for P°.

B. If top,_;(x) = 1 and k!_,(z) = ¢, then A' now permits z, but there is no
stronger A'-box for x to be promoted to. In this case, we leave the A'-permission
open from now on. This means that kl(x), and so M!(x) and t!(x), are all un-
defined. We define top,(z) = 0, which means that from now we are seeking
the A®-permission which will land us in case (1). We leave k0(z) = k%_,(z),
M (x) = M, (v) and t3(x) =t 4 (2).
C. If neither (A) nor (B) hold, then we can have a “regular” promotion for x. Let
i = top,  (x).
o We let top,(z) = 1 —i. We leave k! 7%(z) = k7% (2), M} (z) = M~ (z),
and t17%(z) = t1 2% (2).
o Welet k! (x) = ki_;(x)—1. We note that ki(z) > ¢, for otherwise we would
be in case (1) (if ¢ = 0) or case (2) (if i = 1).
¢ By ®;, we let Mi(x) =B (k;(x),ﬁ; (k;(x))Amzs (k;(x)))
e For all z € Mi(z), we let ti(x) = s.
To facilitate this, we set 1¢(z) = s for all z € Mi(x). For all other z, we set
Yi(2) =l 4 (2). For all z, we set ! %(2) = ¢¥17i(2).

In any of the cases above, we then end the stage. This completes the construction.

2.3. Justification. Before we verify that all requirements are met, we need to
show that the construction can actually be carried out as described: we need to
show that ®; holds at every stage s. The proof will follow a careful analysis of how
metaboxes are used, allowing us to establish bounds on the number of followers
processed by these boxes at any given stage. We henceforth fix a stage s*, assume
that ®; holds for all s < s*, and so the construction is performed up to stage s*.
We show that ®,« holds. We may assume that s* is a stage .

We first establish some basic facts and notation. To begin, for e > ¢ and s < s*,
let F¢ be the collection of followers for P¢ which are alive at the end of stage s.
We let Fy = (.5 F be the collection of all followers alive at the end of stage s.

For z € Fj, let Ry(z) = {0,1} if both k%(z) and kl(z) are defined, and let
Rs(x) = {0} if only k%(z) is defined (and k!(x) is undefined).

The following is immediate from the construction.

Lemma 2.1. Let x € F.
(1) Forie€ Ry(x), we have k! (z) € [c,e].
(2) top,(x) € Ry(x).
(3) Exactly one of the following holds:
e k(z) = kl(z) and top,(z) = 1;
e k9(z) = kl(z) + 1 and top,(z) = 0;
e R (z) = {0} and k2(z) = c.
(4) Ift <s, z€ F, and i € Rs(x), then i € Ry(x) and ki(z) < ki(z).
(5) Suppose that x € Fs 1 n Fy and i € Ry(x). If ki _|(z) # ki(x) then i =
top, (z), 1 —i =top,(x), and ki(x) = ki_,(z) —1. Ifr <s, z € F, and
ki(z) = ki(z) then Mi(x) = Mi(z) and ti(z) = ti(x).
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In light of part (5) of Lemma 2.1, for any follower x, k > ¢ and i < 2, the
values of M!(x) and t(z) are constant for stages s such that z € Fy, i € Rs(x) and
ki(x) = k. If there is any such stage, we let M?(k, ) and t*(k,x) be these constant
values. If M%(k,z) # J(k), then we let a’(k,2) = o’ (z) for such a stage s be the
string a such that M} (z) = B(k, ).

We give names to sets of followers, in light of part (3) of Lemma 2.1. Let ¢ < 2,
and let k > c. Let s < s*.

o We let Ki(k) be the collection of followers z € Fy such that i = top,(z),
k = ki(x), and M!(z) = M*(k,z) is not J(k); that is,  does not point to
its private box at the end of stage s.

e We let Li(k) be the collection of followers z € F; such that i = top,(z),
k = ki(z), and Mi(x) = M%(k,z) = J(k). Indeed L%(k) is nonempty only
if i = 1, and every = € L.(k) is a follower for P*.

e We let Gi(k) be the collection of followers = € Fs such that i # top,(z)
but i € Ry(z) and ki(z) = k.

For any 4, k and s, the sets Ki(k), Li(k) and G%(k) are pairwise disjoint.
For brevity, we let KGi(k) = Ki(k) u Gi(k), LGiL(k) = Li(k) u Gi(k), and so
on. So:

e KLG:i(k) is the collection of followers x € Fy such that i € Ry(x) and

k(x) = ks
o KLi(k) is the collection of followers x € K LG%(k) such that i = top,(z);
and

e KGi(k) is the collection of followers # € K LG' (k) such that o' (z) is de-
fined, i.e. such that M!(z) # J(k).

For X € {K,L,G,KL,KG, LG, KLG}, we let Xi(k) = Xi(k) n X1_, (k).

The following lemma translates the construction into our new notation. In all of
the following lemmas, let i < 2, k > ¢ and s < s* be a stage.

Lemma 2.2. Let v € KLGL(k). Lett = ti(x) = t'(k,z). The stage t is the least
stage r such that x € KLG (k). At stage t, x is placed into LG*(k).
o If x was appointed at stage t, then x is placed into L}(k) and G?(k).
o Otherwise, x is realised at stage t, i = top,_,(z) (and 1 —i = top,(z)),
x is extracted from KL:_i(k + 1) and placed into Gi(k); and moved from
GIZi(K') to K} 7H(K), where k' = ki ().
As a corollary, if v € KGi(k), then x enters G'(k) at stage t, and so M*(k,x) =
B (k, Bi(k)'mi(k)). The string Bi(k) is defined as follows:
o IfKi(k) =@ then Bi(k) = O). o
o If Ki(k) # & then Bi(k) = a'(k,w), where w = max K} (k).
The number mi(k) is chosen so that for all y € KGi(k), o'(k,y) # Bi(k)mi(k).

The associated values ti(x) obey the priority ordering on followers:

Lemma 2.3. Let x,y € F, with x < y. Let i € Rs(x) and j € Rs(y). Then
ti(x) < ti(y).
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Proof. Let 7 be the stage at which y is appointed; so tZ(y) > r. At stage t'(z),
x receives attention; if t2(z) > r then y would be cancelled at stage t(z). Hence
ti(x) <. O
The tree of occupied boxes. Let

Oi(k) ={c'(k,z) : z€ KG.(k)}.
This is the collection of indices of metaboxes which are occupied at stage s.
Lemma 2.4. The function x — o'(k,z) as x ranges over the followers in KG*(k)
18 injective.
Proof. Let y < z be elements of KGi(k). Let t = ti(k,x). As in the proof of
Lemma 2.3, y does not receive attention between stages ¢t and s, as this would

cancel . Hence y € KG(k). Now by Lemma 2.2 we see that the choice of a'(k, x)
at stage t ensures that of(k,y) # o'(k, ). O

We note that O%(k) does not contain the empty string. This is because every
a'(k,x) is chosen to be Si(k)'mi(k) for t = t'(k,z).

Lemma 2.5. Let v € KG.(k). If v € oi(k,x) is nonempty, then there is some
y € Ki(k), stronger than x, such that v = o‘(k,y).

Proof. Let z € KG%(k), and suppose that |a’(k,z)| > 1; let v = ai(z)~ be the
immediate predecessor of a’(k, ). We show that there is some y < z in K'(k) such
that v = ai(k,y). Then part (2) follows by induction on |a'(k,z)|.

Let t = t'(k,x). At stage t we choose ai(k,z) = Bi(k)'mi(k), so v = Bi(k).
Since Bi(k) = v # ), we have K}(k) # &. Hence (Lemma 2.2) v = a'(k,w) for
w = max K} (k). Since w was not cancelled at stage ¢, w is stronger than z. Since
is not cancelled between stages ¢t and s, w does not receive attention between these
stages, and so w € K'(k). O

Lemma 2.5 implies that ordered by inclusion, O%(k) is a forest, and that for all
x € GL(k), a(k, ) is a leaf of O%(k). It follows that for all x € KG(k), at stage
t = ti(k,z), a'(k,z) is a leaf of Oi(k), as z € Gi(k).

The leaves of O%(k) all issue from a single stem {a(k,z) : z € Ki(k)}:
Lemma 2.6. Let v,y € Ki(k) withy < z. Then o'(k,y) S o'(k, ).

And so M(k,z) ¢ M(k,y).

Proof. The lemma is proved by induction on s. Let t = t(k,z). Since y is stronger
than z and y € Ki(k), we have y € K/ (k). Hence Ki(k) # &, and so Bi(k) =
a'(k,w) for w = max K} (k). By its definition, y < w. By induction, ast—1 < t < s,
we have a'(k,y) € o*(k,w). By its choice, we have o’(k,z) D Bi(k) = o*(k,w).
Hence o' (k,y) < o’(k,x). O

Let

Oi(k) = {ai(k,x) Lze KGg(k)}.
We can rephrase the statement ®; using this notation. Tt says that |8%(k)| < k
and that there is some m < a(k) such that B%(k)"m ¢ OiL(k). For in the situation
described by ®s, the followers w # x alive at the end of stage s are precisely the

followers in F; for w € F, we have k!(w) = k and o' (k) defined (and equals
a'(k,w)) if and only if w € KGi(k).



22 ROD DOWNEY AND NOAM GREENBERG

Impermissiveness. We work toward finding bounds on the sizes of the sets of fol-
lowers we have defined. To do so, we tie followers to values in traces. The first
lemma shows that if the value t*(k, x) of a follower is not traced, then the follower
x is permitted.

Lemma 2.7. Let s be a stage. Let x € Fs_1, let i = top, () and t = t'_,(z),
and suppose that there is some z € M!_,(x) such thatt ¢ Ti(z). Then x is permitted
at stage s.

Proof. Suppose that x is not permitted at stage s. Let r be the previous stage
before stage s; so x € F,., i = top,(z) and t = t'(z). Since z is not permitted at
stage s, an i-computation is defined for x at stage r, and A%l vi(z) = AL vi(x).
Let z € M! |(x) = M!(z). Then t = ti(x) € T(z), and by its definition, v’ (x) >
ul(z,t), the Al-use of enumerating ¢ into T%(z). The fact that A’ did not change
below v%(x) between stages r and s shows that ¢t € T?(x) as well. O

The second lemma says that we do not change ¥ too often. This will also be
useful in the verification, to show that the use of reducing F to A® does not go to
infinity.

Lemma 2.8. Suppose that either

e 1€ Gi(k), or

e z € L'(k), and x is unrealised at stage s.
Then for all z € M (k,x), ¥i(z) = ti(k,x).

Proof. Let z € M(k,x) (in the second case, z is the unique element of M?(k,z)).
At stage t = t'(k, x), we set ¥{(z) = t. We need to show that at no stage r € (¢, 5]
do we redefine the value of 1*(2) to be r.

In the second case, this follows from the fact that as z = min I'(k) is the unique
element of J(k), we only define ¢%(z) = r at a stage r if at that stage, the require-
ment P* appoints new follower. However, the assumption that z is unrealised at
stage s implies that x is unrealised at all stages r € [¢, s], and the instructions tell
P* to appoint a new follower only when all of its followers are realised. So at no
stage t € (t,s] does P* appoint a new follower, and so t(z) is unchanged between
stages t and s.

In the first case, suppose, for contradiction, that at stage r € (¢, s] we redefine
¥i(z) = r. Since z € I(k)\J(k), by the instructions, there is some follower y which
enters G'(k) at stage r, and z € M*(k,y). By Lemma 2.5, a’(k,y) is a leaf of O%(k).
Since z € Gi(k), we must have € G%(k), and so by the same lemma, o'(k,x) is
also a leaf of O!(k). Since z does not enter G'(k) at stage r (as r > t), we have
x # y. Hence a'(k,z) and a(k,y) are incomparable, which means that M*(k, z)
and M*(k,y) are disjoint, contradicting z € M*(k,x) n M*(k,y). O

Lemma 2.9. Let s be a stage. For allz € KLGL(k), for all z € M(k,x), t'(k,z) €
So vi(x)].

Proof. There are three possibilities: either x € K _;(k), or x € G_,(k), or = €

Ly (k).

If z € K!_ (k) (so i = top,_;(x)), then the fact that x € K’(k) means that
is not permitted at stage s. For otherwise, either = is cancelled at stage s by some
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stronger follower, of = receives attention at stage s, in which case x is extracted at
stage s from K*(k) and possibly moved to K!(k — 1). In this case, the conclusion
follows from Lemma 2.7.

Now suppose that = € G:_;(k). Let z € M*(k,z). By Lemma 2.8, 9¢_;(2) =
t'(k,r). The conclusion then follows from the fact that s is a stage: let r be the
previous stage prior to s. As z € M!_,(x) = M!(z), z is mentioned by stage r, and

so ¥i_y(2) = ¥p(2) € Ti(2).

Finally, suppose that @ € Li(k) (so i@ = 1). There are two sub-cases. If z
is realised at stage s, then by the fact that x € Li(k) it follows that x is not
permitted at stage s. Then the conclusion follows from Lemma 2.7.

We assume, then, that x is unrealised at stage s. Let z be the unique element of
M(k,x) = J(k). By Lemma 2.8, ¢! (z) = t'(k,x). As in the second case above,
the conclusion follows from the fact that s is a stage. O

Sizes of sets of followers. We can now bound the sets of followers.
Lemma 2.10. For all s < s*, |Ki(k)| < k.

Proof. Since K'(k) does not change between stages, we may assume that s is a
stage. Assuming that K!(k) is nonempty, let w = max K(k). By Lemma 2.6, for
all z € Ki(k), M*(k,w) € M%(k,z). Let z be any element of M*(k,w), and let
r € Ki{(k). Then z € GKi(k) (Lemma 2.2). By Lemma 2.9, t'(k,z) € Ti(z). By
Lemma 2.3, the map x — ti(k,z) is injective on K’(k). The conclusion follows
from the fact that |T7(z)] < k as z € I(k) (so h(z) = k). O

Lemma 2.10 implies the first part of ®gx.
Lemma 2.11. |87, (k)| < k.

Proof. If Bi(k) = () we are done. Otherwise, 8., (k) = o’,_,(k) for some w €
K'. (k). By Lemma 2.5, |a’s_, (k)] < |K!s_,(k)]. The result follows from
Lemma 2.10. (]

Lemma 2.12. For all s < s*, |[Li(k)| <k +1.

Of course LY(k) is always empty, so this is of interest for i = 1.

Proof. Again we may assume that s is a stage. Let z = min I(k) be the unique

element of J(k); so h(z) = k, which means that |T?(z)| < k. By Lemma 2.9, for all
x € Li(k), t'(k,z) € T!(z); with Lemma 2.3 we see that f@(k)‘ < k. At stage s, at

most one follower is added to L¢(k). O

So we see that |KLi(k)| < 2k + 1. Recall that a(k) = 2k + 2.
Lemma 2.13. For all s < s*, |Gi(k)| < a(k).

Proof. Let x € Gi(k). By Lemma 2.2, if i = 0 then x € LK!(k), and if i = 1, then
re Ko(k+1). Hence |GY(k)| < 2k +1 < a(k) and |GL(K)| < k + 1 < a(k). O

We can finally prove ®gx.
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Proof of @+ : The first part is Lemma 2.11. It remains to show that there is some
m < a(k) such that B%,(k)'m ¢ Oi,(k). We observe that for all m < a(k), if
Biu(k)'m € O, (k), then B4 (k)'m = a(k,x) for some x € G*_; (k). This would
imply the lemma, using the bound on the size of Gi*fl(k) given by Lemma 2.13.

To see that 3, (k)"m cannot be o'(k, z) for x € K!_,(k), suppose for contradiction
that it is; then 2 € K, (k) (as it is in KG'4(k)), and so K’ (k) is nonempty,
whence 8%, (k) = a'(k,w) for w = max K(k). But then z < w and so (Lemma
2.6) we would have o'(k,x) € o'(k,w) for a contradiction. O

2.4. Verification. Having shown that the construction can proceed as described,
we now show that it succeeds in enumerating a set with the desired properties.

Lemma 2.14. There are infinitely many stages.

Proof. Indicated above. Let s be a stage, and suppose for a contradiction that
there is no greater stage. Then for both i < 2, ¥* = . For every input z
mentioned by stage s, ¥;(z) € T?(z). There is a sufficiently large stage ¢t > s such
that for all such z (as there are only finitely many of them), 1;(z) € Ti(z) by
an A’-correct computation. Hence there must be a stage greater than s after all,
contradiction. (]

Fairness and diagonalisation.
Lemma 2.15. Every follower receives attention only finitely many times.

Proof. For x € Fy, let ks(z) = ZieRs(z) ki(z). f x € Fs_1nF, then ky(z) < ks_1(x)
(Lemma 2.2).

Suppose that x € Fs_1 n Fs is a follower which receives attention at stage s.
Then either k9(z) < k%_;(z) or kl(x) < kl_,(z). Hence ks(z) < ks—1(x). This can
happen at most finitely many times. Indeed, after being appointed, each follower
for requirement P¢ can receive attention at most 2e many times. O

Fori <2, k> cand X € {K,L,G}, let X} (k) = lims; X!(k) be the collection
of followers x which are in X{(k) for all but finitely many s. Lemma 2.10 shows
that |K? (k)| < k and Lemma 2.12 shows that |LZ, (k)| < k+ 1 (in fact, the proof of
Lemma 2.12 shows that |LZ, (k)| < k; but from now, we only care that it is finite).

Lemma 2.16. For every e = c, the requirement P¢ is met, and there is some stage
after which no follower for P¢ ever requires attention. In particular, eventually P€
stops choosing new followers.

Proof. By induction on e > c¢. Suppose this has been verified for all e’ < e.

Of course, if P¢ is ever satisfied, then it is met, and ceases all action. We assume,
then, that no follower for P€ is ever enumerated into F.

Let H€ be the collection of followers x for P¢ which are never cancelled. Then
by Lemma 2.15,

HcL(e)u |J K.L(k).
kelc,e],i<2

This shows that H€ is finite.

Let sg be the last stage at which any follower for a requirement stronger than P¢
receives attention (so = 0 if there are no such followers). At stage so, all followers
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for P¢ are cancelled. At the next stage after stage sg, P¢ will appoint a new
follower. This follower can never be cancelled. This shows that H¢ is nonempty.

Let s1 be the last stage at which any follower in H€ receives attention. First we
note that H® = F¢ , the set of followers for P¢ which are alive at the end of stage
s1. For if w € H® receives attention at stage s1, and z € F,, then r < w; since w
is not cancelled at a later stage, neither is x.

We claim that P¢ does not appoint new followers after stage s;. For if it does,
let s be the least stage greater than s; at which P¢ appoints a follower z. This
follower x is stronger than any other follower for P¢ (at any stage ¢ > s) other than
the followers in H¢. As the followers in H¢ do not require attention after stage sq,
x can never be cancelled. But this means that x € H®, a contradiction with the
maximality of s;.

The fact that P° does not appoint any followers after stage s; implies that no
followers for P€ require attention after stage sq; so P¢’s overall action is finitary. It
also implies that the weakest follower w € H¢ is never realised. For if it is, then all
followers in H€ are realised at some point, and P¢ would be instructed to appoint
a new follower. As z ¢ E, this shows of course that E # ¢, and so P¢ is met. [

It follows that E' is not computable.
Reductions.

Lemma 2.17. Let s be a stage, and let x € Fs. Let i € Ry(x), and suppose that
vi(x)]. Suppose that Altvi(x) = Altvi(x). Then x ¢ E.

Proof. By induction on r > s we can see that if z € F, then i € R,.(z) and ki(z) =
ki(x), and so that ti(z) = ti(x); that vi(z)|= vi(z), and that if i = top, ;(z)
then z is not permitted at stage 7.

The point is that if z € E then there must be some stage r > s such that
i = top,.(x); if i # top,(x), then i = top,.(z) where r is the next stage at which x
receives attention. But then, the fact that x will not be permitted once ¢ becomes
top(x), means that x cannot be enumerated into F.

This, of course, is where we use the fact that A’ is c.e., rather than merely
AL, 0

The next lemma states that unless cancelled, enumerated into E, or given open
permission from A!, the use v’(x) of reducing the statement = ¢ E to A’ stabilizes.
Using the notation above, let H be the collection of followers which are never
cancelled nor enumerated into E. For x € H, let R,(z) = limg Rs(x) be the
collection of ¢ < 2 such that ¢ € Rs(x) for all but finitely many s. For i € R, (z),
let k! (z) = lim, k! (x), and so on.

Lemma 2.18. Let x € H and let i € R,(x). There is some stage s such that
re Fy, vi(x)] and A'Mvi(z) = ALTvi(z).
Proof. Let k = k! (z) and let t = t! (x) = t'(k,x). There are two cases.

If either z € G (k), or x € L! (k) and x is never realised, then Lemma 2.8
implies that for all z € M*(k,x), 9'(z) = t. As T traces ¥, we have t € T?(z) for
all z € M(k,z). There is a stage s > t at which for all z € Mi(k,z), t € Ti(z) by
an A’-correct computation. Then s is as required.

In the second case, * € KL! (k) and x is eventually realised. Let s > t be a
stage such that x € KL%(k). By Lemma 2.9, vi(z)|. We claim that s is a stage as
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required by the lemma. For if not, there is a least stage r > s by which we see an
A'-change below v%(z). Since by induction i = top,_,(x), at stage r, x would be
permitted, contradicting the definition of k. O

Lemma 2.19. F <t A°.
The point is that for © € H we always have 0 € R, ().

Proof. Let © < w. To decide, with oracle A°, whether z € E or not, first see if
x € F,. If not, then x € F if and only if z € E,.

Suppose that = € F,. By Lemmas 2.15 and 2.18, with oracle A", we can find a
stage s > x at which one of the following hold:

x ¢ Fy (that is, « has been cancelled by stage s).

x € E; (that is,  has been enumerated into E by stage s).

v0(z)], and A°100(x) = A%100(x).

By Lemma 2.17, this allows A° to decide whether z € E or not. (]

Recall that the difference between A° and A! is that there may be x € H such
that 1 ¢ R, (z): these are the followers that receive open permission from A' but
do not get later permission from A°.

Lemma 2.20. There are only finitely many followers x € H such that 1 ¢ R, (x).

Proof. Suppose that € H and 1 ¢ R,(x). Then # € K/(c). By Lemma 2.10,
Kool < e O

Lemma 2.21. E <t Al.

Proof. Similar to the proof of Lemma 2.19. For a follower = € F,, we search for
a stage s > x by which it is either cancelled, enumerated, or vi(x)| and Al is
correct up to this value. Lemma 2.20 says that this search will terminate for all but
finitely many followers x, and so non-uniformly will give a method for reducing F
to Al O

3. PROOF OF THEOREM 1.8

In this section we adapt the construction of the previous section and provide a
construction of a noncomputable c.e. set E, computable from every SJT-hard c.e.
set, thus proving Theorem 1.8.

3.1. Discussion. There is only one really new ingredient, and our treatment is not
too surprising to those familiar with IT constructions on trees. Instead of being
given two (or finitely many) SJT-hard c.e. sets, together with traces for ©9 functions
we approximate, we need to guess, among all pairs of c.e. sets and possible traces,
which indeed trace the functions that we enumerate. The construction is performed
on a tree of strategies. Nodes 7 on the tree will test if there are infinitely many
T-stages, at which we can calculate uses of reducing x € E to the corresponding c.e.
set We.

The small degree of non-uniformity which was necessary in the construction of
the previous section plays an important role. A follower x for some node ¢ on the
tree can be cleared by only finitely many nodes 7 for which o guesses that there are
infinitely many 7-stages. In other words, it requires eventual permission from only
finitely many c.e. sets W€. Other SJT-hard sets do not comprehend z’s existence.
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This is akin to those sets giving x immediate open permission. The tree machinery
ensures that each such set is troubled by at most finitely many such followers.

3.2. Construction. As before, we enumerate a set E. To ensure that F is non-
computable, we meet the same positive requirements P¢ as in the previous section,
which state that £ # ¢°, where (¢©)__ is a list of all partial computable functions.

Let (W€, _,, be an effective list of all c.e. sets. Shortly we will define, for all
e < w, an order function h¢. Let, uniformly in e, {T'*¢)___ list all W*-c.e. traces
which are bounded by h®. During the construction we define, uniformly in e, a
partial ¥9 function 1¢. The negative requirements are named N®¢, and state that
if T*¢ = (T*°(2)),_,, traces ¥, then E is computable from W¢.

The construction takes place on a tree of strategies. The definition of the tree
is recursive: given a node (a strategy) on the tree, the immediate successors of the
node on the tree are determined by the possible outcomes of the node. If a node
o works for P€, then it has a single outcome. If a node 7 works for N®¢ then 7
has two outcomes, o0 and fin, which indicate, roughly, whether 7% is a trace for
1® or not. The outcome oo is stronger than the outcome fin, and this ordering
induces a total priority ordering on the tree. The outcome oo indicates that there
are infinitely many 7-stages.

Let P¢ be the collection of nodes on the tree that work for P¢, and N¢ be the
collection of nodes that work for N®¢. We let N® = [ J . N*¢, N = [J,N¢, and
P=U, P

To complete the definition of the tree of strategies, we need to show how to
assign requirements to nodes. We could simply assign each level of the tree a single
requirement. However, for simplicity of presentation, we would like to assume that
for all o € P there is some 7 € N such that 7700 € 0. The easiest way to achieve this
is by recursively assigning requirements to nodes during the definition of the tree; to
each node p we assign the strongest requirement (from an w-list of all requirements)
which has not yet been assigned to any proper initial segment of p, subject to the
restriction that if there is no 7, which has been already placed in N, such that
700 € p, then we must assign a negative requirement to p. After verifying that
there is a true path, we will easily see that the true path contains a node of the
form 7700 for some 7 € N (as there are SJT-hard c.e. sets), and this would allow us
to show that every requirement is assigned to some node on the true path.

The order functions. The next order of business is defining the order functions h®.
These derive from the structure of the tree and the intended structure of the boxes.
The idea is that a follower x for a node o € P needs to be cleared by all 7 € N
such that 7700 € o: if 7 € N® then W€-permission is required. The guess by o that
there are infinitely many 7-stages allows for the machinery of the previous section
to operate smoothly.

The search over all traces T¢ (for ¢ < w) means that the various nodes 7 € N¢
have to cooperate in defining a single function ¢: each 7 gets its own column
to play with. A node 7 will require a number of k-boxes for various k; as there
are infinitely many 7’s in N¢, to keep h® well-defined, the smallest k£ such that 7
requests k-boxes needs to increase with 7. For convenience of notation, we let each
7 request k-boxes for k > |7].
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For a fixed 7 and k > |7|, how many k-boxes? We need to count the number of
possible followers that progress down the chain of boxes, similarly to what has been
done in the justification of the previous section. In other words, we need to calculate
bounds on the sizes of sets GT(k), K7 (k) and L7 (k) which are the analogues of the
sets Gi(k), Ki(k) and Li(k) of the previous section. We will still have |K7 (k)| < k
as this is bounded by the potential size of the trace. However, it is no longer true
that every z € G7(k) is an element of the same K?(k") (for k' € {k,k + 1}): more
than two sets mean that top,(z) may have value among a number of nodes p of
length at most &’ < k + 1. The number of these strings is bounded by the number
of nodes of length k + 1; as the tree is at most binary branching, the number of
such nodes is bounded by 2F+1,

We also need to bound L2(k) for such strings p; to avoid too meticulous an
examination of the way requirements are assigned to nodes, we allow more than
one node o require a private k-box from p. In general, o € P will require a private
|o|-box from the longest 7 € N such that 7700 € o. So for p € N and k > |p|,
let ©?(k) be the collection of nodes o € P of length k for which p is the longest
string in N such that o extends p“o0; of course |©°(k)| < 2*. Counting all these
contributions, we let, for all k¥ < w,

a(k) = 1+ 2872(k +2)(1 4 28+,

which will be a bound on G7 (k). Then any 7 € N will require |07 (k)| + (a(k))*+! <
2% + (a(k))**! many k-boxes for k > |7|.

We can now define the order functions h®. Partition w into w many columns
wl™], indexed by 7 € N¢. For each 7 € N¢, partition wl™] into intervals I7 (k) for
k = |7|, such that for all & > |7|,

|17 (k)| = 2% + a(k)*F L.

Let h® be an order function such that for all 7 € N¢, for all k > |7, for all x € I7(k),
he(x) < k. The fact that for all k, there are only finitely many nodes 7 € N¢ of
length at most k, implies that such an order function can be found, and in fact
defined effectively given e.

Local traces and stages. The nodes 7 € N¢ collaborate in defining the function °.
We let o™ = )¢ wl™l; the node 7 is responsible for defining ¢". The function 7 is
defined to be the partial limit of a uniformly computable sequence (7). _ .

For 7 € N, we will shortly define the collection of 7-stages. To define ¢7, we start
with 17 (z) = 0 for all z € wll. If s > 0 is not a 7-stage, then we let 7 = ¢7_,.
Thus if there is a last 7-stage s, then ¥™ = ¢7. If s is a T-stage, then we may
redefine ¢7(z) = s for some z € wl™; for all other z, we let ¥7(2) = ¥7_,(2).

Let 7 € Ne¢. For brevity, we let T7 = T} wl7]. Thus if 7% is a trace for ¢°,
then T7 is a trace for ¢7. For z € wl™l and s < w, we let T7(z) be the collection of
numbers enumerated into T7(z) by stage s with oracle W¢. We may assume that
for all z and s, |T7(2)| < h®(z), so for all k > |7|, for all z € I"(k), |T7(2)| < k. For
teTI(z), we let ul(z,t) be the W¢-use of enumerating ¢ into 77 (z).

The collection of T-stages depends on whether 7 is accessible at stage s, a notion
which we define later. Given this, we define the collection of 7-stages. For all 7, 0
is a 7-stage. Let s > 0, and let 7 € N. If 7 is not accessible at stage s, then s is
not a 7-stage. Suppose that 7 is accessible at stage s; let r be the previous 7-stage.
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Then s is a 7-stage if for every z € wl™ mentioned by stage r, 7 (2) = ¥7_,(2) is
an element of T7(z).

Followers. Nodes o € P appoint followers. For any follower x, we let o(z) be
the node which appointed x. A follower x for o € P¢ is realised at stage s if
©¢(z) = 0. The requirement P¢ is satisfied at stage s if there is some z € E; such
that ©¢(z) = 0. If the requirement P° is satisfied at stage s, then no node o € P¢
takes any action at stage s.

With any follower x, alive at the end of a stage s, we associate auxiliary objects.

e We attach a nonempty set of nodes Rs(z) € N. For all 7 € Ry(x), o(x)
extends 7°00. The set R,(z) is the set of nodes which need to clear x before
it is enumerated into E.

e We define a node top,(x) € Rs(x). This is the node from which = next
requires permission.

e For all 7 € Ry(x), we define a number k7(x) > |r|. This is the level at
which z points.

e For all 7 € Ry(x), we define a box M7 (z) c I"(kI(x)).

e For all 7 € Ry(x), we define a value t7(z) < w.

Suppose that a follower x is alive at the end of stage s, and let 7 € Rs(x).
Suppose that s is a 7-stage. We say that a T7-computation is defined for z at stage
s if for all z € M7 (z) we have t7(z) € T7 (z). In this case, we let

vl (x) = max {u] (z,tL(z)) : z€ MI(z)}.

S

We denote the fact that a 7-computation is defined for x at stage s by writing
v7(x)|; otherwise, we write v7 (z)1.

Let s be a stage at the beginning of which a follower z is alive. Let 7 = top,_,(z),
and suppose that s is a 7-stage. Let r be the previous 7-stage before s. We say
that x is permitted at stage s if v%(x)1 or if Wl o7 (x) # W T (x), where T € N¢.
Note again that a follower z is permitted at stage s only if s is a top,_;(z)-stage;
but  may be permitted at a stage s at which o(x) is not accessible: recall that
o(z) properly extends the node top,_,(z).

All followers alive at stage s are linearly ordered by priority, which is given to
followers appointed earlier; again, at most one new follower is appointed at each
stage. New followers are chosen large, and so the priority ordering coincides with
the natural ordering on natural numbers.

The general structure of the stage is as follows. During stage s we inductively
define the collection of nodes which are accessible at that stage. Once a node o € P
has been declared accessible, we see if it wants to appoint a new follower or not; if
it does, it ends the stage, and cancels followers for all weaker nodes. Otherwise, it
lets its only child be accessible. Once a node 7 € N has been declared accessible,
we decide if s is a 7-stage or not. If not, and || < s, then we let 7°fin be next
accessible. If |7| = s then we end the stage. If s is a 7-stage, then we see if 7
permits any realised follower x. If so, then the strongest such follower = receives
attention and is moved; all followers weaker than x are cancelled, and the stage is
ended. If no follower is permitted, then 700 is next accessible.

We explain why it is important that if s is a 7-stage, and 7 permits a realised
follower x at stage s, then we let  move, even if o(x) is not accessible at stage s.
For 7 permitting = means that ¢7(z) is extracted from T7(z) for some z € M7 (z).
The set W¢ (where 7 € N¢) needs to decide now whether to assign a new use for
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reducing x € E to W* using the same boxes, or promote z. If z is not allowed
to move, then this incident may repeat indefinitely, meaning that the use goes to
infinity. After all, W€ does not know if o(z) will ever be accessible again.

Of course, if x is permitted but is unrealised, then it is pointing at its private box,
which again will be a singleton, denoted {27 (c(x))}. No weaker follower changes the
value of 17 (z), and so in this case 7 can appoint a new use based on the same value
of 97 (z), which will stabilise the use. Once a follower is in K7 (k) and not in L7 (k)
(it points at public boxes), a weaker follower y such that M7 (k,y) € M7 (k,x) may
force a change in the values of 7 (z) for some z € M7 (k,x), which lands 7 in the
position of having to promote z if it is permitted.

Carving the boxes. We again carve up the intervals I7(k) into public and private
boxes, and generate a tree of public boxes. We will need more than one private
box — one for each o € ©7(k). For all 7 € N and k > |7|, let J7(k) be a subset of
I7(k) of size 2%, and let B™(k,()) = I"(k)\J"(k); so |B"(k,})| = a(k)**!. As in
the previous section, we recursively define B7(k,a) for a € F+la(k) by starting
with B7(k,{)) and splitting B (k, «), which inductively has size a(k)**t'~12l, into
a(k)-many subsets BT (k,a’m) (for m < a(k)) of equal size a(k)*~1°l. Again, for
a, B e SFHla(k), if « € B then B™(k,a) 2 B"(k, ), and if a L B then B7(k,a) n
B7(k,B) = &. For all a € SF*1a(k), B (k,a) n J" (k) = .

Recall that ©7(k) is a set (possibly empty) of nodes o € P of length k; so
|07 (k)| < 2F = |J7(k)|. We fix an injection o +— 27 () of ©7 (k) into J7 (k).

Let 7 € N. For any follower z, alive at the end of stage s, such that 7 € Rq(x),
either

o MT(z) = {z"(o(z))} (z points to o’s private box at stage s); in this case
T = top,(z) and s has not moved since it was appointed; or

e M7 (x) = B"(k,a) for some string o € ¥*1q(k); we denote this string by
ag(z).

We proceed as before, with finding how a follower would find a new o (z). Again
suppose that s is a 7-stage, and that we need to define some o7 (x) at some intended
level k = kI (z). Recall that at stage s we cancel all followers weaker than x, while
followers stronger than x do not move.

We define the string £7 (k):

e If there is a follower y < z, alive at the beginning of stage s, such that
top,_1(y) =7, kI_1(y) = k, and M]_,(y) ¢ J"(k) (in the notation of the
justifications, y € K7 (k)), then we let 87 (k) = a_,(y) for the weakest such
follower y.

e If there is no such follower y, then we let 87 (k) = .

And as before we find a number m = m7 (k) < a(k) such that there is no follower
w < z, alive at the beginning of stage s, with k7 (w) = k and ol (w) = BI(k)"'m.
Again, we formalise the statement that a choice for o7 () is possible, and presume
it holds at stage s when we perform the stage:

®s: |BI(k)| < k, and a number m (k) as above exists.

Construction. At stage s > 0 we recursively define the finite path of nodes which
are accessible at stage s. The root () is always accessible.

First, suppose that a node 7 € N is accessible at stage s. We check to see if s
is a T-stage or not, as described above. If not, and |7| < s, then we let 7°fin be
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accessible next; if |7| = s then we end the stage, and cancel all followers for nodes
that lie to the right of 7. If s is a 7-stage, but there is no realised follower which
T permits at stage s, then we let 7700 be accessible next (unless |7| = s, when we
end the stage and cancel followers for nodes that lie to the right of 7). Suppose,
then, that 7 permits realised followers at stage s. Let x be the strongest realised
follower which is permitted by 7 at stage s. We cancel all followers weaker than x.
We then promote z as follows:

A. If Rs_1(x) = {7}, this means that only 7 cares about z; since 7 has just
permitted =, we enumerate x into E. If o(z) € P¢ then the requirement P¢ is now
satisfied, so we cancel all followers for o(z).

B. If 7 is not the only element of Rs_1(x), but kI_;(z) = |7|, then 7 can promote
x no more, and so gives it open permission: we let Rs(x) = Rs—1(x)\{r}. The
parameters k?(x), MP(z) and ¢£(x) remain unchanged for all p € R,(x). We choose
a new value for top(z): we let top,(x) be the longest p € Ry(x) for which k?(z) is
maximal among the elements of Rs(x).

C. Otherwise, we let 7 promote . We let Rs(x) = Rs_1(z), and kI (z) = kI_,(x)—
1. We let M7 (z) = B7(k, BI(k)"mZ(k)) for k = kT (x). We let ¢7(x) = s. We define
YI(z) = s for all z € MT(z). The parameters k?(z), M?(x) and t?(z) remain
unchanged for other nodes p € Rs(z). We do, however, pick a new value for top(z)
as we did in the second case: we let top,(z) be the longest p € Rs(z) for which
k?(z) is maximal among the elements of Rs(z).

We then end the stage.

Suppose now that o € P is accessible at stage s. If there is some follower for o
which is still unrealised at stage s, then o takes no action, and lets its only child be
accessible (unless |o| = s, in which case we end the stage). Otherwise, o appoints
a new follower z, of large value. We cancel all followers for all nodes weaker than
o. We then set up z’s parameters as follows:

e We let Ry(x) be the collection of all nodes 7 € N such that 7°c0 € . By
the way we distributed the requirements on the tree, we see that R(z) is
nonempty.

e We let top,(z) be the longest node in Rs(z).

e For all 7 € Ry(x), we let kT (z) = |o|. Note, of course, that as 7 € o we get
k(@) > |7l

o We let t7(z) = s for all 7 € Ry(x).

e For 7 = top,(z), we let M7(x) = {27 (o)}, the singleton subset of J7(|o|)
which is reserved for o.

* For 7 € Ry(x)\{top,(z)} we let M{(z) = B (|o], B{(|e])'mI(|o])).

For all 7 € Rs(x), for all z e M7 (x), we set ¢7(z) = s. We then end the stage.

3.3. Justification. Again, we fix a stage s*, assume that ®; holds for all s < s*,
perform the construction up to stage s*, and show that ®x holds as well. Much
of the argument mimics the argument given in the previous section, and so we give
the definitions and notation, and then only highlight the new ingredients. We start
though by tracking the possible combinations for the function 7 — k7 (x) on R, (z).

For 0 € P and s < s*, we let F7 be the collection of followers for o which are
alive at the end of stage s. We let Fy =, .p FY.
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We note that if r < s and « € F. n Fs, then Rs(z) € R,.(z). If 7 € Rs(x) and
kT(z) = kT (z), then M7 (z) = M (x) and t7(x) = t7(x). Hence for k = kI (x) we
let M7 (k,x) = MI(z) and t7(k,z) = tI(x). If M7 (k,x) # {z7(c(x))}, then we let
o (k,x) = ol (x).

Lemma 3.1. Let x € Fy, and let k = Joops (@) (). Let 7 € Rs(x).
(1) If T < top,(z), then k] (z) = k.
(2) If top,(z) & 7, then kI (x) =k —1.

Also, if T € Ry—1(x)\Rs(z), then T is the longest string in Rs_1(x).

Proof. The last part of the lemma follows from (1) and (2). To see this, suppose
that 7 € Rs_1(x)\Rs(z); so 7 = top,_;(x) and z is promoted at stage s. We have
k = kI_4(z) = |r|. Suppose that p € Rs_1(x). If 7 & p, then by the first part of
the lemma, applied at stage s — 1, we have kY_; (z) = k — 1, which is smaller than
|pl, which is impossible.

Now we prove (1) and (2), by induction on s.

If x is appointed at stage s, then for all 7 € Ry(z), kI(z) = k = |o(x)|, and
top,(z) is the longest element of Rs(z).

Suppose that  is promoted at stage s. Let 7 = top, ,(z) and let k = kT_;(z).
For all 7 € Rs(z) different from 7 we have k7 (x) = kI_,(z).

If 7 ¢ Rs(x), then by the last part of the lemma (applied at stage s —1), 7 is the
longest node in R, 1(x). Hence for all 7 € Ry(x) we have kI(z) = k, and top, ()
is chosen to be the longest string in Ry(x).

Suppose then that 7 € Ry(z), so Ry(z) = Rs_1(z). We set k7 () = k — 1. There
are two cases.

o If 7 is the shortest string in R,(x), then for all 7 € R,(z) we have k() =
k — 1; we then choose top,(z) to be the longest node in Rs(z).
e Otherwise, for 7 € Ry(x), if 7 2 7 then k] (z) = k —1, and if 7 € 7 then

kT(x) = k. We choose top,(z) to be the immediate predecessor of 7 in
Rs(z).
O

In particular, Lemma 3.1 shows that if « is promoted at stage s, then top (z) #
top, ,(x).

Let 7eN, k= |7| and s < w.

o We let K7 (k) be the collection of followers x € F; such that 7 = top(z),
k =kl (x), and M7 (k,z) # {z"(c(z))}.

e We let L7 (k) be the collection of followers x € F, such that 7 = top,(x),
k=kI(z), and M7 (k,z) = {z7(o(x))}.

e We let G7(k) be the collection of followers x € Fs such that 7 € Ry(x),
k = kI(x), but 7 # top,(z).

Again we use the notation KGZ(k) to denote the union K7 (k) u G7(k), and
the notation K7(k) = KI_{(k) n K7 (k) etc. Again, KLGT(k) is the collection of
followers z € F such that 7 € Ry(x) and k = kI (z), KLT(k) is the collection of
followers x € KLGI(k) such that 7 = top,(z), and KG7(k) is the collection of
followers « € K LGT (k) such that o (k, x) is defined.

The following lemma translates the construction into this terminology:
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Lemma 3.2. Let x € KLGI (k). Lett =t7(k,x). The stage t is the least stage at
which © € KLGT (k). At stage t, x is placed into LG™ (k).

o If x was appointed at stage t, then x is placed into L] (k) if T = top,(z),

and into G (k) if not.

o Otherwise, x is realised at stage t, and x is added to GJ (k).
Unless x € L (k), at stage t we let M7 (k,xz) = B7(k, 8] (k)'m}(k)). The string
BT (k) is defined as follows:

o If K] (k) =&, then B[ (k) = . o

o IRT(E) # &, then 5 (k) = o (k, max KT (k).
The number m] (k) is the least m < a(k) such that for all y € KGI(k), o™ (k,y) #
Bi (k) m7 (k).

The arguments of the justification for the minimal pair construction of the pre-
vious section now carry through, where ¢ < 2 is replaced by 7 € N and stage is
replaced by 7-stage. This gives us analogues of all lemmas from Lemma 2.3 to
Lemma 2.10, including the first part of ®g#, that |37, (k)| < k.

Lemma 3.3. For allo € O7(k), |FZ n L7(k)| <k+1.
Proof. Identical to the proof of Lemma 2.12. (I

Let b(k) = (k+1)(1 +2%). So a(k) = 1 +2%+2.b(k + 1). Since |07 (k)| < 2%,
Lemma 3.3 and the analogue of Lemma 2.10 tell us that |K L7 (k)| < b(k).

Lemma 3.4. |GI(k)| < a(k).

Proof. Let © € GI(k); let p = top,(x). By Lemma 3.1, x € KL?(k) or z €
KL?(k +1). This implies that |p| < k + 1, so there are at most 2¥*2 many
possibilities for such strings p. We have seen that |KL?(k)| and |[KL?(k + 1)| are
bounded by b(k) and b(k + 1) respectively, and so both bounded by b(k +1). Hence
|GT (k)| < 28*2b(k + 1) = a(k) — 1. O

The argument of the previous section now gives a proof of .
3.4. Verification.
Lemma 3.5. FEvery follower receives attention only finitely many times.

Proof. The same as the proof of Lemma 2.15, using ks(z) = X, cp_(,) k3 (2). O

The analogue of Lemma 2.14 is the fact that the true path is infinite. Recall that
a node p lies on the true path if p is accessible at infinitely many stages, but there
are only finitely many stages at which some node that lies to the lexicographic left
of p is accessible. The true path is a linearly ordered initial segment of the tree of
strategies.

Lemma 3.6. If 7 € N lies on the true path, then one of 7’s children lies on the
true path as well.

Proof. Suppose, for contradiction, that the lemma fails. This means that there is
some stage so such that for every s > sg, if 7 is accessible at stage s then s is a
T-stage and 7 permits some follower at stage s.
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Let KLG] = Uy, KLGI (k). Every x € KLGY was appointed by the node

o(x) 2 7700. Thus, there are only finitely many followers in | J, K LGY. Eventually,
none of them receive attention, contradiction. ([

Again, for X € {K, L,G}, let X7 (k) = lims; X7 (k). For each 7 € N, k > |7] and
X € {K, L,G}, we see that X7 (k) is finite.

Lemma 3.7. Suppose that o € P¢ lies on the true path. Then the requirement P¢
is met, and there is a stage after which no follower for P¢ ever requires attention.
The unique child of o also lies on the true path.

Proof. This is proved by induction on |o|, using the argument of Lemma 2.16. O
As a corollary, we see that the true path is infinite.

Lemma 3.8. Let 7 € N¢ be on the true path. Suppose that T€ is a trace for y°.
Then 100 lies on the true path.

Proof. By Lemma 3.6, it suffices to show that there are infinitely many 7-stages.
This follows from the fact that T traces 7. ([

Lemma 3.9. E is not computable.

Proof. We need to show that every requirement P¢ is met. By Lemma 3.7, it
suffices to show that for all e there is some node o € P¢ on the true path. This
follows from the fact that the true path is infinite, and from the way we distributed
requirements to nodes, once we see that there is some node 7 € N such that 7700
lies on the true path. This follows from Lemma 3.8, and the fact that SJT-hard
c.e. sets exist. O

Reductions. We turn to show that F is computable from every SJT-hard c.e. set.
Suppose that W€ is SJT-hard; so there is some ¢ < w such that T¢ traces ¥°. As
the true path is infinite, find some 7 € N%¢ on the true path. By Lemma 3.8, 7700
lies on the true path; there are infinitely many 7-stages.

Lemma 3.10. Let x € Fs and suppose that T € Rs(x). If x € E, then there is some
stage r = s such that T = top,.(x).

Proof. Let v > s be the stage at which x is enumerated into E. We have R, _1(x) =
{top,_;(z)}. If T = top,_, (x) we are done. Otherwise, since 7 ¢ R,_1(z), let r > s
be the last stage at which 7 € R, (x). Then 7 = top, (). O

Lemma 3.11. Let s be a 7-stage. Let x € Fy such that 7 € Rs(x) and suppose that
vl (x)|. Suppose that Wel vl (x) = Welvl(x). Then z ¢ E.

Proof. Identical to the proof of Lemma 2.17, using Lemma 3.10. (]

Let H be the collection of followers which are never cancelled nor enumerated
into E. We use notation, such as R, (x), similar to the notation we used before.

Lemma 3.12. Let x € H and let 7 € R, (x). There is some T-stage s such that
x € Fg, vI(z)| and Wetvl(x) = WelvI(x).

Proof. Identical to the proof of Lemma 2.18, using the assumption that 77 traces
Y7 O

Lemma 3.13. E <t W¢€.
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Proof. Similar to the proofs of Lemmas 2.19 and 2.21.
Let x € F,. To find, with oracle W*¢, whether x € F or not, wait for a 7-stage
s > = at which one of the following holds:

e z has been cancelled by stage s;

e re L or

o 7€ Ry(x), vI(x)| and Welvl(z) = WElvI(x).
If such a stage s is found, then by Lemma 2.17, W€ can decide at stage s if z €
or not.

We claim that such a stage s can be found for all but finitely many followers x.
First, note that there are only finitely many followers x € | J, F such that o(z) is
stronger than 7°00: those o that lie to the left of 7 are visited only finitely many
times, and those that are extended by 7 lie on the true path, and so appoint only
finitely many followers by Lemma 3.7.

Hence, we let = € | J, Fs and assume that o(z) is not stronger than 7°co. If o(x)
lies to the right of 77°co, then any 7700 stage s > x satisfies the condition above:
either x is cancelled by stage s, or x € E5. Suppose, then, that o(z) 2 7°00. Thus,
7 € Ri(x) where t is the stage at which x is appointed.

If z ¢ H then a stage as above is definitely found. Suppose that z € H. If 7
is never removed from R(x), then Lemma 3.12 ensures that a stage s as above is
found. Otherwise, let p = top,(z). Let r + 1 be the stage at which 7 is removed
from R(x); so kI (z) = |7|. Lemma 3.1 shows that p c 7, and that k?(z) = |r|. So
kP (x) < |7|. Thus

ze |J U Ko
pCT,peN k<| 7|

However, this set is the finite union of finite sets, and so is finite. O
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