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MODELS OF REAL-VALUED MEASURABILITY

SAKAE FUCHINO, NOAM GREENBERG, AND SAHARON SHELAH

ABSTRACT. Solovay’s random-real forcing ([Sol71]) is the standard way of pro-
ducing real-valued measurable cardinals. Following questions of Fremlin, by
giving a new construction, we show that there are combinatorial, measure-
theoretic properties of Solovay’s model that do not follow from the existence
of real-valued measurability.

1. INTRODUCTION

Solovay ([Sol71]) showed how to produce a real-valued measurable cardinal by
adding random reals to a ground model which contains a measurable cardinal.
(Recall that a cardinal k is real-valued measurable if there is an atomless, k-additive
measure on x that measures all subsets of k. For a survey of real-valued measurable
cardinals see Fremlin [Fre93].)

The existence of real-valued measurable cardinals is equivalent to the existence
of a countably additive measure on the reals which measures all sets of reals and
extends Lebesgue measure (Ulam [Ula30]). However, the existence of real-valued
measurable cardinals, and particularly if the continuum is real-valued measurable,
has an array of Set Theoretic consequences reaching beyond measure theory. For
example: a real-valued measurable cardinal has the tree property (Silver [Sil71]); if
there is a real-valued measurable cardinal, then there is no rapid p-point ultrafilter
on N (Kunen); the dominating invariant 9 cannot equal a real-valued measurable
cardinal (Fremlin). And further, if the continuum is real-valued measurable then
Qg holds (Kunen); and for all cardinals A between Xy and the continuum we have
2* = 2% (Prikry [Pri75]); see [Fre93].

On the other hand, there are other properties of Solovay’s model that have not
been shown to follow from the mere existence of real-valued measurable cardinals:
for example, the covering invariant for the null ideal cov(N') has to equal the con-
tinuum.

Thus, Fremlin asked ([Fre93, P1]) whether every real-valued measurable cardinal
can be obtained by Solovay’s method (the precise wording is: suppose that « is real-
valued measurable; must there be an inner model M C V such that k is measurable
in M and a random extension M[G] C V of M which contains Pr?). The question
was answered in the negative by Gitik and Shelah ([GS01]). The broader question
remains: what properties of Solovay’s model follow from the particular construction,
and which properties are inherent in real-valued measurability?

In this paper we present a new construction of a real-valued measurable cardinal
and identify a combinatorial, measure-theoretic property that differentiates between
Solovay’s model and the new one.
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The property is the existence of what we call general sequences - Definition 4.5.
A general sequence is a sequence which is sufficiently random as to escape all sets of
measure zero. Standard definitions of randomness are always restricted, in the sense
that the randomness has to be measured with respect to a specified collection of
null sets (from effective Martin-Lof tests to all sets of measure zero in some ground
model). Of course, we cannot simply remove all restrictions, as no real escapes all
null sets. However, we are interested in a notion that does not restrict to a special
collection of null sets but considers them all. One way to do this is to change the
nature of the random object - here, from a real to a long sequence of reals, and
to change the nature of escaping. We remark here that the following definitions
echoes (in spirit) the characterization of (effective) Martin-Lof randomness as a
string, each of whose initial segments have high Kolmogorov complexity.

We thus introduce a notion of forcing Q.. We show that if x is measurable
(and 2% = k™), then in VO k (which is the continuum) is real-valued measurable
(Theorem 3.18). We then show that in Solovay’s model, the generic (random)
sequence is general (Theorem 4.6); and that in the new model, no sequence is
general (Theorem 4.14).

1.1. Notation. PX is the power set of X. A — B is set difference. C denotes
inclusion, not necessarily proper; C denotes proper inclusion.

The reals R are identified with Cantor space 2. If ¢ € 2<¢ then [¢] = {x €
R : 0 C z} denotes the basic open set determined by . If A € On then R is
the A-fold product of R. If & < A and B is a Borel subset of R then B denotes
{z eR* : z, € B}.

If A is a Borel set (on some copy of Cantor space) and W is an extension of the
universe V then we let A" denote the interpretation in W of any code of A.

If P = (P, <) is a partial ordering then we sometimes write <p for <.

If o < @ are ordinals then [, 8) = {v : a < v < 5}

If X and Y are setsand B C X xY, thenforz € X, B, ={y €Y : (z,y) € B}
and BY = {z : (x,y) € B} are the sections.

Suppose that (X,), .4 is an increasing sequence of things (ordinals, sets (under
inclusion), etc.); for limit 8 < 6 we let X3 be the natural limit of (X,,) (the

a<f
supremumn, the union, etc.), and for successor = a + 1 we let X3 = X,.

1.1.1. Forcing. For notions of forcing, we use the notation common in the World —
{Jerusalem}. Thus, ¢ < p means that ¢ extends p. As far as P-names are concerned,
we often confuse between canonical objects and their names. Thus, G is both a
generic filter but also the name of such a filter.

If B is a complete Boolean algebra and ¢ is a formula in the forcing language
for B, then we let [p], be the Boolean value of ¢ according to B; this is the
greatest element of B forcing ¢. For a complete Boolean algebra the partial ordering
corresponding to B is not B itself but B — {Op}. Nevertheless we often think as if
the partial ordering in the forcing were B and let 0 IFp ¢ for all formula ¢ in the
forcing language.

If P is a partial ordering and p € P then P(< p) is the partial ordering inherited
fromPon {g€P: q¢<p}.

P < Q denotes the fact that P is a complete suborder of Q. If P < Q and G is
the (name for the) P-generic filter, then Q/G is the (name for the) quotient of Q
by G: the collection of all ¢ € Q which are compatible with all p € G.
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If P C Q, a strong way of getting P < Q is having a restriction map q — q [ P
from Q to P: a map which is order preserving (but does not necessarily preserve
), and such that for all ¢ € Q, ¢ [ P IFp ¢ € Q/G. If B is a complete subalgebra
of a complete Boolean algebra DD then there is a restriction map from D to B;
dIB=T[{beB : b>d} is in fact the largest b € B which forces that d € D/G;
D/G={deD:d|BeGqG}

If B is a complete subalgebra of a complete Boolean algebra D then we let D : G
be the (name for the) quotient of D by the filter generated by the generic ultrafilter
G C B; D: G is the completion of the partial ordering D/G.

1.2. Measure theory.

Notation; recollection of basic notions. Recall that a measurable space is a set X
together with a measure algebra on X: a countably complete Boolean subalgebra of
PX, that is some S C PX containing 0 and X and closed under complementation
and unions (and intersections) of countable subsets of S. A probability measure on
a measure space (X, S) is a function p: S — [0, 1] which is monotone and countably
additive: p(0) = 0, u(X) = 1 and whenever {B,, : n < w} C S is a collection of
pairwise disjoint sets, then u(UB,,) = 3 p(By). All measures we encounter in this
work are probability measures.

Let o be a measure on a measurable space (X,S). Then a p-null set is a set
A € S such that pu(A) = 0. We let Z,, be the collection of p-null sets; Z, is a
countably complete ideal of the Boolean algebra S; we can thus let B, = S/Z,;
this is a complete Boolean algebra and satisfies the countable chain condition. For
A€ S, welet [A], = A+7Z, € B,. We often confuse A and [A],, though. We
let C,,=, etc. be the pullback of the Boolean notions in B,,. Namely: A C,, B if
[A], <s, [Bl], (ff A— B € 1,), etc. We also think of x as measuring the algebra
B, we let pu([A],) = (A).

Definition 1.1. Let S C R be two measure algebras on a space X, and let u be
a measure on S and v be a measure on R. We say that v is absolutely continuous
with respect to p (and write v < p) if Z,, C Z,; that is, if for all A € S, if p(A) =0
then v(A) = 0.

(Of course, if v < p, A € S and pu(A) =1 then v(A4) =1).
If v < p then the identity S C ‘R induces a map i: B, — B, which is a complete
Boolean homomorphism. If Z,, = Z, NS then ¢ is injective.

Definition 1.2. Let u be a measure on (X,S), and let A € S be a p-positive
set. We let pl|A, the localization of p to A, be p restricted to A, recalibrated
to be a probability measure: it is the measure on (X,S) defined by (u||A)(B) =

n(B 1 A)/u(A).

If A=, A’ then p||A = p||A’ so we may write ulja for a € B,. We have p < pl|a
and B, = B,(< a); under this identification, the natural map i: B, — B, is
given by i(b) =bNa. If a # 1 (so p # pl|a) then 4 is not injective.

Products of measures. If for i < 2, p; is a measure on a measurable space (X;, S;),
then there is a unique measure pgpu; = po X p1 defined on the measure algebra
on Xg X X; generated by the cylinders, i.e. the sets Ay x A; for A; € S;, such
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that (uo p1)(Ao X A1) = u(Ag)p1(A4r) for all cylinders Ag x A;. We recall Fubini’s
theorem: For any A C Xy x X7, we have

(o) (4) = [ (A, do(a),
Xo
where for x € Xo, A, ={y € X7 : (x,y) € A} is the z-section of A.
We note that localization commutes with finite products:

(ol Bo) (1] B1) = (po p11)[|(Bo x Bu).

We can generalize the notion of absolute continuity.

Definition 1.3 (Generalized absolute continuity). Suppose that p measures (X, S)
and v measures (Y, R), and further that there is a Boolean homomorphism i: & —
R. We say that v < p if whenever A € S and pu(A) = 0 then v(i(A)) = 0.

If 4 is injective then we don’t really get anything new (we may identify S with
its image). In any case, the map ¢ induces a Boolean homomorphism from B, to
B,.

The standard example is of course if S = Sy and R is the algebra generated by
Sp x 81 as above. We then let i(A) = A x X7 and get pg p1 < po- The map i is
injective and induces a complete embedding

iﬁgﬂl : B#O - B#o pae
The following is an important simplification in notation.

Notation 1.4. Unless otherwise stated, we identify B
Thus A € Sy is identified with A x X7.

ith its i 1o p1
o With its image under ¢/;0/.

Thus if A; € S; then Ag N Ay = Ag x Aq.

The restriction map from B,,, onto B, is nicely defined: for measurable A C
Xo X X1, we let

Al po={z e Xo : p1(Az) > 0};
this is the measure-theoretic projection of A onto Xo. If A =, ,, A’ then A |

po =puo A" | po, so we indeed get a map from B onto B,,,, and [A]p | B

[A [ pol,, -
We make use of the following.

Mo 1 Ho> HoK1 Ho

Lemma 1.5. Let v be a measure on X and for i < 2 let p; be a measure on Y;.
Let B; C X xY; and let Ai =B; rV. Then AO NAL =,0 ZﬁBO N B =vuopy 0.

Proof. To avoid confusion, in this proof we don’t use the convention 1.4.

Suppose that Ag and A; are v-disjoint. Then Ao xYoxY1NA1 xYyxY1 =pp0p, 0.
AAISO7 B; Cop, A; xY; s0 B; x Y1_; Copopr A; x Yy % Yl; it follows that By x Y]
and By x Yy are vuguq-disjoint.

Suppose that Byx Y7 and By xY} are vpgpui-disjoint. Consider (ByxY7) | vug; As
B xYj is a cylinder in the product (X xY7)xYy, we have (BoxY1) [ vuiNBy =, 0.
However, (By x Y1) | vu1 = Ap x Y7, Now reducing from X x Y7 to X we get
Ay = By | v is v-disjoint from Ay. O
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Infinite products. Iterating the two-step product, we can consider products of fi-
nitely many measures. However, we need the more intricate notion of a product of
infinitely many measures. Countable products behave much as finite products do.
Let, for n < w, p, be a measure on a measurable space (X,,,S,,). Again, a cylinder
is a set of the form Hn<w A, for A, € S,,. There is a unique measure p,, = [[ p; on
the measure algebra on [] X,, generated by the cylinders such that for a cylinder
[T A, we have (][] An) = [1,,<o, #n(An), where the infinite product is taken as
the limit of the finite products.

Localization commutes with countable products: if 4, € S, is a sequence such
that po, ([T An) > 0, then py|| [T An = [[(pnllAr). On the other hand, note that we
can have a sequence of A,s such that for each n, u,(4,) > 0, but p,(J] 4») = 0;
in this case we can use the measure [[(un||An), but wuy| [ A cannot be defined.

To better understand uncountable products, we notice that a countable product
can be viewed as a direct limit of finite products. Namely, we let a finite cylinder be
a set of the form J], _, An X Hn>k X, for some k < w and A,, € S,, for n < k. The
finite cylinders are the cylinders of [], _, X,, under the standard identification of
subsets of [],,_, X, with subsets of [],, _, X,. The measure algebra on ] _ X,
generated by the finite cylinders is the same as the algebra generated by the infinite
cylinders. Under the standard identifications, the finite product measures cohere
and p,, is the measure generated by their union.

Let A > Ng and suppose that for a < A, jiyq) is a measure on a measurable
space (X(a},S8(a}). For u C Xlet Xy = [[, e, X{a}- If u C X is countable, let
S, be the measure algebra on X, generated by the cylinders, and let u, be the
product ], c, #{a}- As discussed, we can identify S, with an algebra of subsets
of X (or more generally subsets of Xy for any u C V C \) by considering the
measure algebra generated by cylinders with support in u: subsets of Xy of the
form [],c, Aa X Xv_u, for Ay € Siay.

For any V C A, we let Sy be the union of S, for countable u C V (we note
that any cylinder A C Xy has least support). The measures p,, cohere (i.e. p,
and u, agree on Syny); thus the union of the p,s is a measure uy on Sy (this
is more immediate than the countable case because every countable subset of Sy
lies in some S,.) As for countable sets, we can view py as measuring subsets of
any Xy for V.C W C A. In fact, under this identification, Sy consists of those
sets of Sy which have support in V', that is, sets of the form A x Xy _y for some
A C Xy. [We note that unlike a cylinder, a set with infinite support may not have
a minimal support: consider the set of all sequences in 2¢ which are eventually 0.]
The measure py is determined by its values on the cylinders with finite support;
for any V. C W C X we have puw = py pw—v .

General framework. For our work, we fix A > Ry. For all u C A\, we let R* be the
u-product of Cantor space. Elements of R are often written as = (24),,,- For
countable u C A\, we let S, be the collection of Borel subsets of R*, and let m,, be
Lebesgue measure on R". For countable and uncountable v C A, S, is the algebra
generated by S, for finite v C u and m,, is the product [],c, m{a}-

The measures we shall consider will all be localizations of products of localiza-
tions of the myq):
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Definition 1.6. Let u C A. A pure local product measure on u is a measure on
S, of the form [, c,(mia}l|Ba) for By € Sgqy. A local product measure on u is a
measure on S, of the form v||B, where v is a pure local product measure on u.

We will mention other measures (such as a measure witnessing that a cardinal
is real-valued measurable); but when it is clear from context that we only mention
local product measures, we drop the long name and just refer to “measures” and
“pure measures”.

If p is a local product measure on u then we let u* = u and call u the support
(or domain) of .

Topology. We note that every R* is also a topological space (which can be viewed
as the Tychonoff product of R{1®} for o € u). However, when u is uncountable, then
the Borel subsets of R* properly extend S,. This is not a concern of ours because
the completion of any local product measure measures the Borel subsets of R* (and
in fact if A € R has no countable support then it is always null or co-null by such
a completion). We thus abuse terminology and when we say “Borel” we mean a set
in Sy; so for us, every Borel set has countable support.

Recall that a measure p which is defined on the Borel subsets of a topological
space is regular if for all Borel A, p(A) is both the infimum of ;(G) for open G D A
and the supremum of p(K) for compact K C A. [Thus up to p-measure 0, each
Borel set is the same as a 9 (an F,,) set and as a IT3 (a G) set.] Lebesgue measure
is regular, and a localization of a regular measure is also regular. Also, regularity is
preserved under products; again note that even with uncountable products, every
measurable set has countable support and so the closed sets produced by regularity
have countable support.

Corollary 1.7. Ewvery local product measures is regular.

Random reals. Let u be a local product measure. Forcing with B, is the same as
forcing with Z7 = Syu —Z,,, ordered by inclusion. A generic G C Z,! is determined
by
{r%} = NpeeBY19L.

We have B € G iff 7 € BVIC; this follows from regularity of u. We have 7¢ €
M{AVIE] . A € V is co-null}; and conversely, if W is an extension of V and 7 € W
lies in ({AVIE] : A € V is co-null}, then G = {A € I} : 7€ AW} is generic over
V and 7 = 7¢.

Suppose that v, u are local product measures and that u” Nu* = 0. Then vy
is a local product measure. Recall that we have a complete embedding /*: B, —
B,,. Thus if G C B,, is generic then G, = (iZ”)_lG’ is generic for B,. In fact,

7O =79 T,

Quotients are measure algebras. Let V[G] be any generic extension of V. There is
a canonical extension of ;1 to a measure on Sy [G], which we denote by pVI¢]. For
. VG

if 11 = (e (Miay|Ba)) |1 B then we can let V16 = ([, ¢, (may | Ba )| BV,
The usual absoluteness arguments show that indeed ;"¢ is an extension of i, and
does not depend on the presentation of .

Let u,v C X be disjoint; and let v be a local product measure on S, p a local
product measure on S,. Of course, vu is also a local product measure.
We make use of the following.
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Fact 1.8. Let G C B, be generic. Then the map A — AVI[¢_& induces an isomor-
phism from B, : G to B,vic).

44

In particular, IFg, “B,,: G is a measure algebra”.

Proof. Let 7, ,: B,,, — B,,: G be the quotient map. We know that
7, (Buu: G—{0}) =B,,/G
(the partial ordering). Thus for A € S,uy, we have

Tou([Aluy) >0 <= [ATv], e <=
e (An)VlE  —  VICIAVIE o) > o,

The last equivalence follows from the fact that (A | v)VI¢] = AVICT | yVIG] again
we use absoluteness. Thus we may define an embedding o, ,: B,,: G — BuV[G]
by letting oy, (7, ([Auy)) = [AV[G]fc]HV[G]. It is clear that o, , preserves the
Boolean operations.

ou,, is onto: every set in the random extension is determined by a set in the
plane in the ground model (see [BJ95, 3.1]). For any countable v/ C v, every B,-
name y for a an element of R? corresponds to a IT$ function fy: R* — RY" defined
by fy(z)(i)(n) =k <= z € [y(i)(n) = k] ; this function has the property that
for all such y, fVI[C1(7¢) = y&. Let C be a B,-name for a Borel subset of RV. The
algebra B, is c.c.c., so in V, there is some countable v’ C v and some B,-name C’
for a Borel subset of R? such that IFg, C' = C’ x R"""". We can let

A={(z,fy(x)) :x€yeCy} x R

where f, ranges over II} functions from R" to RY'; thus A is Borel and (A%);c =
CC. [However, in the sequel, we do not use the fact that o, , is onto.] O

Commuting diagrams. We thus have the following diagram:

771/,/;, Uu,p,
Byu —_— Bvu: G

B#V[G].

Suppose now that v is a local product measure on u; u, o are local product
measure on vg,v1, and u,vg,v; are pairwise disjoint. Let v = pp. Let G C B,
be generic. For the rest of the section, we retract our convention 1.4. We thus
have a complete embedding iy, : B,, — B,,. This embedding induces a complete
embedding ¢} : B, G—B,,:G.

Lemma 1.9. The following diagram commutes.

T, Ov,u
B,, B,.:G B,vic)

) _VIG]
vu vu v
up bup %V[G]
Tv,v Tv,v
B,. B,,: G B, via)
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Proof. Let A € Syun,, and let

a = mu([Al);

ad = up(a) =m, ([AxR™]);

b = oypula)= [AV[ ]FG:IﬂV[G]7 and

V¥ = o) = [(A X R’“)V[G]r LV[G]

The desired equation ZZ:;E (b) = V' follows from the fact that

AVl o x RVIE = (4 x RV . O
Note that ZZ‘;[[S] is measure-preserving.

Next, suppose that ¢, ¢ are local product measures on ug, u; and that u is a local
product measure on v; and that ug, u1,v are pairwise disjoint. We let v = ¢p.

As i/ is a complete embedding, we know that if G, C B, is generic, then G, =

(a7 )"'G, is also generic. The map il induces a complete embedding ¢¥

Be,: GotoB,,: G,.
Also, as V[G,] C V[G,] we have (relying on absoluteness) a measure-preserving

embedding 12//: B, vic.) — B,vic,1, given by [B]Mv[cg] — [BV[G"]]MV[GV].

“w
l, from

Lemma 1.10. The following diagram commutes:
T, p T,

Egu _— Bgﬂ : Gg _— BHV[GQ]

o v,
S S S

B, vic.

Proof. Let A € Syyun- We let:

a o ([Ale) s

a = WMa)=m,, ([Ax R“l]w) ;

b = oqula)= [AV[GC]FGJMV[&] ; and
u\VIGv

v = oyuld) = [(A xR [ ]fG”Lv[GV] '

We want to show that 174/ (b) = V'. Letting B = AVIGd 6 and B’ = (A x Ru1>V[G’/],’:Gy,
we show that B’ = BYI[G]. We know, though, that 7¢» = 7&<~7C% from which
we deduce that B’ = AVI%]_&_ . The conclusion follows from absoluteness. O

In our third scenario, we have g, u which are local product measures on disjoint
v, u; and we let v = p|| B be some localization of p. In this case we have a projection
iy: B, » B,. Let G, C B, be generic; then G, = (i’é)flGU is generic, but in fact
contains no less information; so we denote the extension by V[G].
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Lemma 1.11. The following diagram commutes:
Bop s Bou: Go

K

B, vie

AN v
on op

o,
BVM _—> Buu : Gl,

Proof. As usual we take A € S,u, and follow [A],, along the diagram. We

have LZ:Z(WQ,mU([A]Q#)) = Tyu([Alvp); and 0. (me u([Algn)) = [AV[G]FGE]MV[G]
and o, (7, ([Alop)) = [AV[G]FG,]MV[G]; the latter two are equal because 7% =
G O

Our last case is perhaps the easiest. Suppose that uw and v are disjoint and
that v, are local product measures on u,v respectively. Suppose that C' € B,
is positive; let v = p||C. Let G C B, be generic. Then by absoluteness vVIEl =
pVIE | CVIG] Note that unlike the previous cases, the Boolean homomorphism

LVIG] .
zZV[G] is not measure-preserving.

Lemma 1.12. The following diagram commutes.

T, p Ov,u
B,, B,.:G B,vie

o vo LVIG]
v v tvic]

Tu,0 v

By, —— > B, G —— > B v

Proof. Immediate, because for A € Suuv, 7,5, ([Alyu) = [A]uy (which is the same as
[AN R x C)]yw)- O

2. SOLOVAY’S CONSTRUCTION

We hope that the gentle reader will not be offended if we repeat a proof of
Solovay’s original construction of a real-valued measurable cardinal, starting from
a measurable cardinal. The exposition which we give is different from the one found
in most textbooks, indeed from the one given by Solovay in his paper; since in the
rest of this paper we shall elaborate on this proof, we thought such an exposition
may be useful.

Let k¥ be a measurable cardinal; let j: V — M be an elementary embedding of
V' into a transitive class model M with critical point x, such that M" C M.

We move swiftly between M, V, M[G] and V[G]. To make things clearer, we
use the blue color when we work in M or M[G].

The forcing Solovay uses is P = B,,,, i.e. forcing with Borel subsets of X, of
positive Lebesgue measure. We show that after forcing with P, s is real-valued
measurable.
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We have j(P) = Binj - Also,Pe M and P=B,,, .
Let G C P be generic over V. Then G is generic over M. We have the following
diagram:

T e i (n)) T e i ()

](P) j(P) G ]Bgm[ﬁ-,,_;(x,))M[G] '
For shorthand, we let m = 7y, ;. (), and we let v be the pullback to j(P): G of
Mg iy M by o oy
(k.5 (k) Y Om,mis j(n))

Let A be a P-name for a subset of k. j(4) is a j(P)-name for a subset of j(k).
Let by = [k € j(A)];p) (note A by is in V) and in V[G] let p(A) = v(m(ba)).
We now work in V' so we refer to the objects defined as names.

Lemma 2.1. Suppose that a € P, that A, B are P-names for subsets of k, and that
alFp A C B. Then alFp p(A) < p(B).

Proof. The point is that j(a) = a. Let G C P be generic over V such that a € G.
We have a Iy j(A) C j(B). Let b=0baNa. As a € G we have 7(a) = 1p). g s0
m(b) = m(ba). However, b ;) x € j(B) (as it forces that j(A) C j(B) and that
Kk € j(A)) and so b < bp. It follows that 7(ba) < w(bg) so u(A) < u(B). As G was
arbitrary, a lFp p(A4) < pu(B). O

It follows that g, rather than being defined on names for subsets of k, can be
well-defined on subsets of « in V[G]. The following lemmas ensure that y is indeed
a (non-trivial) k-complete measure.

Lemma 2.2. Let A C k be in V and let G C P be generic over V. If k € j(A)
then p(A) =1 and if k ¢ j(A) then u(A) = 0.

Proof. Suppose that x € j(A). Then 1;p) IF v € j(A). Thus by = 1) so
m(ba) = 1;p): g- Thus p(A) = 1. On the other hand, if x ¢ j(A) then no b € j(P)
forces that k € j(A), so ba = 0; it follows that u(A) = 0. O

Lemma 2.3. Suppose that (A,), ., is a sequence of P-names for subsets of k.
Suppose that a € P forces that A = | A, is a disjoint union. Then a lFp

Proof. We have j(a) = a and j({An), ..,) = (J(An)), <.; 50 a forces (in j(PP)) that

J(A) = Up<uj(Ay) is a disjoint union. Again let G gggeneric such that a € G.

Let [,k <wandl # k. al-jp j(Ax)Nj(A;) = 050 ba, Na and ba, Na are disjoint
in j(P). As a € G it follows that in j(P): G, w(ba,) A w(ba,) = 0. We thus have
V(Zi(P): G?T(bAn)) = >, (Ay). It thus suffices to show that Efl(?): Gﬂ'(bAn) =
w(ba).

For any n < w, a lF A,, C A so as we saw before, m(bya, ) < w(ba). To show the
other inclusion, let b = ba — 37 by . Then b IF;p) & € j(A) — Unj(A,). Since
alkjmp) j(A) C Unj(A,) we must have a N b = 0, which implies that 7(b) = 0. The
equality follows. O

n<w

Lemma 2.4. Suppose that v < k and that <Aa>a<’y is a sequence of P-names
for subsets of k. Suppose that a € P and a IFp Va < v(u(As) = 0). Then
alFp p(UgAy) = 0.
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Proof. Let A be a P-name for a subset of x such that a IFp A = Uy<yA,. Then
alkjwp) j(A) = Uacyj(Aa) and also a IFjp) Voo <y [7(ba,) = 0], that is, a IF Va <
¥ [H ¢ ](A(,)] Thus a |Fj([p>) K ¢ ](A) so aNby =j(P) 0 so a |F]([p>) ’/T(bA) =0 so
alFp u(A) = 0. O

3. A NEW CONSTRUCTION OF A REAL-VALUED MEASURABLE CARDINAL

Definition 3.1. A set of ordinals u is of Faston type if whenever 6 is an inaccessible
cardinal, v N @ is bounded below 6.

Let Q consist of the collection of all local product measures (definition 1.6) whose
support is of Easton type. If u is a set of ordinals, then we let Q,, be the collection
of measures in Q whose support is contained in w.

Let p,v € Q. We say that v is a pure extension of p (and write v <pyr p) if
v = u¢ where ¢ is a pure local product measure.

We say that v is a local extension of p (and write v <joe ) if v is a localization
of p (in particular p and v have same support u).

We let v extend g (v < p) if there is some ¢ such that v <joc ¢ <pur g It is not
hard to verify that < is indeed a partial ordering on Q, and in fact on every Q,.

Lemma 3.2. Suppose that v <pur § and ¢ <ioc . Then v < p.

Proof. Let v be a pure measure such that v = g¢v. Let B € Sy such that ¢ = u||B.
Then v = (pv)||B, so pv witnesses v < p. O

Note that if v < p then v < p.

3.1. Characterization of a generic. We wish to find some characterization of a
generic filter of Q,,, analogous to the description of a generic for random forcing in
term of a random real. We need to discuss compatibility in Q.

3.1.1. Compatibility in Q.

Definition 3.3. Let u,v € Q. We say that u and v are explicitly incompatible (and
write p Lexp v) if there is some B € Syunyv such that p(B) =0 but v(B) = 1.

It is clear that if 4t Lexp v then p L v (in @ and in every Q,); because we cannot
have some ¢ < pu, v.

Lemma 3.4. Suppose that u* Nu” # 0 and p Lexp v. Then there is some pure
measure ¢ on ut* Nu” such that p,v <.

Proof. Let po, o be pure local product measures such that p = po||CH, v = vy||C*
for some positive sets C*,C”. Pick sequences (B) ¢ u» (B4)acyr Which define
po,vo (i-e. o = [lycun(Miayl|BE) and similarly for vp). Note that puo and v
are not by any means unique, but that the B,s are determined (up to Lebesgue
measure) by o, vo.

Let v =u" Nu”. Let ¢ =[], c,(mia3|[(B4 U BY)).

First we show that for all but countably many o € v we have BY =, Bq.
Suppose not; then for some € < 1 we have some countable, infinite w C v such that
for all o € w, (myqay||BY)(BY) < € (or the other way round). Let A =[] Br.
Then v(A) =1 but u(A) = 0.

Let w = {a € v : BY #p,,, By}, We assume that w # 0 for otherwise
we're done. Let A* =] .., B¥ (and similarly define A”). It is sufficient to show

acw o

acw
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that ¢(A*),s(AY) > 0; it will then follow that pg is a pure extension of ¢||AH,
and similarly for v9. Suppose that ¢(A*) = 0. Let a € w; let aq = mya(BY —
BY), ca = myay(BY — BY) and by, = myqy(Bh N BY). The assumption is that

[Tocw % = 0. However, for each a € w, aabiba < aabizlcﬁca’ which means
that [[,c., (M}l Ba)(BE) =0, so v(A*) = 0 (and of course pu(A*) = 1). O

For p,v € Q, if u* Nu” =0 then pur < p,v and so p and v are compatible. The
following is the generalization we need:

Lemma 3.5. Let u be a set of ordinals and let p,v € Q,. Then p Lo, v iff
1% Lexp v.

Proof. Suppose that y fexp v. We may assume that v = u#Nu” # 0. By lemma 3.4,
find some pure ¢ on v, some pure 1, v1 and some C*, C¥ such that pu = (¢ uq)||CH,
v=(s11)||C". Let v = ¢y v;. We have v(C* N C") > 0 for otherwise, by lemma
1.5, C* 1 ¢,C" | s are ¢-disjoint and would witness that p Lex, v. Then v||(C*NC)
is a common extension of p and v; for example, v||(C* NCY) = (u11)||C”. O

Remark 3.6. If u Y v then there is some v on v Uu” which is a common extension
of u and v. In fact, the common extension constructed in the proof of lemma 3.5
is the greatest common extension of y and v in Q (thus this extension does not
depend on the choice of ).

3.1.2. Characterization of the generic. Let u be a set of ordinals, and let G C Q,
be generic over V. Let

Ag =n{BYI : for some p € G, u(B) =1}.
Lemma 3.7. Ag is not empty.

Proof. Let F¢ = {BYI¢] : Bis closed and for some u € G, pu(B) = 1}, and let
Bg = NFg. We show that Bg = Ag and that Bg is not empty.

For the first assertion, recall (corollary 1.7) that every p € Q is a regular measure.
Let u € Q, and let B be of g-measure 1. There is some closed A C B of positive
measure, so p||A € Q,. Thus by genericity, for every B such that u(B) = 1 for
some u € G, there is some closed A C B and some v € G such that v(A4) = 1. This
shows that Bg = Ag.

Next, we note that F has the finite intersection property. Let F' C Fg be finite.
For B € F let vg € G witness B € F. There is some p € G which extends all vp
for B € F. Then p(NF) = 1 which implies that NF # 0. As R*YI% is compact,
Bg #0. O

In fact,
Lemma 3.8. Ag is a singleton {3°}.

Proof. Let @ < A and let n < w. There is some p € G and some o € 2" such that
u([o]®) = 1. For given any u we can extend it to some v such that @ € v” and then
extend v locally to some ¢ such that ¢([o]®) = 1 for some o € 2™. O

As usual,

Lemma 3.9. V[G] = V[59].
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Proof. In fact, G can be recovered from 5 because for all ;1 € Q,,, p € G iff for all
B such that u(B) = 1 we have 5¢ € BYI®l, For if 4 ¢ G then there is some v € G
such that v L pu. By lemma 3.5, there is some B such that v(B) =0 and u(B) = 1.
Then 5 ¢ BVIC O

3.1.3. The size of the continuum. Here is an immediate application:
Lemma 3.10. Q, adds at least |u| reals.

Proof. Let G be generic and let 59 be the generic sequence. We want to show that
for distinct «, 3 € u we have 5§ # Eg. Let 4 € G be such that o, 8 € u#. p <
M{a,5} S0 4 < My gy Let A= {(z,y) € RI®} xR} : 2+ y} be the complement
of the diagonal. Then my, gy(A) = 1 so u(A) = 1. Thus p IF 5¢ € AVICl But

AVIE = {(x,y) € RV gy, #y}. Thus 5§ # §g. O

3.2. More on local and pure extensions. Let u € Q. The collection of local
extensions of ;1 (ordered by <) is isomorphic to B, so we identify the two.

Lemma 3.11. Let p € Q,. Then B, < Q,(< p).

Proof. Let A,B € B,,. Then A and B are compatible in B, iff uy(AN B) > 0 iff
w|| A, p|| B are compatible in Q.

Let (A,), .., be a maximal antichain of B,,. Let v € Qy, v < p. Since pu(UA,) =
1 we have v(UA,,) =1 and so for some n < w we have v(A,) > 0. Then v||4, is a
common extension of v and u||lA4,. O

It follows that 5 is a string of random reals.
Remark 3.12. For all u C v we have Q, < Q,; we do not need this fact.

Definition 3.13. Let p € Q, and let U C Q,. We say that p determines U if
UNB, is dense in B,,.

We say that u € Q. determines a formula ¢ of the forcing language for Q,, if p
determines {v € Q, : v decides p}. Of course, this depends on u, so if not clear
from context we will say “u-determines”. Informally, ;1 determining ¢ means that ¢
is transformed to be a statement in the random forcing B,,, which is a simple notion,
compared to formulas of Q,. If p determines pertinent facts about a Q,-name then
that name essentially becomes a B,-name.

For a formula ¢ of the forcing language for Q, and p € Q, we let

B
[[(p]]z =3 "{beB, : pl|blrq, ¢}
Then p u-determines o iff [¢], V [-¢],; = 1p,. Recall that if v < p then v < p
so there is a natural map i,: B, — B, (which is a measure-preserving embedding
if v is a pure extension of u). For all a € B, if 4},(a) # 0 then v||i}(a) <g plla,
so for all ¢, [¢]}, =8, i},([¢]},). Thus if 4z determines ¢ then so does v and in this

case [p], = il ([¢l,). If also v <pur g then these Boolean values have the same

measure: u([[cp]]:j) = v([e]}).

We now prove determinacy. Here and in the rest of the paper we often make use
of sequences of pure extensions. This gives us some closedness that the forcing as
a whole does not have; the situation is similar to that of Prikry forcing. We should
think of pure extensions as mild ones.
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A pure sequence is a sequence (i), 5 such that for all i+ < j < 4§, p; <pur fi-
If § is limit, then such a sequence has a natural limit (which by our notational
conventions we usually denote by pi<s). For all ¢ < 6 we have pi<s <pur pi. However
we note that it may be that s is not a condition in Q as its support may be too
large. If 6 = v+ 1 then we let <5 = py.

Lemma 3.14. Let pg € Q, and let U C Q, be dense and open. Then there is some
i <pur po 1 Q, which determines U.

Proof. We construct a pure sequence (1;), starting with pg. If 41, is defined then we
also pick some a; € B,,; such that j||a; € Uand for all i < j we have p;(a;Na;) = 0.
(Note that for all i < 7, p;(a;) = pi(a;).)

We keep constructing until we get stuck: we get some § such that pus is defined
but pu<s does not have any pure extension ¢ such that there is some a € B, N U
which is ¢-disjoint from all a; for i < 4.

We get stuck at a countable stage. For if not, (a;), <, Are pairwise p,, -disjoint
which is impossible. This shows that at limit stages ¢ we indeed have u-; € Q, so
the construction can continue.

Suppose that we got stuck at stage J; let u = p<s € Q.. We show that p is as
desired. {ulla; : ¢ < 6} C U; we claim that this is a maximal antichain in B,. If
not, find some a € B, which is u-disjoint from all a;. Now there is some extension
of plla in U; it is of the form ¢||b where ¢ <pur ¢t and b C a. But then we can pick
¢ for ps and b for as. [l

Lemma 3.15. Suppose that k < ¢ are inaccessible. Let g € Q(,,5) and let U C Qs
be dense and open. Then there is some p <pur po n Q[x,5) such that

{v € Qy : vu determines U}
is dense in Q.

Proof. We construct a pure sequence (fi;) of elements of Qy,, 5 of length below x™,
starting with pg. Together with this sequence we enumerate an antichain A C Q.
At stage i, we search for a pure extension ¢ of pu; in Qs which determines U and
is of the form ¢ = v’y where v' € Q,, ' € Q[ 5y and v is incompatible with all
elements enumerated so far into A. If such exist, then we pick one, enumerate v/’
into A and let pu; = p/. If none such exist then we stop the construction and let
S = H<i-

We must stop at some stage i* < k1 because |Q,| = k.

Let v € A. If v is enumerated into A at stage ¢ < i* then vu; determines U; as
S Kpur Hi We have vg <pur Vit 50 vs determines U. It thus remains to show that
A is a maximal antichain of Q.. Suppose not; let v € Q, be incompatible with all
elements of A. By lemma 3.14, we can find some ¢ <pur vs which determines U.
We can write ¢ as vy where v/ <pyp v is in Q and g/ <pur § 18 in Qe 5). But v/ is
incompatible with all elements of A so we can pick ;< = p/, which we didn’t. O

Scenario 3.16. Suppose now that x < § are both inaccessible. Let i = (11q)
be a pure sequence of measures in Q, s)-
Let G C Q4 be generic over V. For all v € G, by lemma 3.11, G, = GNB, is
generic for B, over V. The system (G), . coheres: if v < o then G, = (i;)flGU.
Let Dg = {vpa : v € G & a < o*}. This is a directed system (under >q).

Note that from ¢ € Dg we can recover v and p,. We thus let, for ¢ = vu, € Dg,

a<la*
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Te = Oy © Tyt Be — ]BHX[GU] be the quotient by G, (this of course depends

on G as well but we suppress its mention). Lemmas 1.9, 1.10 and 1.11 show that

for any ¢ = vue = ¢’ = V/ug in Dg and any a € B, we have MX[GV]<T§(Q)> =
VIG,/] 1

g (1o (g (a))).

Let ¢ be a formula of the forcing language for Qs. For ¢ = vu, € Dg we let
E(p) = ,U,Z[GV](T(([[@]]?)). The analysis above shows that if ¢ > ¢’ are in D¢ then
E(p) < & (@), and that if ¢ d-determines ¢ then & () = & () for all ¢ <. We
therefore let £¢(p) = sup ep,, (). To calculate () it is sufficient to take the
supremum of £ () over a final segment of ¢ € D¢ (or in fact any cofinal subset of
Dg). If some ¢ € Dg determines ¢ then £ () is eventually constant and we get
¢c(p) = maxeep,, & (¢) which equals & () for any ¢ which determines .

Remark 3.17. This is important. Suppose that M is an inner model of V. Then
we can work with this scenario “mostly in M”: we’ll have all the ingredients in
M (so k,d are inaccessible in M, Q,, Qs are in the sense of M) but the sequence
i will not be in M. Thus if G C QM is generic over V then the entire system
(Dg, 7¢, & (9), . ..) will be in V[G] but not in M[G] (of course G is generic over
M too). We can still make, in V[G], the above calculations of £c(p) for ¢ € M
(although “determining” and the calculation of [[(p]]f and & (¢) for each particular
¢ will be done in M or M[G)).

3.3. Real-valued measurability. In this section we prove the following:

Theorem 3.18. Suppose that there is an elementary j: V — M with critical point
Kk such that M<*" ¢ M (for exzample, if k is measurable and 2% = kT.) Then in
V@ k is real-valued measurable.

Let j be as in the theorem. Again when we work in M or M[G] we use blue.
Let P = Q. Then P € M and P = Qy; also, j(IP) = Qj(,) (note that this is not
absolute; we do not have j(P) = Q). Let P" = Q. j(x))-

What we do now is construct a pure sequence i = (fa),q- Of elements of P'.
We start with a list (Ua), o« of dense subsets of j(IP) each of which is in M (note
that this sequence is not in M). Rather than specify now which dense sets we put
on this list, we will, during the verifications that x is real-valued measurable in
V@ list dense sets that are necessary for the proofs, making sure that we never
put more than 2" sets on the list.

Given (U,), we construct fi as follows. For uo we pick any element of P'. At
stage a < 2", we note that by the closure property of M, <Mﬁ>5<a € M and so
oo € M. Now 2% = 2" and so 2" is smaller than the least inaccessible beyond k;
it follows that g, € P’. We now apply lemma 3.15 in M, with x standing for x,
j(k) standing for d, pi<q for pg and U, for U. The resulting measure is 4.

If G C P is generic over V then we find ourselves in scenario 3.16 (as modulated
by remark 3.17). For every U on our list, we know that some ¢ € D¢ determines U.

Let N be the set of all P-names for subsets of x (up to equivalence); note that
because |Qx| = &, |N| = 2%. If G is generic over V then for every A € N we let
fa(A) =&a(k € §(A)).

Lemma 3.19. Let v € P and A,B € N. Suppose that v IFp A C B. Then
viFe fa(A) < fa(B).
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Proof. As we had in our discussion of Solovay’s construction, j | P is the identity.
So vlkjpy j(A) C j(B). Let G C P be generic and suppose that v € G. For
any ¢ = v'jiq € Dg such that v/ < v we have ¢ < v so ¢ Ip) j(A) C j(B) so
[k € §(A)]° <s. [r € §(B)]’ s0 &(x € j(A)) < &(x € j(B)). As this is true for a
final segment of ¢ € D¢ we have g (k € j(A4)) < &g(k € j(B)). [Note that in this
proof we didn’t need any particular U.] O

It follows that fe induces a function on subsets of x in V[G] (rather than only
on their names). We show this function is the desired measure on k.

Lemma 3.20. Let AC Kk beinV. If k € j(A) then lFp fa(A) =1 and if k ¢ j(A)
then |Hp> fg(A) =0.

Proof. Suppose that « € j(A). Then every condition in j(P) forces this fact. Let
G C P be generic. It follows that for all ¢ € D¢, [k € j(A)]]f = 1p_so &a(k €
j(4)) =1L

We get a similar argument if x ¢ j(A). O

Lemma 3.21. Let (B,),_,, be a sequence of names in N. Suppose that v € P
forces that B, are pairwise disjoint. Then v lbp fa(UnBy) =3, -, fa(Bn).

Proof. Let B € N be such that v IFp B = U, B,,.

We have j(v) = v and j((Bn),.,,) = (J(Bn))n<.; so v forces (in j(P)) that
J(B) = Un<wj(By) is a disjoint union. Again let G be generic such that v € G.

Let U be the collection of i € j(P) extending v such that if u IF;p) & € j(B)
then for some n < w, pl-jp) & € j(By). U€ M and U is dense in j(IP). We assume
that some ¢ € D¢ (and so a final segment of ¢ € D) determines U. [Note that the
number of such sequences (B,,) is [N|¥0 = 2% so we may put all the associated U’s
on the list.]

If ¢ determines U then [k € j(B)]];S = ZE;W[[K € j(Bn)]]f. Also, if ¢ € Dg
extends v then for n # m we have [r € j(Bn)ﬂf N, [r € j(Bm)]]f = 0. It follows
that in addition, if ¢ determines k € j(B) then it determines x € j(B,,) for every
n < w (again only 2* many U’s to add).

Thus, for plenty ¢ € Dg we have fg(B) = &(k € j(B)) = >, ., &(k € §(By)) =
Y new fa(By) as required. O

Lemma 3.22. Suppose that v < & and that (Ba>a<ﬁf is a sequence of names in N.
Suppose that v € P forces that for all a <, fa(Bs) =0. Then vIFp fa(UaBa) =
0.

Proof. Let B € N be such that v IFp B = Up<yBa. Then v Ik j(B) =
Ua<yj(Ba). Let G C P be generic over V and suppose that v € G. For all
a <7, fa(By) =0so for all ¢ € Dg, [« € j(Ba)]]g = Og..

Let U be the collection of conditions p € j(P) extending v such that if p IF;p)
k € j(B) then for some a < v, plkjpy k& € j(By). Then U € M and U is dense
below v in j(IP). We assume that some ¢ € Dg determines U. If ¢ determines U
then [x € j(B)]® = Z]Ez,y[[li € j(Bo()]]zS = 0. Thus on a final segment of ¢ € Dg we

S
have [x € j(B)}];s =050 éq(k € j(B)) =0.

Now there are |[N|<" = 2% such sequences (B,) so we only need 2% many such
U on our list of dense sets to determine. ]
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4. GENERAL SEQUENCES

To facilitate the definition, we introduce some notation. Suppose that w C On
and that Z = (24),,, i a sequence of reals. Suppose that B C RO % Then we say
that = € B if () € B, where f: otpw — w is order-preserving. If B = (B;),_,,
is a sequence of sets such that for all i < o, B; C R*, then we say that Z € B if
Z € Botpw-

Let 0 < k be regular, uncountable cardinals.

Definition 4.1. A x-null set is a union of fewer than x null sets. !

Definition 4.2. A k-null sequence is a sequence B = (B;),_, such that for each
i < o, B; is a k-null subset of R?.

Definition 4.3. Let A be any set. A noncountable club on [A]<? is some C C [A]<°
which is cofinal in ([A]<7, C) and is closed under taking unions of increasing chains
of uncountable cofinality.

Definition 4.4. Let B = (B;),_, be such that for all i < o, B; C R". Let
T = (To) ey be a sequence of reals (where U C On). We say that Z escapes B if
there is some noncountable club € on [U]<¢ such that for all w € C, 7 | w ¢ B.

Definition 4.5. A sequence T = (z,)
sequence B = (B;)
B.

acr Of Teals is o-general if for every x-null

i<o> there is some final segment W of x such that Z [ W escapes

4.0.1. Justifying the definition. Naive approaches might have liked to
strengthen the above definition. However, it is fairly straightforward to see that
expected modes of strengthening result in empty notions. For example, one would
like to eliminate the restriction to a final segment of k. But given a sequence
T = (Ta),cpr We can let, for i <o,

By = {zo} x R = {5 e R* : (0) = x¢}.

Then whenever w C x such that 0 € w, T | w € Bypy (and every noncountable
club on [k]<7 contains such a w.)

Accepting the restriction to a final segment, we may ask why we need to restrict
to a club - why we can’t have 7 [ w ¢ B for all w € [W]<°. But consider

B, ={7€R* : Vn <w 3(2n)(0) = 5(2n + 1)(0)}.
Given a final segment W of k, we can always choose some w-sequence w C W such
that z [ w € B,,.

4.1. General sequences in Solovay’s model.

Theorem 4.6. Let k be inaccessible. Then in VEm~  the random sequence is o-
general for all reqular, uncountable o < k.

This relies on the following well-known fact:

et N be the ideal of null sets. If  is real-valued measurable, we have non(N) = N; and
cov(N) = £ ([Fre93]). Hence, for a real-valued measurable k, r-null sets form a proper ideal
extending N properly. By the inequality above we have cov(N) = k in Solovay’s model as well
as in the new model. The existence of a o-general sequence, which separates between the models,
can be viewed as a strengthening of the equation cov(N) = .
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Fact 4.7. Let P be a notion of forcing which has the A-Knaster condition for all reg-
ular uncountable A < o, and let A € V. Then (in VF), ([A]<°)" is a noncountable
club of [A]<7.

(Recall that P has the A-Knaster condition if for all A C P of size A, there is
some B C A of size X such that all elements of B are pairwise compatible in P.)

Proof. Let A= ([A}<")V. To see that A is cofinal in [A]<7, let u be a name for an
element of [A]<?. Let p € P force that {t; : ¢ < A} is an enumeration of u (for some
A < o). Fori< A let P, C P(< p) be a maximal antichain of elements ¢ which
force that t; = a; 4 for some a; , € A. Then p forces that w = {a; 4 : i <\, q € P}
(which is in .A) contains u.

Now suppose that p € IP forces that (u;),_, is an increasing sequence in A, for
some regular uncountable A < o. For every i < X pick some p; < p and some
w; € A such that p; IF u; = w;. Note that if p; and p; are compatible and ¢ < j
then w; C w;. Let X € [A]* be such that for i,j € X, p; and p; are compatible.
Without loss of generality, assume that P is a complete Boolean algebra. For i € X
let q; = fo‘,jex p;. Then (g;),cy is decreasing and so halts at some g;-. Then
q; forces that for unboundedly many i € X, p; € G, and so that U;< u; = U;< w;
which is in A. O

Fact 4.8. A measure algebra (B, u) has the A-Knaster condition for all regular
uncountable A.

Proof. This is well-known; see, for example, [AK82]. We give a proof for the sake
of completeness.

Suppose that {b; : i < A} C B. Let Xy € [A\]* such that for all i € Xj,
w(b;) > 1/n. Inductively define X,,,+1 from X,,: if there is some ¢ € X,,, such that
for A many j € X,,, by N b; = 0, then let ¢ be minimal such and let X,,41 ={j €
Xm : j>1 & bjNb; = 0}. This process has to terminate with some X,,- because
Yiex,, bi — Yiex,, ., bi has measure > 1/n. We can now find ¥ € [X,-]* which
indexes a set of pairwise compatible conditions by inductively winnowing all j such
that b; is disjoint from something we put into Y so far. O

a<k be
be a k-null

Proof of Theorem 4.6. Let G C B,,, be generic over V, and let ¥ = (r,)
the random sequence obtained from G. In V[G], let B = (B;),_,
sequence of length o. For i < o choose null sets B!, C R’ for a < a; < & such that
B; = Uy<a, B

A code for each B, is a real, together with some countable subset of i. It follows
that there is some 6 < k such that each B!, is defined in V/ = V[G N B,,,]. Let

W =10,k). Then 7 | W is random (for B,,,, ) over V'. Let w € ([VV]<")V,7 and
let i = otpw. The collapse h: w — 7 induces a bijection h: R¥ — R?. Let a < ay
and consider h~! B! ; this is a null subset of R* defined in V' and so 7 | w, being
random over V', is not in h~!B%. Which means, in our notation, that 7 [ w ¢ B!

and so 7 | w ¢ B. The noncountable club € = ([W]<")V/ thus witnesses that 7 [ W

escapes B. O

4.2. Some necessary facts about Q.. The following information will be useful
in showing the lack of general sequences. From now, assume that Ny < 0 < &,
both ¢ and k are regular, and that o is at most the least inaccessible; this is a
convenience, since then Q,; is purely o-closed.
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4.2.1. Cardinal preservation.

Lemma 4.9. All cardinals and cofinalities below the least inaccessible are preserved
by Qs

This is important; if o is not regular in the extension then [WW]<7 ceases to be
interesting.

Proof. Let 6 be a regular, uncountable cardinal below the least inaccessible cardinal.
Let A < 6 and suppose that pg € Q, forces that f: A — 0 is a function. By lemma
3.14 construct a pure sequence (u;),_, in Q. starting with pg such that for each
i < A, p; determines the value of f(7) (that is, the collection of a € B, such that
for some v < 60, pilla kg, f(i) = 7 is dense in B,,). For i < X let A; be the
(countable) set of such values . For every i, B,, < Q. (< p;) and so p<y forces
that the range of f is contained in U;<)A4;. ([

4.2.2. Finding elements of clubs.

Lemma 4.10. Let A € V. Suppose that p € Q, forces that C is a noncountable
club on [A]<?. Then there is some (pure) extension v of p and some w € [A]<°
(in V') such that v Ik w € C.

Proof. We show the following claim: given p € Q,; forcing that C is a noncountable
club on [A]<? and given some w € [A]<?, there is some v purely extending p
and some w’ € [A]<? containing w such that v forces that there is some v € C,
wCovCw.

This suffices: given p as in the lemma, we construct a pure sequence (fiq),, <o
starting with p and an increasing sequence of w, € [A]<? such that wg = 0, and
to forces that there is some v, € C, weq C Vo C wo. Then po,, forces that
Ua<w; Wa = Ua<w, Vg is in C.

So let p, w be as in the claim. Let w* be a name such that p I w* € € and
w C w* (€ is cofinal). First, let ' be a pure extension of u such that there is an
antichain (ay),, ., of B, and cardinals A, < o such that p/||a, - [w*| = \p; for
every n, let (x7);_, be a list of names such that y/'||a, I w* = {2} : i < A\, }.
We now construct a pure sequence p; for i < A = sup,, A; for each ¢ < A and each
n such that i < A, the collection of b € B, such that b C a,, and for some a € A,
willb Ik @ = zI' is dense below a;; there are only countably many such a. Then pcy
forces that w* is contained in w’, the collection of all such a’s which appeared in
the construction (o is regular, so A < o and so w’ has size < o). O

In fact, for every w € [A]<? and such p, there is a pure extension forcing that
some w’ containing w is in €. This is immediate from the proof, or from the fact
that {v € € : v D w} is also a noncountable club of [A]<? (in the extension).

4.2.3. Approximating measures by pure measures. The following is an easy fact
which follows from regularity of our measures:

Lemma 4.11. Let p be a pure measure, and let B € B,,. Then for all € < 1 there
is some pure measure v which is a localization of p such that v(B) > e.

Proof. This follows from regularity of u. There is some open set U D B such that
w(U—B) < (1—e)u(B)/e; s0 u(B)/u(U) > e. We can present U as a disjoint union
of cylinders U, ; for some n we must have u(U, N B)/u(Uy) > €. Then p||U, is a
pure measure and is as required. [
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We need a certain degree of uniformity.

Lemma 4.12. Let B C R? be a positive Borel set. Then there is some positive A C
R such that for all e < 1 there is some positive C C R such that ma||(AxC)(B) > e.

Proof. Let X < V 2 be countable such that B € X. Let Cj be the measure-theoretic
projection of B onto the y-axis (of course Cy € X). Cj is positive, so we can pick
some 7* € Cy which is random over X. Let A= B" = {z € R : (z,7*) € B} be
the section defined by 7*; since r* € Cy, A is positive. Note that in X there is a
name for B”", where r* is a name for the generic random real.

Let 6 > 0 be in X. By regularity of Lebesgue measure, there is some clopen set
U C R such that m(UAA) < 6.2 Of course U € X. Then there is some positive
C C Cy in X such that C Ikg, m(UAB™) < 6.

For almost all » € C' (those that are random over X), we have m(UAB") < 4.
For such r, m(A — B") < m(A —U) +m(U — B") < 26. So by Fubini’s theorem,
m(Ax C - B) = [,m(A— B")dr < 26m(C); we get that m[|(A x C)(=B) <
26 /m(A).4 O

Corollary 4.13. Let g, u € Q, and let j1 be pure; assume u?Nu* = 0. Let B € B,,,.
Then there is a localization o of o such that for all € < 1 there is some pure u'
which is a localization of p and such that o'/ (B) > e.

Proof. What we need to note is that the proof of the previous lemma holds for o x p

(in place of m x m) (we just use the relevant measure algebra); we get a set A € B,

such that for all 6 > 0 there is some C' € B, such that gu||(A x C)(B) > 1—4.
Fix some d > 0. Get the appropriate C; we have

on(A x C - B)
op(A x C)
Again by the nonuniform version of regularity (Lemma 4.11), we can find some

cylinder C' € B, sufficiently close to C so that both u||C(C) > 1—8 and u(C)/u(C) <
14 6; from the first we get

< 4.

nc-c)
mte)
Note that Ax C — B C Ax (C—C)U (A x C —C). Combining everything, we get
ou(AxC—B) _ gulAx(C=C)) + gu(AxC - B)
op(A x C) op(A x C)
o(A)u(C —C)  oAxC—B) o(A)u(©)

o(A)u(C) on(Ax C) o(A)u(C) < 0+6(1+9).

< 0.

2Yes, we mean X < H(x). Complaints are to be lodged with set models of ZFC.

3Let V D A be open such that m(V — A) < §/2; and recall that every open set is an increasing
union of clopen sets.

Awe glossed over uses of the forcing theorem over X, which is not transitive. We really
work with X’s collapse and use absoluteness. For example, we got C' € X such that C Ik,
m(UAB™) < 8. Let 7: X — M be X’s transitive collapse. Then in M, 7(C) forces (in BM)
that m(m(U)An(B)™") < 8. If r € C is random over M, then in M[r], m(x(U)Ax(B)") < §. But
7(BYMIG = BN M[G] and similarly for U. Thus indeed m(UAB") < § as we claimed.
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We can thus let o' = g||A and i/ = p||C; the latter is pure because C is a cylinder.
We get o'ii/(B) > 1 — 25 — §% which we can make sufficiently close to 1. O

4.3. In the new model.

Theorem 4.14. Suppose that k is Mahlo for inaccessible cardinals, and that o > Ng
is at most the least inaccessible (and is regular). Then in VO there are no o-
general sequences.

In fact, we prove something stronger:

Theorem 4.15. Suppose that r is Mahlo for inaccessible cardinals, and that o > Ro
is reqular, and is at most the least inaccessible. Then there is a r-null sequence B
of length o such that in V@, no k-sequence of reals 7 escapes B.

(We have here identified B as it is interpreted in V and in V@ . Of course,
for every k-null B, if B = U;<;«B; for some i* < x then for any W D V we let

Proof. Work in V. We define B as follows: for i < o, an increasing w-sequence
J = {Jn)pey from i, and k < 2, we let

B = Nno[(B)P" ={Z € R’ : Vn <w (2(jn)(0) = k) };

and we let B; be the union of the B;, . for all increasing j from i and k < 2. Each
B]i . is null, and £ is inaccessible, so B; is k-null. As k remains a cardinal in Vs

BZ-VQk is also k-null in V@,

Let p* € Qg force that 7 = (r,)
noncountable club on [k]<7.

For every v < k, find some i, extending p* and some k(y) € 2 such that
pyF O =KG).

Suppose that v > supu* . Then we can find @, € Q, which is an extension of
p*, a pure measure v, € Q, ), and some Borel B, such that p, = (w,vy) ||B,.
Let u, C u* be a countable support for B, .

We now winnow the collection of j1,’s. Let Sy be the set of inaccessible cardinals
below £ (but greater than sup u“*); for v € So we have Q, C V,,. Thus on some
stationary S; C Sy, the function vy +— w, is constant. Next, we find Sy C S; such
that on Sy:

e u, N~y and otpu, are constant;

e Under the identification of one R**~7 to the other by the order-preserving
map, vy [ (uy — ) is constant;

e Under the identification of one R* to the other by the order-preserving
map, B, is constant;

e k(v) is a constant k*.

a<r 18 @ sequence of reals and that C is a

By these constants, we can find some u**, a localization of w,, for v € S, such
that for all ¢ < 1 and all v € Sy, there is some pure ¢ which is a localization of v,
such that (p**<)(By) > e.

We now amalgamate countably many f.,’s in the following way. Pick an increas-
ing sequence (yy),, ., from Sp. For each n < w, let ¢, be a pure measure, which
is a localization of v, , such that p**¢,(B,,) > gn, where (g,) is a sequence of

rational numbers in (0, 1) chosen so that ) _ (1 —g¢,) < 1. We note that u*" are
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pairwise disjoint, and so we can take their product ¢* = pu**gys1.... We now let
¢** = ¢*|| Np<w By, ; the ¢, were chosen so that this is indeed a measure.

The point is that for all n, ¢** < (W**<,)|| By, < (¥, By, < by, . Thus for
all n, ¢** IF 7y, (0) = k*.

Finally, let o be some extension of ¢** which forces that some w € €, where
weVand w D {y, : n <w}. Let i =otpw and let h: w — ¢ be the collapse.

Define j by letting j,, = h(¥,). Then g forces that 7 [ w € B;k 50 that 7 [ w € B.

Thus p* could not have forced that € witnesses that 7 escapes B. ]
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