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Abstract

The mathematical foundation of the relational data model has contributed to the
widespread use of relational database systems. This mathematical foundation
gives a clear meaning to the data, provides a basis for database design, allows
the use of simple declarative query languages, and enables queries to be opti-
mized automatically. However, the relational data model has limitations. These
include the difficulty of representing complex, structured and procedural informa-
tion that is required in many new database applications, and the restriction to
query languages that are not computationally complete.

Two approaches that address some of these problems are deductive databases
and object-oriented databases. Deductive databases extend the class of queries
that can be expressed, and preserve the mathematical foundation of relational
systems and object-oriented databases provide a rich data modeling capability.

In this thesis, after reviewing the areas of deductive databases and object-
oriented databases, and related work in which different approaches to combining
deductive and object-oriented databases are described, we propose a mathematical
foundation for object-oriented systems with deduction. We do this by defining
a new language, Gulog, which has the features of object-oriented databases and
of deductive databases. From deductive databases it has deduction, predicates,
and negation. From object-oriented databases it has inheritance (and multiple
inheritance), overriding, functional methods, multi-valued methods, objects, and
classes. As in the deductive database literature, a database is a Gulog program
and a query is a Gulog goal.

Then, we describe a declarative semantics for Gulog databases and queries.
In this setting, a model contains only the ground atoms derived from the rules
that are not overridden. We define a class of meaningful programs called simple
programs and prove that each simple Gulog program has a unique intuitive model.

Such a semantic description is of little use without procedures that compute
answers to queries with respect to a database. There are two ways to approach
query evaluation: the first is to provide direct procedures; the second is to provide
a translation to a language that has direct query evaluation procedures.

First, we propose direct procedures. We describe a bottom-up query evalua-
tion procedure. Because bottom-up procedures are not goal-directed, top-down
procedures are more efficient in some circumstances. So we also describe top-
down procedures with and without tabling. We prove that all these procedures
are sound, and the bottom-up and the top-down procedure with tabling are com-
plete with respect to the declarative semantics. To find the computed answer for a
query using the top-down procedures, all answers for a selected atom are derived,
and because of the possibility of overriding, the “minimal” ones are chosen as the
computed answer for that atom. These answers are then applied to the rest of
the query.

Second, we provide a translation from Gulog to a language that has direct
query evaluation procedures, Datalog with negation. Negation replaces overriding
in the translation. Such a translation provides another query evaluation proce-
dure, and also allows us to compare results with others from the area of deductive
databases.

We next show it is possible to give a mathematical description of a wider range
of object-oriented and deductive features. We demonstrate this by including these
features into Gulog and extending the analysis we have already performed.

Finally, we identify areas in which Gulog could be extended in the future and
discuss its applicability for providing a better understanding of how to effectively
apply and implement deductive object-oriented databases.
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Preface

This thesis contains seven chapters, of which the first is an introduction and the seventh is
a conclusion. The second chapter introduces concepts and surveys the work of others in the
relevant areas; the sources of the material presented in this chapter are cited in the text. The
third and fourth chapters are based on joint research with Rodney Topor that first appeared
in [44] and later in [47]. The fifth chapter is again based on joint research with Rodney Topor
that appeared in [43]. The sixth chapter extends the work presented in the other chapters.

This thesis is less than 100,000 words in length.
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Chapter 1

Introduction

The use of database systems capable of storing and retrieving data is central to the operation
of any organization. Different database systems use different data models or abstractions
to represent an organization’s data. A database system based on a simple model is usually
easier to understand and use than a system based on a more complicated data model.

The early seventies saw the development of the relational model [37]. Because of its
simplicity, the relational model became the base for a new generation of database systems.
Relational databases are adequate for applications requiring only the long term storage of
data, the retrieval of data, and the sharing of data in a controlled way. But applications for
computer-aided design, software engineering, office automation, image and graphics process-
ing, artificial intelligence and many other areas require an environment for programming and
manipulating data, as well as the storage, retrieval and sharing of data. The limitations of
relational databases are well documented [40, 63]. They include the difficulty of translating
data from a “real world” model to an “implementable” physical model; the use of query lan-
guages that are not computationally complete, often embedded in a programming language;
the discrepancy between data structures in the query language, and the application language,
which is commonly called “the impedance mismatch problem”; the inconvenience of not be-
ing able to store operations in the database; the difficulty of ensuring that only semantically
correct modifications are made to the database; and the inability to define a new entity type
as a specialization of an existing entity type.

From the mid-eighties, various extensions to relational databases and alternative types of
systems have been proposed and implemented [13, 55, 83, 95]. Each of these alternatives had
different goals, but most attempted to provide a richer data model and address the impedance
mismatch problem by providing a uniform language for representing data, views, constraints,
queries, and application programs. Two of these extensions are deductive databases and
object-oriented databases. Deductive databases extend the class of queries that can be ex-
pressed, and preserve the mathematical foundation of relational systems and object-oriented
databases have a rich data modeling capability.

In the remainder of this chapter, we introduce the main concepts of deductive databases
and object-oriented databases, discuss possible approaches to combining the two models, and
describe the structure of the thesis.

1.1 Deductive databases

A deductive database stores facts (or relations) and rules, which derive information from the
facts. The same language can be used to express facts, rules and queries. Answers to queries
are in turn relations. The following example illustrates some of the features of deductive
databases.
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Example 1.1.1 Consider a database that stores facts about direct flights.

flight(melbourne, sydney).
flight(sydney, brisbane).
flight(melbourne, alice_springs).
flight(alice_springs, sydney).

The first fact states that there is a flight from melbourne to sydney. Using a deductive
database it is easy to derive the different routes between a source and destination using the
following rules.

stops(Origin, Destination, []) « flight(Origin, Destination).

stops(Origin, Destination, [Stop | Stoplist]) « flight(Origin, Stop),
stops(Stop, Destination, Stoplist), not in_list(Stop, Stoplist).

in_list(Head, [Head | Tail]).

in_list(Item,[Head | Tail]) < in_list(Item, Tail).

The program, which consists of the rules, is also stored in the database. The program states
that there are no stops if there is a direct flight. It includes Stop in a list if there is a direct
flight from Origin to Stop, and there are flights from Stop to Destination, and Stop has not
already been included in the list.

Consider a query that asks for all the routes from melbourne to brisbane:

?stops(melbourne, brisbane, Stops).

The answers to this query with respect to this database are:

[sydney]
[alice_springs, sydney]. O

Deductive databases extend relational databases by providing capabilities for defining
and efficiently evaluating recursive views, thus significantly extending the class of queries
that can be expressed [49]. Relational databases coupled with imperative programming lan-
guage suffer from the impedance mismatch problem where there is a discrepancy between
data structures in the query language and the application language. In deductive databases,
as the same language is used to express the facts and rules that make up the database, and
queries on the database, there is no impedance mismatch problem. Also, because deductive
databases store rules in the database, and constraints ensuring that only semantically correct
modifications are made to the data can be expressed as rules, constraints can be stored in
the database rather than embedded in application programs. Deductive databases preserve
the firm mathematical foundation of relational databases and, using this well-understood
foundation, much work has been done on their application to problems involving recursive
or cyclic data [16, 52, 102], on the semantics of databases with increasingly complex combi-
nations of recursion, negation and aggregates [41, 61, 75, 98, 104, 106], on query optimiza-
tion [17, 15, 59, 103, 106], and on integrity constraint maintenance [26, 78].

However deductive databases fail to significantly improve the data modeling capabilities
of the relational model. For example, it is not possible to encapsulate rules with the data
to which they apply, define a new entity type as a specialization of an existing entity type,
or describe the relationship between two tuples where one is the value of an attribute of the
other.
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1.2 Object-oriented databases

An object-oriented database models the real world as a set of related objects. Each object
has a set of attributes, and methods for accessing and updating its attributes. Attributes
may have complex structured values composed from simple values and objects. Objects are
assigned to classes. Based on the set of attributes and methods available to objects in a class,
classes are arranged in a lattice. In this lattice subclasses represent specializations of their
superclasses. That is, subclasses inherit the attributes and methods of their superclasses
and may have additional attributes and methods of their own. The attributes and methods
inherited from a superclass may be overridden in the subclass. One of the distinguishing
features of the object-oriented model is that the methods are associated with the data. Since
the model has rich modeling capabilities, the disparity between real world entities and the
way they are modeled in an object-oriented database is less severe than in the relational data
model.
The following example illustrates some of the features of object-oriented databases.

Example 1.2.1 This example is part of a running example of Bertino and Martino in [21].
The syntax is similar to the syntax of a language of Oy [39]. Consider a database that
stores details about documents, their title and classification number, and if the document is
a technical report, the date on which it appeared. A possible schema is:

class TRDate
type ( month: integer,
year: integer )

class Document
type ( title: string,
classification: string )
method init(string, string): Document is public

class Tech_Report inherit Document
type ( date: TRDate)

The class TRDate has attributes month and year. The class Document has attributes title
and classification, and method tnit. The class Tech_Report is a subclass of Document, so
Tech_Report inherits attributes title and classification and method init from Document.
The class Tech_Report also has an attribute date whose value is an object of class TR Date.
Consider the following program with respect to the schema:

method body init(t:string, c:string): Document in class Document
{

sel f — title = t;

sel f — classi fication = ¢;

return(sel f)

}

method body init(t:string, c:string): Tech_Report in class Tech_Report
{

sel f Document@Qinit(t, c);

sel f — date — month = current_month;

sel f — date — year = current_year;

return(sel f)



CHAPTER 1 : INTRODUCTION 8

name gills_report : Tech_Report;
run body

{
¥

The method init in class Document assigns a title and classification to the appropriate
attributes. The overriding method init in class Tech_Report specializes the method init in
Document. It applies the method init from class Document and assigns appropriate values
to the attributes of date. The object gills_report of class Tech_Report is created and the
method #nit is applied to object gills_report.

Consider a query that asks for the title and classification of each object in Document
where Document is a collection of Document objects, including Tech_Report objects.

gills_report init(“Foundations of OO Systems”, “QA76.9”)

select tuple (title: d.title, classification: d.classification)
from d in Document.

The answer to this query with respect to the program and schema is (“Foundations of OO
Systems”, “QA76.9”). In this query, navigation is carried out through the object identifier,
assigned to d. O

In relational database design there is a compromise between redundancy of data and
efficiency of access to data. When accessing data, it is better to have large relations and
repeated information since this avoids expensive join operations. When updating a database,
it is better to store the data only once, thus updating it only in one place. Because object-
oriented databases support complex objects, and navigation can be carried out through object
identifiers, join operations and redundancy of data are less of an issue in object-oriented
database design. As attributes and methods are encapsulated, methods can be defined to
check semantics when an update occurs. In relational databases, semantic checking is carried
out in application programs. Such checks are sometimes forgotten and there can be redundant
code where the same checks are carried out in many application programs. Object-oriented
databases allow more information to be included in the database.

Object-oriented databases typically extend an object-oriented programming language,
such as C4++ or Smalltalk, to provide a uniform query and evaluation language [25], although
they often also provide an extension of SQL as a separate query language [40, 39, 110]. The
ability to define a class hierarchy and redefine methods provides significant opportunity for
code reuse, extension and modification [57]. Such databases usually provide environments
where there is no impedance mismatch. Several commercial object-oriented databases have
appeared on the market. These commercial databases lack a mathematical foundation [25,
39, 67, 88, 110]. The lack of a mathematical foundation restricts the construction of effective
design and optimization tools, inhibits usability, and adversely affects reliability.

1.3 Combining deductive and object-oriented databases

It seems natural to try to combine the features of deductive and object-oriented databases
as deductive databases only slightly improve the data modeling capabilities of the relational
model but preserve the mathematical foundation of relational databases and object-oriented
databases provide a rich data modeling capability but lack a mathematical foundation. Such
a combination would include objects, classes, functional methods, multi-valued methods,
(multiple) inheritance, overriding, negation and deduction.

There have been several attempts to do this [32, 38, 68]. The languages defined in these
attempts can be categorized into two groups: a direct and an indirect approach. A direct
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approach defines the semantics of a language directly whereas an indirect approach defines
the semantics of a language by describing a translation from that language to a language
that has a well-defined semantics. Kifer, Lausen and Wu [65] give reasons why it is best to
provide the semantics of a deductive object-oriented language directly rather than indirectly.
They are:

e a translation is merely an algorithm and provides little insight into the nature of object-
oriented concepts the language is designed to model,

e even for simple programs, their image is not easily understandable, and

e a direct semantics for a language shows a way of defining a proof theory that is tailored
to that language.

There are approaches that do provide the semantics directly. In general these approaches do
not present the features in a uniform, simple, and elegant manner. The description of F-logic
in [65] provides a direct semantics of a large set of concepts. However, it was demonstrated
in [74] that F-logic is not easy to implement.

In this thesis, we intend to provide an alternative description to F-logic with the aim
of providing additional insight into how to apply and effectively implement these concepts.
We capture the main features of deductive and object-oriented databases in a logic-based
language and analyze different aspects of this language in a uniform and simple setting. In
order to maintain a simple setting, in the body of this thesis, we consider data and queries
only, and postpone the study of updates to future work.

This thesis presents a complete data and query language and studies its properties. Ear-
lier, more restrictive versions of the language were presented in [44] where the language was
restricted to objects, predicates, types, functional methods, deduction, inheritance and over-
riding, and in [45], where multi-valued methods and multiple inheritance were introduced.
The language described in the body of this thesis is an extension of that in [45] and includes
negation.

1.4 Thesis outline

In this thesis, we describe a new way to combine deductive and object-oriented databases.
We describe a language, Gulog, that has objects, classes, functional methods, multi-valued
methods, (multiple) inheritance, overriding, predicates, negation and deduction.

Chapter 2 reviews definitions that are used later in the thesis. First, concepts from the
areas of logic programming and deductive databases are described. Then, concepts from
the area of object-oriented databases are discussed. Finally, related work in which differ-
ent approaches to combining deductive and object-oriented databases are described in this
chapter.

Chapter 3 introduces the new approach to combining deductive and object-oriented data-
bases. It starts with an example that portrays how the concepts introduced in Chapter 2
are expressed in the new language. Then there is a formal description of the syntax of the
logic language, Gulog. A deductive object-oriented database is a Gulog program. A query is
the body of a Gulog clause. Later when we discuss the semantics of a program we require
a class of programs with the following restrictions: no conflicting definitions due to multiple
inheritance; all functional methods are single-valued; no cycles in the definition of an atom
with respect to negation and deduction; and no cycles in the definition of a method with
respect to inheritance and deduction. In Chapter 3, we introduce this class of programs and
call them “simple” programs. The model-theoretic or declarative semantics of the language
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is described. It captures the intended meaning of a deductive object-oriented database. We
prove that every simple program has a unique intuitive model. Finally, we show how any
Gulog program can be modeled in a subset of Gulog, without negation. This hints at the
relationship between inheritance and overriding, and negation.

Chapter 4 describes query evaluation procedures. First, a bottom-up query evaluation
procedure is described for deductive object-oriented databases. Next, we prove that this pro-
cedure is sound and complete for simple programs with respect to the declarative semantics
described in the previous chapter. A query procedure is sound if it returns only expected
answers, and complete if it returns all the expected answers with respect to the declara-
tive semantics. As a goal-directed procedure is more efficient under some circumstances, a
top-down query evaluation procedure is also described. We prove that the top-down query
evaluation procedure is sound for simple programs with respect to the declarative semantics.
However, this procedure does not always terminate so is not complete. So, we describe a
top-down procedure with a tabling mechanism and prove that this procedure is sound and
complete for simple programs with respect to the declarative semantics.

Chapter 5 describes a translation from Gulog to Datalog with negation, a theoretical
deductive database language, and proves that the translation is correct for simple Gulog
programs. This translation facilitates an indirect approach to query evaluation that was
referred to in Section 1.3, thus providing an alternative query evaluation procedure to those
presented in Chapter 4. The translation also provides the relationship between a language for
deductive object-oriented databases and a well-understood language for deductive databases.

Chapter 6 describes extensions to Gulog, demonstrating how the semantic approach taken
in this thesis can be used to describe a wider range of features. The first extension is a
generalization from the class of simple programs to a larger class of m-simple programs.
There are programs that belong to the larger class, but not the smaller class, that have a
natural semantics. The natural semantics of m-simple programs is defined in this chapter. We
give a translation to modularly stratified Datalog, and prove that it is correct for m-simple
programs. This translation provides an evaluation procedure for m-simple programs in the
same way that the previous translation provided an evaluation procedure for simple programs.
Part of the restriction to simple and m-simple programs involves eliminating programs that
have conflicting definitions due to multiple inheritance. An alternative way to deal with such
conflicts is to let the programmer specify from which class a method is inherited. The second
extension adds “roled atoms” to the language. Roled atoms provide an alternative way to
handle multiple inheritance and also allow the modeling of monotonic inheritance. The third
extension adds aggregate and arithmetic operators to the language. The extensions make the
language more expressive.

Chapter 7 reviews the main results, describes how they relate to other work, and considers
future work.



Chapter 2

Basic Definitions

This chapter provides the background in deductive databases and object-oriented databases,
which is assumed in the following chapters. The definitions in Section 2.1 are based on those
of Lloyd [77]. The definitions in Section 2.2 are based on those of Atkinson et al. [13], Bertino
and Martino [21], and Cattell [31].

2.1 Deductive databases

This section provides definitions and reviews research in the areas of deductive databases and
logic programming. Deductive databases are closely related to logic programming. We first
restate well-known definitions, and then discuss some of the current research in the area.

Much of the field of logic programming is based on first-order logic. First-order logic has
two aspects: syntax and semantics. The syntactic aspect is concerned with what formulas
are admitted by the grammar of a formal logic. The semantics is concerned with the meaning
attached to the symbols in the formulas. A first-order language contains variables, proposi-
tional connectives, quantifiers, punctuation symbols, constant symbols, function symbols and
predicate symbols.

A term is defined as follows:

e A variable is a term.
e A constant is a term.
e If fis an n-ary function and #y,...,t, are terms, then f(¢1,...,%,) is a term.

If pis an n-ary predicate symbol and ?¢y,...,%, are terms, then p(ty,...,%¢,) is an atom.
An atom is ground if it contains no variables.

A literal is an atom or the negation of an atom. A positive literal is an atom. A negative
literal is the negation of an atom. A program is a set of clauses where each clause has the
form A « Ly A---AL,. The head of the clause, A, is an atom. The body of the clause,
Ly AN---A Ly, is a conjunction of literals. A goalis a clause with an empty head. A clause is
ground if it contains no variables.

The semantics of a logic programming language may be defined in three ways: proof-
theoretic, model-theoretic, and fixpoint. The proof-theoretic semantics views a program as a
conjunction of formulas and the meaning of the program is the set of formulas that can be
proved from the program. The model-theoretic or declarative semantics considers the meaning
of the program to be a particular minimal model for the program. The fizpoint semantics
defines the meaning of a program as the least fixpoint of an immediate consequence operator
associated with the program.
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The model-theoretic semantics of first-order logic is defined by an interpretation that
consists of a non-empty domain and which assigns a meaning to each non-logical symbol in
the language. Because in logic programming we are interested in the set of ground facts
derivable from a set of clauses, we can restrict the interpretations we consider to Herbrand
interpretations of a language. To define Herbrand interpretation, we need the notions of
Herbrand universe and Herbrand base.

The Herbrand universe, Uy, of a language L is the set of all variable free terms that may
be constructed from the constants and function symbols of L. If language L has no constants,
we add one so the ground terms can be formed.

The Herbrand base, By, of a language L is the set of all ground atoms that can be formed
by using the predicates from L, with ground terms from the Herbrand universe as arguments.

We regard the language L associated with a program P as being fixed, and hence we use
both Uy, and Up interchangeably to denote the Herbrand universe of L, and we use By, and
Bp to denote the Herbrand base of L.

A Herbrand interpretation, I, for P consists of a set of ground atoms of P which is a
subset of the Herbrand base of P. A Herbrand interpretation I of P is a Herbrand model of
P if each clause of P is true with respect to I.

Generally, an interpretation I is a model for a program P if every clause of P is true in I.
We write P |= w if a clause w is true in all models of P.

There are classes of programs based on sublanguages that are interesting for different
reasons. In definite programs, the body of each clause is a conjunction of atoms. They
are an interesting class of programs because they are easy to understand and have a simple
declarative meaning. A generalization of definite programs is normal programs, where the
body of each clause is a conjunction of literals (positive and negative literals). There is a
subclass of normal programs called stratified programs that restrict the use of negation and
has a well-defined semantics [90].

Example 2.1.1 Consider the following stratified program P.

p(z) « —q(z).
q(a).

Assume a is the only constant of the language associated with P. Then in P ¢(a) is true,
and for any value of z, p(z) is true if ¢(z) is false. The only value we can assign to z is a.
Thus, the only fact we can deduce from P is that ¢(a) is true. A model or intuitive meaning

of Pis {q(a)}. O

There are normal programs that are not stratified and yet have a model that clearly seems
to be appropriate.

Example 2.1.2 Consider the following non-stratified program.

p(a) < —p(b) A —p(c).
p(b) « —p(a).
p(e).

An intuitive model for this program is {p(b),p(c)}. O

The well-founded semantics [105] provides a meaning to all normal programs. The well-
founded semantics generalize the stratified approach and provides intuitive, reasonable se-
mantics for non-stratified programs.

An evaluation procedure is used to determine whether a goal is true or false with respect
to a program. There are two kinds of evaluation procedures. The top-down evaluation
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procedure is related to the proof-theoretic semantics, and the bottom-up evaluation procedure
to the fixpoint semantics. A bottom-up procedure starts with the program facts and applies
the clauses to obtain new facts until all derivable facts have been generated [12]. A top-
down procedure starts with the goal and verifies the body of the appropriate clauses in
order to make the goal true. SLD-resolution is a common top-down evaluation procedure for
definite programs [77]. Optimization techniques make these procedures viable in practice. In
particular magic sets [17] focus the procedure on the data relevant to the query for bottom-up
procedures and tabling [41] eliminates infinite loops when there is recursion in programs for
the top-down procedures. The correctness of a procedure can be measured with respect to
the model-theoretic semantics. Suppose S is the well-founded model of a program [105]. A
procedure is sound if whenever the answer to the goal w is true in the procedure then S |= w,
and complete if whenever S |= w then the answer to the goal w is true in the procedure.

Now, consider deductive databases. A database is a program. A query is a goal. There is
an interesting theoretical language called Datalog. A Datalog program is a definite program
without function symbols. Thus, Datalog programs avoid infinite domains that can lead to
infinite sets of answers. A Datalog program is a specialization of a definite program. Datalog
with negation is Datalog with literals allowed in the body of clauses.

Although allowing negated atoms makes a language more expressive, it also complicates
the semantics. Negation is defined implicitly; that is, anything that is not true in the program
is assumed false. Przymusinski described the model-theoretic semantics for normal programs
in [90]. With top-down evaluation, one treats negation as the failure to find a positive solution
to an atom [77]. With bottom-up query evaluation, a fact is false if it is not an element of
the model generated [12].

Extensions to logic programming include aggregate and arithmetic operators, typing,
single-valued data functions, and complex values such as sets. Arithmetic operators [33] and
aggregate operators [104] have been added to logic programming and deductive databases in
order to make the language more expressive. In [33], Chandra and Harel represent arithmetic
operators as infinite relations over the set of numbers. The standard declarative semantics,
bottom-up and top-down query evaluation procedures have been extended to incorporate
aggregate operators [60, 75, 85, 92, 94, 104].

Example 2.1.3 Consider a database that stores information about employees in the form
employee(Name, Dept, Salary). Using aggregates, it is possible to define a clause to deter-
mine the average salary for each department.

avg_salary_per_dept(Dept, AvgSal) +
group_by(employee(N ame, Dept, Salary), [Dept], AvgSal = avg(Salary)).

This clause groups facts by department, and calculates the average salary for each department.
O

Types provide a natural way of capturing the domain concept of relational databases in
deductive databases. The fundamental typing scheme is to use typed first-order logic or
many-sorted logic [77], where there are several sorts of variables each ranging over a different
domain. Many other schemes have been proposed [86, 89]. One scheme that has some of
the features required for object-oriented databases was proposed by Hill and Topor [54], who
describe a polymorphic type system for logic programming that includes parametric and
inclusion polymorphism. Inheritance can be modeled using inclusion polymorphism.

Example 2.1.4 Consider the type declarations:

spot:terrier
terrier < dog
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which state that constant spot is of type terrier, and terrier is a subtype of dog, and a clause
(Vz:dog)legs(z,4).
The clause states that all dogs have 4 legs, so spot has 4 legs. O

Cardelli and Wegner [28] have investigated a more general typing system for functional
programming. The authors provide a characterization of a type system that includes abstract
data types, parametric polymorphism and multiple inheritance in a consistent framework.
The authors introduce a language called Fun that is based on A-calculus. Although this is a
functional programming language rather than a logic programming language, this work does
provide insight into strongly typed object-oriented languages.

Single-valued data functions have also been included in logic programming languages [5].
Allowing single-valued data functions provides a way to state functional dependencies ex-
plicitly. For example, it provides a way of showing that a person has only one age. Thus
more information can be expressed in the program, which in turn can be used in query opti-
mization. Abiteboul and Hull [5] extend Datalog to incorporate single-valued data functions.
These data functions can be facts or derived using clauses. Obviously, a program may not be
consistent because a derived function may evaluate to something that is not single-valued.
The authors show that detecting consistency is undecidable. However, they do present several
cases where consistency is decidable.

It is also recognized that forcing terms to be atomic values is restrictive. Indeed logic
programming languages already allow functions, lists and tuples. There are various attempts
to add sets and other complex objects to logic programming languages. Complex objects
are values obtained using set and tuple constructors. In [70], Kuper introduces sets by al-
lowing restricted universal quantifiers in the body of a clause, and considering a two-sorted
logic. Naqvi and Tsur describe how sets are dealt with in LDL in [87], using rule rewrit-
ing techniques. One of the attractive properties of logic programming is its equivalence to
relational algebra. Obviously complex structures upset this relationship. Abiteboul and
Beeri [2] present an extended algebra and a logic language with complex objects and prove
their equivalence.

To summarize, like relational databases, deductive databases have a firm mathematical
foundation. Deductive databases extend relational databases by providing capabilities for
defining and efficiently evaluating recursive views, significantly extending the class of queries
that can be expressed. As the same language is used to express the facts and clauses that
make up the database, and queries on the database, there is no impedance mismatch problem.
As deductive databases store clauses in the database, and constraints ensuring that only se-
mantically correct modifications are made to the data can be expressed as clauses, constraints
can be stored in the database. Deductive databases slightly improve the data modeling ca-
pabilities of the relational model and as we have illustrated above, they can be extended to
include negation, aggregates and arithmetic operators, typing, and complex structures.

The main disadvantage of deductive databases is that they fail to significantly improve
the data modeling capabilities of the relational model and hence do not address the problem
of translating data from a “real world” model to an “implementable” physical model.

2.2 Object-oriented databases

Atkinson et al. [13] proposed an early definition of object-oriented databases. They described
the features of object-oriented databases and divided them into three categories: the features
a system must have to qualify as an object-oriented database; features that can be added
to make a system better; and features where the designer has a choice. In their description
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of object-oriented databases, Bertino and Martino [21] did not use the categories proposed
by Atkinson et al. but adopted descriptions from the definition of Atkinson et al. Although
there is still no common model and no standard for object-oriented models, the concepts
in the area of object-oriented databases are becoming clearer and there are moves towards
standardization, such as ODMG-93 [31]. Because many of the concepts are closely related to
similar concepts in the area of object-oriented programming languages, we include references
to object-oriented programming languages. There is an example in Section 3.1 that helps
clarify the concepts described in this section.

When designing a database, it is necessary to consider the universe of discourse, and
define a schema for this universe. The schema in an object-oriented model consists of object
templates and relationships between these templates. The object templates describe the
structure of objects, this includes the structure of both the data and the behavioral aspects
of the objects. The object templates are called classes or types.

The terms “class” and “type” are often used interchangeably. Usually there is no distinc-
tion between the two concepts in programming languages. In languages that do differentiate
between type and class, such as that of America [11], type is a static concept whereas class is
a dynamic concept. Types are used for checking the correctness of a program and cannot be
modified at run-time. Classes are not used for checking the correctness of a program. They
are used for generating and grouping objects. A class can be modified at run-time. Having
different terms for the two concepts is usually unnecessary and complicates the description,
so we will continue to use the term type to cover both concepts. Thus a type defines the
state and behavior of its instances.

In object-oriented database systems, each real world entity is represented by an object.
Each object is an instance of a type, so each object belongs to a type. Each object is identified
by a unique object identifier (oid). Complex objects are objects that are built from other
data structures, including other objects. Object identifiers facilitate object containment.
Each object has a state and a behavior. In fact, an object is said to encapsulate both
state and behavior. That is, no operations outside those specified in the interface can be
performed on the object. Encapsulation provides a form of logical data independence where
application programs are protected from implementation changes in the lower layers of the
system. State is expressed by a set of attributes and behavior by a set of methods. Methods
specify operations on attributes and are used to access the attributes. Thus, methods form
the interface between the data and the user. Some systems do not differentiate between
methods and attributes.

The definition of a method has two components: signature and body. The signature
specifies the name of the method, the types of the arguments, and the type of the result
(if there is one). Some languages, like Smalltalk [50] do not require a signature. In other
languages, like CLOS [84], the signature is optional. The body represents the implementation
of the method and consists of a set of instructions expressed in a programming language.
Methods can be functional or multi-valued. A functional method returns only one value when
the method is applied to an object with a given set of arguments. Such methods are also
called single-valued methods. For example, a person has only one birthdate. So birthdate
could be implemented as a functional method. A multi-valued method returns one or more
values when the method is applied to an object with a given set of arguments. Multi-valued
methods are also called relational methods. For example, a person may have many children.
So children could be implemented as a multi-valued method. An attribute definition is like a
method definition without a body.

Recall that a type defines the structure and behavior of objects of a particular kind. It
defines the attributes and methods of objects of that type and the relationships in which
objects having this type can participate. For example, objects of type person can have
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attributes name, address and phone number, and methods for accessing these attributes.
Address may be an object so there is a relationship between objects of type person and
address.

Types are organized in an hierarchical manner. Specialization inheritance [69] defines
an inheritance hierarchy where a subtype is a specialization of its supertype. That is, a
subtype inherits the attributes and methods of its supertype, and may also have attributes
and methods of its own. For example, student may be thought of as a specialization of person
as student has the same characteristics as person plus a student number. The intention is
that an instance of a subtype may be treated like an instance of each of its supertypes.

An obvious generalization of this is multiple inheritance, where a type inherits directly
from more than one parent. In this case, the types are organized in a directed acyclic graph.
For example, teaching assistant inherits the characteristics of student and employee, and
may in turn have extra characteristics of its own. Multiple inheritance can lead to conflicting
definitions where a type can inherit an attribute or method with the same name and the
same number of arguments from different supertypes. The conflicts can be in the method and
attribute signatures or in the method and attribute definitions. There are two approaches
to resolving conflicting signatures, the conflicts can be prohibited, or the signature in the
subtype can be required to conform with all the conflicting signatures, as in CLOS [84].
There are four main approaches to resolving conflicts in method and attribute definitions:

e Prohibit conflicts. This approach is taken in C++4 [76] and Eiffel [82]. Eiffel also
provides a way to rename attributes and methods in subtypes to help avoid conflicts.

e Provide a static ordering on supertypes that determines which supertype should be
inherited from first, next and so on. This approach is taken in CLOS [84], where the
ordering on supertypes in which conflicts could occur depends on the order in which
they are specified in the list of supertypes for a type.

e Allow the user to write programs that determine which supertype to inherit from. This
is the approach taken in O3 [39].

e Allow any of the conflicting definitions to be correct. This approach is taken in

LEO [81].

With inheritance, a type inherits attributes and methods from its supertypes. It is some-
times useful to be able to redefine these attribute and method definitions at a lower level in
the graph. This redefinition is known as overriding.

In [30], Cattell describes four kinds of inheritance. They are: specification, where the
subtyping depends on something like the value of an attribute; classification, where subtypes
have the same attributes and methods as supertypes and subtyping is used simply to classify
objects; specialization, where subtypes may have additional attributes or methods to a super-
type; and implementation, where subtypes provide different implementations of the methods
defined in a supertype. Using specialization inheritance with overriding, it is possible to
model these four types of inheritance.

Queries are used to extract information from database systems. In the object-oriented
setting, a query is generally formulated on a set of instances of a type and consists of a boolean
combination of predicates expressing conditions on the attributes of the objects. Queries can
also invoke methods.

Persistence is an important issue in object-oriented database systems. There are three
main approaches:
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e Persistence is an implicit characteristic of all instances of types. That is the creation
of an instance has the effect of inserting the instance in the database. This approach is

used in ORION [67].

o Persistence is explicit. An instance created during the execution of a program is deleted
at the end of the program, unless it is made persistent. This approach is used in O [39].

e An intermediate approach where types are categorized into persistent types and tem-
porary types. All instances of persistent types are automatically created as persistent
instances, whereas this doesn’t happen with instances of temporary types. This ap-
proach is used in the E language [29].

The advantages of object-oriented databases over relational databases include their data
modeling capabilities, such as being able to model complex objects directly, and being able
to define an entity type as a specialization of an existing entity type. Other advantages
include mechanisms for associating operations with data, sharing method definitions through
inheritance, removing the behavioral semantics of objects from application programs and
mechanisms for providing an identity that is separate from the state of the object.

A mathematical foundation can give a meaning to the data, provide a basis for database
design, allow the use of simple declarative query languages, and enable queries to be opti-
mized automatically. One of the common criticisms [21] is that object-oriented databases are
not based on a coherent model or mathematical foundation. This is the issue that we are
addressing in this thesis.

2.3 Combining deductive and object-oriented databases

It seems natural to try to combine the features of deductive and object-oriented databases.
The result, deductive object-oriented databases, would have a rich modeling capability and a
firm mathematical foundation. It is necessary to deal with the following declarative aspects
of object-oriented databases: objects with associated state, inheritance including multiple
inheritance, attribute and method overriding, and attributes with complex values. It is
necessary to consider clauses that can define objects, attributes and methods. In this section,
we discuss concepts which arise due to the combination of object-orientation and logic, and
review approaches that have influenced the area of deductive object-oriented databases. We
divide the approaches into the following groups:

e combining object-orientation with logic to build a programming language,

e studying object-oriented concepts in a mathematical framework, with the aim of for-
malizing the notions underlying object-oriented systems,

e studying object-oriented concepts in a mathematical framework, with the aim of build-
ing object-oriented databases or query languages.

We first describe some properties used in this section, including the non-monotonic behavior of
inheritance with overriding, monotonic inheritance, static versus dynamic overriding, different
approaches to the interaction of inheritance and recursion, and the credulous versus the
skeptical approach to resolving ambiguities due to multiple inheritance.

In the previous section, we described overriding as the redefinition of methods and at-
tributes in subtypes. Overriding causes non-monotonic behavior. That is, adding a new
clause to a database can make false something that was previously true. For example, sup-
pose sub is a subtype of super and there is an object o of type sub, as shown in Figure 2.1.
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Suppose there is only one fact in the database and it assigns the value 3 to method m for any
object of type super. Then, due to inheritance and because there are no clauses that define
method m for objects of type sub, we can deduce that object o has value 3 for method m.
Suppose now that we add another fact to the database that assigns the value 4 to method m
for any object of type sub. Because this new clause overrides the old clause for objects of
type sub, object o has value 4 for method m, and it is no longer true that object o has value
3 for method m.

Objects of type super have super Objects of type super have

super
value 3 for method m value 3 for method m

Objects of type sub have
value 4 for method m

sub sub

(o) m=3 (o ) =3 m=4

Figure 2.1: Non-monotonic behavior of overriding

Monotonic inheritance is inheritance without overriding. For example, in Figure 2.1 after
the new clause is added with monotonic inheritance object o has value 4 and value 3 for
method m.

Abiteboul et al. [7] give a translation from a deductive object-oriented language to Datalog
with negation. In this paper they defined two types of overriding: static and dynamic. With
static overriding, if there is an overriding definition, it overrides the definition in the parent
regardless of the value of the body of the definition. With dynamic overriding, an overriding
definition overrides only if the body of the overriding clause is true. Suppose again, sub is a
subtype of super and there is an object o of type sub, as shown in Figure 2.2. Consider a
database with two clauses. The first assigns the value 1 to method m for any object of type
super. The second assigns the value 2 to method m for any object of type sub if the value
of method n applied to the same object is 2. Suppose that the value of method n applied
to object o is not 2. Then using static overriding, the value of method m when applied to
object 0 is not 2 and inheritance does not take place, so we can say nothing about the value
of method m when applied to object o. Using dynamic overriding, the value of method m
when applied to object o is not 2, but inheritance does take place so the value of method m
when applied to object o is 1.

The semantics of the interaction of overriding and recursion is not well defined. There
are two possibilities in the case of dynamic overriding. Suppose sub is a subtype of super,
and a method m is defined on super and redefined on sub. If the definition of method m in
sub does not override the definition of method m in super for object o, then the definition in
super is applied. For a recursive call in the body of the clause for method m in super there
are two possibilities. Either the definition of method m in super is reapplied or the definition
in type sub is tried again.

Inheritance with overriding has also been studied in the area of Artificial Intelligence [101].
However, in this field dynamic overriding is not considered and types, instances and attributes
are not distinguished. Two approaches to conflicting definitions due to multiple inheritance
are described in the literature: the skeptical and credulous approaches. With the skeptical
approach, neither of the conflicting definitions is inherited. With the credulous approach, one
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Objects of type super have
value 1 for method m

super

Objects of type sub have value 2
for method m if method n has value 2

sub

@ static overriding: m is undefined

dynamic overriding: m=1
Figure 2.2: Static vs dynamic overriding

of the conflicting definitions is inherited. The standard example used in the literature [101] is
the Nixon diamond shown in Figure 2.3. In this figure, Nizon is a Quaker and a Republican;
Quakers are Pacifists; Republicans are not Pacifists. The conflict is then whether Nizon is a
Pacifist or not. Taking the credulous approach we deduce that either Nizon is a Pacifist, or
Nizon is not a Pacifist. Taking the skeptical approach we can deduce nothing about Nizon
and Pacifism.

Pacifists

Republicans

Nixon

Figure 2.3: Nixon Diamond

We now investigate the various approaches that have influenced deductive object-oriented
databases. We investigate two examples of combining object-orientation with logic to provide
a programming language. McCabe described L&O [81] which is a deductive object-oriented
language with overriding. Although the author’s motivation was to describe a logic language
that supported programming-in-the-large, much of his work can also be applied in the area
of databases. McCabe does not distinguish between classes and objects. In [81], McCabe
describes two kinds of inheritance. The first is where relations defined in the type template are
inherited, not the definitions. This approach is taken in L&O. In the second, the definitions
themselves are inherited. This approach can be modeled in L&O using the keyword self. The
two approaches are illustrated in the following example. Suppose sub is a subtype of super
and there is an object o of type sub, as shown in Figure 2.4. Suppose the value 1 is assigned
to method n for any object of type super, the value 2 is assigned to method n for any object
of type sub, and the method m is assigned the value of n for any object of type super. Using
the first approach, method m has value 1 for object 0. Using the second approach, method m
has value 2 for object o. If the clause on super is changed such that the method m is assigned
the value of n when applied to the object o, then using the first approach method m has
value 2 for object 0. All definitions are inherited unless specifically overridden. Thus, with a
conflict due to multiple inheritance, the credulous approach is adopted. The semantics of LEO
programs is given by translating Lé&QO programs to logic programs. This provides little insight
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into how inheritance, overriding and deduction interact. Query processing too is described
using a translation to Prolog. McCabe does mention that Gurr has provided an independent
semantics for L&QO, based on the fact that an LEO program comprises independent programs
that interact. This approach is similar to that described by Brass and Lipeck [23] where the
global semantics of a program is defined in terms of the local semantics of each object in the
program.

Objects of type super have Objects of type super have
value 1 for method n value 1 for method n

super ) super )
If objects of type super have If objects of type super have
value y for method n, then they value y for method n, then they
have value y for method m have value y for method m

sub Objects of type sub have sub Objects of type sub have
value 2 for method n value 2 for method n

o)

B =
il
@
B =
I
MI\D

Figure 2.4: Inheritance in L&O

In [58], Jouannaud, Kirchner, Kirchner and Megrelis describe OBJ, which is a declarative
language whose semantics is given by order-sorted equational logic, and whose operational
semantics is based on order-sorted term rewriting. This approach stems from the area of
artificial intelligence. OBJ supports objects, classes, subclasses, overriding, and multiple
inheritance. Because term-rewriting is used, this setting is not conducive to understanding
the procedural aspects of object-oriented databases.

There are a number of groups of approaches that aim to formalize the notions underlying
object-oriented systems. In [19], Beeri discusses efforts to extend the relational model and
its languages so as to capture some object-oriented features. The author describes an object
model in which structural inheritance, object identity, and classes are represented. In this
model the schema is separate from the data, sets are represented as predicates, and each
object is its own identity. The answer to a query is a relation.

One of the initial attempts to formalise the notions underlying object-oriented systems was
O-logic [80]. Maier describes how objects, a class hierarchy and methods can be represented
in a logic using object identity, labels and types.

Two papers that followed from Maier’s work were [36] and [66]. Chen and Warren [36]
introduce a logic called C-logic. Each formula in C-logic can be transformed into an equivalent
first-order formula. Static type constraints and single-valued labels are not built into the logic
but can be added on top of it if needed.

In [66], Kifer and Wu extended O-logic to incorporate sets and a way to deal with
inconsistent information, and devised a sound and complete proof procedure.

This work was extended in [65] by Kifer, Lausen, and Wu who define a logic called
Frame Logic (or F-logic) that accounts for most of the structural aspects of object-oriented
and frame-based languages. Frame-based languages in Artificial Intelligence are also built
around the concepts of complex objects, inheritance and deduction. The authors define a
model-theoretic semantics and a sound and complete resolution-based proof procedure for
F-logic. However, the proof procedure addresses only the monotonic part of I-logic. The
authors do not distinguish between classes and objects, but they do differentiate between
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the relationships between them. That is, the subclass relationship has different semantics
from the instance relationship. Attributes and methods are defined as inheritable or non-
inheritable. They adopt the credulous approach to conflicting definitions due to multiple
inheritance. In F-logic, ground clauses are inherited and overriding is dynamic.

In [8], Ait-Kaci and Nasr define a language called LOGIN and describe a unification
procedure that deals with inheritance. They do not differentiate between classes and objects,
nor functional and multi-valued methods. They adopt the skeptical approach with regards
to conflicts due to multiple inheritance. Ait-Kaci and Podelski went on to define a language
called LIFE [9], which has more features than LOGIN. However, when the authors introduce
the formal semantics of LIFE they describe only the semantics of LOGIN, on which they claim
the semantics of LIFE can be defined. LOGIN is an example of a wider class of languages
called feature-description languages [97].

Of the approaches that aim to formalize the notions, [19] does not address behavioral
inheritance, and [19, 36, 66] and [80] do not address conflicts due to multiple inheritance or
overriding.

There are also a number of groups whose aim was to build object-oriented databases or
query languages. In [4], Abiteboul and Grumbach describe COL, a typed logic based language
for manipulating complex objects. Besides base and derived relations, base and derived “data
functions” are considered. Data functions can be functional or multi-valued.

In [6], Abiteboul and Kanellakis describe IQL, which is an extension of COL. The au-
thors describe an object-based data model and introduce IQL, which they describe as a
mathematical model of computation with types and a useful high-level query language. Most
significantly, IQL treats inheritance as a specialization of union types.

In [1], Abiteboul has described another language based on the model that is used in 1QL.
The language is built around the COL and IQL languages and separates the schema and
instance. The language has a deductive core with additional elaborate control structures.
A fixpoint semantics is provided for the core language with dynamic overriding. Abiteboul
then explains how the language and fixpoint procedure can be extended to include static
overriding, and discusses the consistency of functional methods, proves that a compile-time
check is undecidable, and concludes that a consistency check at runtime is suitable.

Laenens and Vermeir study ordered logic programming in [73], introducing a model and
proof theory for their language. This approach stems from the area of artificial intelligence.
In their work, the authors do not distinguish between objects, classes and attributes, or
the subclass and instance relationships. The skeptical approach is adopted with regard to
conflicts due to multiple inheritance.

Brass and Lipeck described a bottom-up query evaluation procedure [24]. In this paper
they allow disjunctive information, which provides an alternative way of dealing with conflicts
due to multiple inheritance. It is possible to say that one definition or the other is true.
However the semantics of disjunctive languages are a lot more complicated.

In [22], Bertino and Montesi define a logical object-oriented language for databases based
on LDL [87]. As in L&O [81], an object is a theory. The authors distinguish between classes
and objects. Classes are used for object grouping and defining methods. There is little type
information, and no separation between schema and data. The authors describe two kinds
of inheritance: monotonic inheritance and inheritance with overriding. The semantics of
overriding is static. Unlike most of the work in this area, the authors investigate updates.

Lou and Ozsoyoglu extend Datalog to include object-oriented features [79]. The resulting
language is LLO. In LLO, the schema and data are separate. Methods are defined by clauses,
and inheritance is achieved through type and unification mechanisms. The unification mech-
anism searches the class inheritance hierarchy bottom-up to find the method with “best”
matching type. This method is the appropriate method with respect to overriding.
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Finally, Abiteboul et al. [7] give a translation from a deductive object-oriented language
to Datalog with negation. Although this provides an evaluation procedure for deductive
object-oriented languages, it provides little insight into the semantics of such languages.

Of the approaches where the aim is to build a system, [4] does not address inheritance, [4]
and [6] do not address overriding, and [1, 4, 6] and [22] do not address multiple inheritance.

2.4 Summary

In this chapter, we first describe concepts and current research in the area of deductive
databases, and then we describe the key concepts of object-oriented databases. Deductive
databases do not significantly improve the data modeling capabilities of relational databases
but they do retain a firm mathematical foundation. Object-oriented databases have powerful
data modeling capabilities but lack a mathematical foundation.

In order to reap the benefits from deductive and object-oriented databases, it seems
natural to combine them. In Section 2.3, we reviewed related work which describes attempts
to combine deduction or logic and object-orientation. These attempts fall naturally into the
following three categories:

e combining object-orientation with logic to build a programming language,

e studying object-oriented concepts in a mathematical framework, with the aim of for-
malizing the notion underlying object-oriented systems,

e studying object-oriented concepts in a mathematical framework, with the aim of build-
ing object-oriented databases or query languages.

In this thesis, we follow the third approach and propose a new language, Gulog, that
combines the features of deductive object-oriented databases in a uniform and simple man-
ner. We provide both direct and indirect semantics for Gulog, we describe query evaluation
procedures and prove they are sound and complete with respect to the semantics for a useful
class of programs. The main features of Gulog include inheritance (and multiple inheritance),
overriding, functional methods, multi-valued methods, objects, predicates, types, deduction
and negation. We later extend Gulog and provide semantics and sound and complete query
evaluation procedures with respect to the semantics for these languages that are extensions

of Gulog.



Chapter 3

A Simple Deductive
Object-Oriented Language

In this chapter, we describe the syntax and semantics of Gulog. Gulog can be considered as
either a deductive object-oriented logic or as a deductive object-oriented database program-
ming language. In the latter interpretation, each program in the language, which includes
both facts and clauses, corresponds to a database. Similarly, goals in the language correspond
to queries.

The syntax of Gulog is based on that of F-logic [65], which originated from Maier’s O-
logic [80], which in turn was strongly influenced by LOGIN [8]. In order to concentrate on
the semantics of inheritance and overriding in a well understood context, schema declarations
are separated from data definitions, as in the relational approach. Predicates (or relations)
are part of the model. There are four reasons for having predicates in the language:

e the answer to a query can be represented as a predicate,
e the model is closed under query evaluation,
e it is not necessary to create a new object as an answer to a query, and

e predicates eliminate unnatural use of classes.

As in C++4, we distinguish between objects and types (or classes). To maintain a general
approach, method overriding can be defined on specific instances of a subtype. Our approach
to defining the semantics of multi-valued methods is different from that of I-logic in [65], but
both involve dynamic rather than static overriding.

3.1 Overview

In this section, we introduce Gulog using an example that models part of a system used to
diagnose failures in a system of reactors [34]. In this system, sensors measure flow, temper-
ature and pressure. If a sensor reading is “abnormal”, a failure has occurred. The part of
the system that we describe records failures in a group of reactors. Each reactor comprises
a set of parts, and we want to record what kind of failure has occurred on a particular day
for each reactor. In Gulog, we use the following declaration to specify the signature of type
reactor:

reactor|parts=ypart; failureQdate=sf]. (3.1)

In this declaration, symbols reactor, part, date, and sf (system failure) denote types,
while parts and failure denote multi-valued methods. The signature of method parts is
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reactor=s>part. The signature of method failure, which has one argument, is reactor x
date=»sf. A method can be applied to any object in the type on which it is declared, or in
any subtype of that type. For example, the method failure can be applied to any object of
type reactor, or in a subtype of reactor. Its argument must be of type date, or a subtype
of date. The values of this method are of type sf, or a subtype of sf. The classification
hierarchy for failures is given in Figure 3.1.

System
Failure

(f)

Pressure Cooling

System System

Failure (psf) Failure (csf)
Relief Valve Condensor Feed
Vave Control Failure (cf) System
Failure (rvf) Failure (vcf) Failure (fsf)

Figure 3.1: Failure Classification Hierarchy

In Gulog, this hierarchy is written:

psf <sf (3.2)
esf < sf (3.3)
rof <psf (3.4)
vef < psf (3.5)
cf <esf (3.6)
fsf <esf. (3.7)

Declaration 3.2 states that type psf is a subtype of type sf (and sf is a supertype of psf).
The type psf thus inherits methods from type sf.

In Gulog we can also represent multiple inheritance, where a type can have more than
one parent. The type hierarchy then becomes a type lattice. The restriction that types must
form a lattice is sometimes undesirable. However, the restriction simplifies the descriptions
of procedures later in the thesis without limiting the expressive power of the language. To
illustrate a type lattice, we include a type total_failure (tf), to which an object belongs if
all measurements are abnormal. In Gulog, this type lattice is represented by declarations 3.2
to 3.7 along with the following declarations:

tf <rof (3.8)
tf <wvef (3.9)
tf <cf (3.10)
tf < fsf. (3.11)

The relation < is a non-reflexive partial order on the type symbols in the declarations.
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An example of a declaration that indicates that an object is an instance of a type in Gulog
is:

rl:reactor. (3.12)

In this declaration, symbol reactor denotes a type and symbol r1 denotes an object. In this
thesis we assume that object identifiers are system generated and we do not investigate the
creation of object identifiers. We introduce a new type for each declaration — we explain why
we do this below. In this case the new type is r1. We say object r1 is of type r1, or belongs
to type r1 and is of type reactor. We say object o is of type 7 if there is a declaration o:7,
and object o is of inherited type T if o is of type 7 or 0 is of type o and o is a subtype of 7.

The measurements from the sensors for a reactor are presented to the system in a predicate
measurements. The arguments of measurements are of type (or a subtype of) reactor, pres-
sure_sensor, temperature_sensor, relief_valve_sensor, valve_control_sensor, condenser_sensor,
feed_system_sensor, sf. The Gulog declaration is:

measurements(lreactm‘7 pressure_sensor, temperature_sensor, relie f_valve_sensor,
valve_control_sensor, condenser_sensor, feed_system_sensor, sf). (3.13)

The signature of predicate measurements is reactor x pressure_sensor X temperature_sensor
xrelie f_valve_sensor X valve_control_sensor X condenser_sensor X feed_system_sensor X sf.

In a set of declarations, there can be only one declaration for each object symbol, and if
there are two declarations of a method then their types must be consistent with respect to
the standard contravariance principle. Without this restriction type ambiguities would arise.
Schema declarations are ground.

We have described the schema declarations. The data is defined by a set of clauses. A
program or database (with respect to a set of declarations) is a finite set of clauses. Each
object in a program has a single type throughout the program, whereas a variable may be
declared to have a different type in each clause in which it occurs. In the following clause:

{z:reactor,y:sf, d:date} - failure(z,d,y) « z[failureQd—»y] (3.14)

{z:reactor,y:sf, d:date} is a variable typing. The symbol | separates the variable typ-
ing from the rest of the clause. The atom {z:reactor,y:sf,d:date} + z[failure@Qd—»y] is a
method atom, while {z:reactor, y:sf, d:date} - failure(z,d,y)is a predicate atom. Clause 3.14
defines predicate fatlure of arity 3. The syntax of predicate atoms and predicate type dec-
larations appears ambiguous, but they can always be distinguished by the context in which
they appear.

Every functional method atom has the form ' - ¢{m@tq,...,t, — t'] where T is the
variable typing of the variables in t{[m@tq,...,t, = '], ' F tic, ' I t;:¢; (for 1 < i < n),
and T' - t":¢/ are terms (variables or object symbols) where ¢t has type ¢, t; has type ¢;,
and t’ has type ¢/, m is a method symbol, and the terms are consistent with the signature
of functional method m of arity n. Similarly, every multi-valued method atom has the form
[' - t[mQty,..., t,—»t'], where I is the variable typing of the variables in t{m@Qty, ..., t,—»t'],
' tie, I F tiie; (for 1 <4< m),and [' I ¢":¢/ are terms (variables or object symbols) where
t has type c, t; has type ¢;, and ¢ has type ¢/, m is a method symbol, and the terms are
consistent with the signature of multi-valued method m of arity n. Every predicate atom
has the form I' - p(¢1,...,t,), where p is a predicate symbol and each I' - ¢;:¢; is a term
consistent with the signature of predicate p of arity n. Predicate atoms allow us to represent
both base and derived relations in our language, and provide a convenient way of representing
the answers to queries.
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Recall declarations 3.2 to 3.7, and consider clause 3.15 that defines functional method
problem when applied to any object of type sf:

{y:sf} F y[problem — “system failure”]. (3.15)

By inheritance, the method problem also returns the value “system failure” when applied
to any object belonging to a subtype of sf unless the method problem has been over-
ridden for that object. Clause 3.16 defines functional method problem to return a value
“temperature high” for all objects of type csf provided the method temp when applied to
that object has value high:

{y:esf} F y[problem — “temperature high”] « y[temp — high]. (3.16)

Clause 3.16 thus overrides clause 3.15 for objects of type c¢sf whose method temp has value
high. However, if method temp of some object of type csf were low (not high), then the
object would inherit the value for the method problem, with value “system failure” from type
sf.

As described earlier, if there was an object declaration failure:csf, a new type failure
is introduced. This is used to maintain a simple and uniform definition of overriding when
methods are defined directly on instances. Clause 3.17 defines functional method problem to
return a value “thermometer broken” for failure:

failure[problem — “thermometer broken”]. (3.17)

Clause 3.17 thus overrides clause 3.16 for object failure.

Negated atoms are allowed in the body of a clause. Clause 3.18 is used to validate the
data produced. A temperature sensor is recognized as malfunctioning if there is a condenser
failure and the temperature is normal.

{y:cf} + y[mal function — temp_sensor| + —y[temp — high] A —y[temp — low] (3.18)

The method malfunction has the value temp_sensor when applied to an object of type cf, if
the method temp when applied to the same object does not return the value high and does
not return the value low. A literal is an atom or a negated atom. We call a negated atom a
negative literal.

With multiple inheritance, the signature of a method cannot be inherited from more than
one parent because of the constraint that there can be only one type definition for each n-ary
method symbol in a set of declarations. However, the value of a method may be inherited
from more than one parent. This can cause ambiguities. An ambiguity arises if a method
is defined in more than one path to a common type in the type lattice, and neither of the
types on which the method is defined is more specific than the other. For example, consider
the type lattice described in declarations 3.2 to 3.11. Class tf is more specific than types
rvf, vef, cf, and fsf, which in turn are more specific than types c¢sf and psf, which are
more specific than sf. If method problem is defined in types c¢f and fsf only, then method
problem is defined in more than one path and neither ¢f nor fsf is more specific than the
other so there is an ambiguity. However, if method problem is defined in types sf and cf
only, then method problem is defined in more than one path and redefined in a more specific
type so there is no ambiguity. Currently, to simplify our presentation, we prohibit programs
with ambiguities due to multiple inheritance. We discuss alternative ways of dealing with
multiple inheritance in Section 6.2.

A goal or query is a clause with an empty head:

{z:reactor,y:sf} -  z[failure@Ql17May—»y]. (3.19)
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This query asks what system failures occured on 17May, and on what reactor they occurred.

Gulog contains the essential features of objects, types, functional methods, multi-valued
methods, inheritance, overriding, multiple inheritance, negation and deduction. When atoms
are restricted to predicate atoms, the language becomes a form of typed Datalog.

3.2 Syntax

In this section we describe the syntax of declarations, and of programs with respect to a set
of declarations.

The letters 7 and o denote type symbols, a denotes an object symbol, p denotes a predicate
symbol, z, y denote variable symbols, and s, ¢, u terms. Subscripts and superscripts are also
used.

The subtype relationship and types of objects, predicates and methods are expressed
using type declarations.

Definition A declaration is defined as follows:

e If 7 and 7' are type symbols then 7 < 7/ is a type lattice declaration. We say 7 is a
subtype of 7/, 7/ is a supertype of 7, and 7 <; /. For any type 7" such that 7/ <; 7",
T is also a subtype of 7", 7" is a supertype of 7, and 7 <; 7. If 7 <; 7" or 7 = 7" we
write 7 <; 7.

e If a is an object symbol and 7 is a type symbol then « : 7 is an object declaration. We
say a is an object of inherited type 7. For any type 7’ such that 7’ is a supertype of 7,
a is also of inherited type 7'.

e If pis an n-ary predicate symbol and 7, ..., 7, are type symbols then p(ry,...,7,) is a
predicate declaration. We say the signature of predicate p of arity nis 7p X - X 7,.

e If m is an n-ary functional method symbol and 7,7,...,7,, 7" are type symbols then
r[mQry, ..., 7, = 7] is a functional method declaration. We say the signature of
functional method m of arity nis 7 x 7y X --- x 7, = 7/. If m is a 0-ary functional
method symbol, we write 7[m = 7'].

e If m is an n-ary multi-valued method symbol and 7,7,...,7,, 7" are type symbols
then 7[m@ry, ..., 7,=>7'] is a multi-valued method declaration. We say the signature of
multi-valued method m of arity nis 7 x 7y X -+ - X 7,,=7'. If m is a 0-ary multi-valued
method symbol, we write 7[m=7"].

For each object declaration, we introduce another type to the type lattice. As in [8], the
maximal element in the type lattice is T and the minimal element is 1. Let a : 7 be an object
declaration, we introduce type a, such that @ <; 7 and object a is of type a, and inherited
type 7. In a set of declarations, the following conditions must hold:

e there can be only one declaration for each object symbol,

e for any two functional method declarations on method m with signatures o x oy X - - - X
Op_1 = 0p and 7 X 7 X «+- X Tp_1 = T, where 0 < 7, 0; > 7; for all 1 <17 < n, and
On < Tn,

e for any two multi-valued method declarations on method m with signatures o x ¢ X
c X Op_1=p0, and TX Ty X -+ X Tp_1=$>T, Where 0 < 7, 0; > 7; forall 1 <1 < n, and
on < Th.
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The relation <; is a non-reflexive partial order on the type symbols.

Example 3.2.1 Let D be a set of declarations that includes the following;:
e rl:reactor declares that there is an object r1 that is of inherited type reactor.
o psf < sf declares that psf (pressure system failure) is a subtype of sf (system failure).

e reactor[parts=spart] declares a 0-ary multi-valued method parts, which when applied
to objects of type reactor returns values of type part. The signature of 0-ary multi-
valued method parts is reactor=spart.

e measurements(reactor, pressure_sensor, temperature_sensor, relief_valve_sensor, valve_
control_sensor, condenser_sensor, feed_system_sensor, sf) declares an 8-ary predicate
measurements, with signature reactor X pressure_sensor X temperature_sensor X
relie f_valve_sensor X valve_control_sensor X condenser_sensor X feed_system_sensor

xsf. O

Example 3.2.2 Consider the set of declarations D = {tf < rvf,tf < vef,rvf[problem =
string], ve f[problem = string]}. These declarations obey the constraints described above.
Thus, the type definitions do not conflict. O

We now define data definitions. Data is defined by a program with respect to a set of
declarations. As described above, the declarations define a set of types arranged in a lattice,
a set of typed object symbols, a set of functional method symbols each with a given signature,
a set of multi-valued method symbols each with a given signature, and a set of predicate
symbols each with a given signature. It is possible for the same symbol to be used for both
functional and multi-valued methods and predicates, or for a method or predicate of arity n
and a method or predicate of arity m where n # m.

So that we can construct non-ground terms and clauses, we need to assign types to the
variables.

Definition If z is a variable and 7 is a type then x:7 is a typed variable defining variable z

to be of type 7. A wvariable typing is a set of typed variables where each variable is distinct,
and will be denoted by I'.

We say an object or variable s is of type 7 if 7 is its type, and s is of inherited type 7 if
s is of type ¢ and ¢ <; T.

The definitions of terms, atoms, and clauses are similar to those in logic programming
except that in Gulog we include type information. The following definitions are understood
with respect to a set of declarations.

Definition A term is defined as follows:

o ' z:7isa term if z is a variable and = : 7 € I'. We usually write [' - = when the
type of z is obvious. The variable x can be assigned an object a if and only if « is of
inherited type 7.

o ' - a:7isaterm if ais an object of type 7. We write the term simply as @ when the
type of a is obvious.

The term I' ¢ : 7 is called a ground term if ¢ is not a variable.
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Example 3.2.3 Let z be a variable then {z:reactor} - z:reactor is a term. The variable
typing {z:reactor} is separated from z:reactor by the  symbol.
Assume the declaration failure:psf. Then failureis a term. O

Definition An atom is defined as follows:

e If p is an n-ary predicate symbol with signature 71 X --- X 7, and there exists a vari-
able typing I' that contains type assignments for all the variables in #y,...,t,, and
'+ t1:01,...,I' - t, 10, areterms with oy <; 7y,...,0, <; 7, , then I' - p(ty1,...,%,)
is a predicate atom.

e If m is an m-ary functional method symbol with signature 7 x 7y X ---x 7, = 7" and
there exists a variable typing I' that contains type assignments for all the variables in
t,t1,...,tpandt’;and ' +t:0,T F ty :01,...,T F &, :0,,and T ' : o’ are terms
with o <; 7, 00 <4 1q,y.v 0,00 <t 7, and o' <; 7/, then T F ¢[m@Qty, ... t, — t'] is a
functional method atom.

e If m is an n-ary multi-valued method symbol with signature 7 x 7 X -+ X 7,=%7’ and
there exists a variable typing I that contains type assignments for all the variables in
t,t1,...,tpandt’;and ' +t:0,T F ty:01,...,T F i, :0,,and T ' : o’ are terms
with o <; 7, 09 <4 71,...,0, <t T, and o’ <; 7/, then [ F ¢[m@ty,... t,—»t'] is a
multi-valued method atom.

An atom is a method atom if it is a functional method atom or a multi-valued method atom.
The atom I' - A is a ground atom if A contains no variables. Let ~» denote — or —», and
M be a 0-ary method atom I'  ¢[m@ ~+ ¢']. The atom M can be written I' - ¢[m ~ t'].

Example 3.2.4 Assume the appropriate declarations including failure:psf and psf < sf.
Then {z:sf} - z[problem — “system failure”], failure[problem — “system failure”],
{z:reactor,y:sf,d:date} + z[failure@Qd—»y] are atoms. O

Definition Let I' - A be an atom. Then I' A and I' + —A are literals. The atom ' - A
is a positive literal, and I' - —A is a negative literal.

Clauses are used to define methods and predicates. Each clause also has type information.

Definition If I' v A,y + By,...,I', + B, are atoms where the variables common to
I',I'y,..., [, have the same types then TUTy U---UT, (A By A---AB,) is a clause.
fruryu---ul, is empty we write A < By A---A B,. A is the head of the clause, and
BiA---A B, is the body.

Let ' H A be I' - t{m@Qty,...,t, — t'] (respectively, I' - t[m@Qty,...,t,—»t']), where
I | t:o is a term. We say method m is defined on type o.

We can write the following compound atoms:

o I' - t[myQtyq,..., 01 = t1;...;m;Qt; 4, ... t;k — t;], as a shorthand for
I+ t[ml@tm, ey th — tl] A A t[’fn]‘@t]‘J, ey t]‘7k — t]]

o ' t[miQtyq,...,t, = t'[m;Qt;;,...,t; 5 — t;]], as a shorthand for ' - ¢[m; @t 4,
eyt — t/] A t’[mj@tM, ey tie — t]‘].

o [' - t[mQty,... t,—»{t],...,t,}], as a shorthand for I' - t[m@t,,... . t,—»t|] A -+ A
tmQty, ... t,—»t].
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If ay,...,a, are object symbols we can write I' - ¢[m@ty,... t,—»{as,...,a,}] < By A
---A By, as a shorthand for the p clauses:

r |—t[m@tl,...,tn%al]eBl/\---/\Bm

r I—t[m@tl,...,tn—»ap](—Bl/\---/\Bm.

Let I' = A be I' - ¢[m@ty,...,t, — '] (respectively, I' - t{m@Qty,...,t,—»t']) where
' t:ois a term. Wesay I' I A is of type 0. The type of a predicate atom is undefined. If
the head of a clause is an atom of type o, then the clause is of type o.

Definition A goal is a clause of the form I' -+ <« By A---A B, that is, a clause with an
empty head. If I' is empty we write < By A --- A B,,.

The type of a goal is undefined.

Definition A program with respect to a set of declarations is a finite set of clauses. Let P be
a program with respect to a set of declarations D. We write P when the set of declarations
under consideration is clear.

Example 3.2.5 Assume appropriate declarations D including psf < sf and failure:psf.
Consider the program P’ with respect to the set of declarations D:

{z:sf} + z[action—»“call supervisor”]
{z:psf} b z[action—»{“lower pressure”, “call supervisor” }] « z[pressure — high]
{z:psf} F z[action—»{“increase pressure”, “call supervisor”}]

z[pressure — low).

Program P’ is a shorthand for P:

{z:sf} + z[action—»“call supervisor”]

{z:psf}  z[action—»“lower pressure”] « z[pressure — high]
{z:psf} b zl[action—»“call supervisor”] « z[pressure — high]
{z:psf} b z[action—» “increase pressure”] « z[pressure — low]
{z:psf} F z[action—»“call supervisor”] « z[pressure — low]. O

3.3 Substitutions

Bindings or substitutions are computed in the unification procedure. We now define substi-
tution, an instance of an expression, and how to combine two substitutions. These concepts
are similar to the corresponding concepts in logic programming, except that they are typed
and hence must satisfy additional restrictions.

We first define greatest lowest bound. Recall from Section 3.2 that types in a set of
declarations form a type lattice.

Definition Let S be the set of types in a set of declarations D. Type ¢ € S is a lower bound
of X C S with respect to D if ¢ <; 7 for all z € X, and is the greatest lower bound of X with
respect to D, denoted glb(X), if for all lower bounds ¢’ of X, 0’ <; 0.

Definition Let D be a set of declarations. Let I' +{zy/t1,...,2,/t,} be a pair where
Z1,...,%, are distinct variables, I'  #y,...,[" £, are terms, and no ¢; equals z;.
U'FA{z/ty,...,2,/t,} is a substitution if for each 7, for some 7; and o;, I'  z; : 7; and
I' - t; : 0; are terms, and o; <; 7; with respect to D.
The empty substitution is denoted by «.
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Definition An expression I' - T is a term, a literal, a conjunction of literals or a clause. A
simple expression is a term, a predicate atom, or a method atom.

We now describe how substitutions are applied to expressions.

Definition Let D be a set of declarations. Let 8 = (I'y - {z1/t1,...,2/tr}) be a substi-

tution and £ = (I'g + T) an expression. For any ¢, such that 1 < ¢ < k, let I'g - 2; : 7

and I'g I t; : o; be terms and z; : 7/ be a typed variable in F (with respect to I'g). We say

dom(0) = {z1,..., 21}, range(8) = {t1,...,tx} and vars(T) is the set of all variables in 7.
We construct the instance F8 of F as follows:

e Construct 77 from T by simultaneously replacing each occurrence of a variable z; in T
by t;.

e Construct I/, a variable typing for the variables in T, as follows. For each variable z
in 77, if z is identical to a ¢;, then the typing of z in I is z:glb(o;, 7/) with respect to
D; otherwise the typing of x in I is just that in ['g.

/

o If for each variable z; in vars(T) N dom(8), t; is a variable and ¢lb(c;, /) with respect

to D is not L, or ¢; is an object and o; <; 7/ with respect to D then the instance F6
of Fis ' + T’; otherwise, Ff is undefined.

If E8is ground, then F@ is a ground instance of F.

Example 3.3.1 Assume D is the set of declarations failure:sf, tf < fsf, fsf < csf,
cf < cesf,tf < ef,esf < sf. Let E be {z:fsf,y:string} + z[problem — y] and substi-
tution 8 be {z:sf,z":cf} F {z/2'} with respect to declarations D, then the instance F# is
{z":tf, y:string} + z'[problem — y].

Let 8y be {x:sf} I {z/failure}. Instance F, is undefined, because sf £ fsf. O

Let S ={Fy,..., F,} be a finite set of expressions and 6 a substitution. Then S denotes
the set {F16, ..., F,0}. We now describe how substitutions are composed.

Definition Let D be a set of declarations and 6 and o be the substitutions 'y - 8’ and

'y b o where 8 is {z1/t1,...,20/tn}, 0" is {y1/s1, - s Ym/Sm}-
We construct the composition fo of 8 and o as follows:

e Construct v from {z1/t10,...,2,/tn0,y1/51, -, Ym/Sm} (With respect to I'g and [',)
by deleting any binding x;/t;c for which z; = t;0, and deleting any binding y;/s; for
which y; € {z1,...,2,}.

e Construct I', the variable typing for the variables in v as follows. For each variable z in
v, if z:7 € I'g and z:7" € ', then include z:glb(7, ') with respect to D in I', otherwise
if z:7 € 'y and there is no type specified for z in I',, or z:7 € I', and there is no type
specified for z in 'y then include z:7 in T'.

e If for any variable z, where z:7 € Ty and z:7" € T',, and glb(r, 7’) with respect to D is
1, then 8o = 0, else o =T + ~.

Example 3.3.2 Assume appropriate declarations including rvf < psf, psf < sf, fail-
ure : rof, and f2 : ruf. Let substitutions 6 = {z:sf, zo:psf, x3rv f,ya:sf,ysrvf} F {x1/ye,
z2/ys, x3/ failure} and o = {z1:psf,ya:sf,ysirvf} = {z1/failure, ya/x1,y3/f2}. Then the
composition of 8 and o is 8o = {z1:psf, zo:psf, xsirvf, yo:sf,ysirvf} +{xe/ 2,23/ failure,
y2/21,y3/ f2}.
Assume appropriate declarations including psf < sf and esf < sf. Let 8 = {zy:sf, z3:

psf} F{z1/z2} and 0 = {zq:esf, z3:esf} F {xy/z3}. Then 8o = ), because 'y + zy:psf and
I's b z3:esf, and glb(psf,csf)is L. O



CHAPTER 3 : GULOG 32

The substitution I' @ is a ground substitution, with respect to a set of declarations
D, if range(f) contains no variables. The substitution T” | 8" is a ground instance of a
substitution I' - @ with respect to a set of declarations D if there is a ground substitution
['; + o with respect to D such that I' + 6 = (I + 6)(T', + o) and I | €' is a ground
substitution with respect to . The set of all ground instances of I' 8 with respect to D
is written [I'  f]p.

Example 3.3.3 Assume a set of declarations D including psf < sf and failure:psf. Let
0 = {zy:sf,xo:psf} F{z1/x2}. Then [f]p, the set of all ground instances of § with respect
to D, contains only one element, and it is {z1:sf, z2:psf} & {z1/failure, zo/ failure}. O

Definition Let P be a program with respect to a set of declarations D. Then [P]p denotes
the set of all ground instances of clauses of P with respect to DD. We write [P] when the set
of declarations under consideration is clear.

3.4 Simple programs

To ensure that programs have well-defined semantics, we impose restrictions that ensure they
are “stratified” and that functional methods really are single-valued. Programs that satisfy
these restrictions are called “simple” programs. Before defining the classes of stratified and
simple programs, we must define a relationship “possibly overrides” between ground instances
of clauses.

Informally a ground clause C' defining a method m possibly overrides a ground clause
C" defining the same method if C' is defined on a more specific type, and produces different
values when applied to the same object and arguments.

Definition Let D be a set of declarations, P be a program with respect to D, C be
[+ ¢t[m@Qty,... .t — t'] < B, (respectively, T' F t[m@Qty,...,tx—»t'] « B) and C’ be
I+ s[mQsy,...,sr — §'| « B’ (respectively, I" | s[m@Q@sy,...,sp—»s] « B’), where
C,C"e P,T+t:o0isaterm, I"} s:7isaterm and o <; 7. If there are ground in-
stances C'f of C' and C'¢’ of C’ such that t6 = s¢', t,0 = s;0' for all i, 1 < i < k, and ¢'0 # s'¢’
then clause C'@ possibly overrides clause C'#" with respect to P and D.

Example 3.4.1 Assume the set of declarations D including fatlure:csf and esf < sf.

Consider the following program P with respect to declarations D.

{z:sf} + z[problem — “system failure”]
{z:csf} F z[problem — “cooling system failure”] <— z[problem — “system failure”]

Then [P]p is:
failure[problem — “system failure”] (3.20)

failure[problem — “cooling system failure”] (3.21)

failure[problem — “system failure”]

Based on the above declaration, we say clause 3.21 possibly overrides clause 3.20. O

A program is inheritance-stratified if there are no cycles in the definition of a method. That
is, the definition of a method does not depend on an inherited definition of the same method.

Definition A program P with respect to a set of declarations D is inheritance-stratified (or
i-stratified) if there exists a mapping u from the set of ground atoms to the set of non-negative
integers such that, for every literal in every ground instance C'@ of every clause C' in P,
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1. p(A") < p(A), where A’ is a positive literal in the body of the clause instance C'8, and
A is the head of the clause instance C'8,

2. u(A) < p(A), where = A" is a negative literal in the body of the clause instance C4,
and A is the head of the clause instance C#,

3. u(B') < p(A) for every ground instance C’# that possibly overrides C8, where B is a
positive literal or =B’ is a negative literal in the body of C’#’, and A is the head of the
clause instance ('8, and

4. u(A") < p(A) for every ground instance C’8' that possibly overrides C8, where A’ is
the head of C'#', and A is the head of C4.

The integer mapped to a ground atom is the strata or level of that atom.

Example 3.4.2 Consider the declarations D and the program P with respect to declara-
tions D in Example 3.4.1. Method problem is a functional method. It has either the value
“system failure” or “cooling system failure”. If it has value “system failure” then it should
also have value “cooling system failure” (due to deduction). If it doesn’t have value “cooling
system failure” then it should have value “system failure” (due to inheritance). This is con-
tradictory. Thus we conclude that program P has no natural meaning. The i-stratification
of [P]p requires:

p(fatlure[problem — “system failure”]) < p(failure[problem — “cooling system failure”])
from 1 in the definition of inheritance-stratified,

p(fatlure[problem — “cooling system failure”]) < u(failure[problem — “system failure”])
from 4, and

p(fatlure[problem — “system failure”]) < p(failure[problem — “system failure”])

from 3,

which is unsatisfiable. Hence P is not i-stratified. O

Note that i-stratification is defined in terms of ground atoms and clauses and is thus
similar to local stratification [90]. However, in the definition of i-stratification, it may not
be obvious to the reader why p(A’) < u(A) is required rather than p(A’) < u(A), where A’
is the head of a ground clause that possibly overrides a ground clause whose head is A. We
motivate this requirement in the following example.

Example 3.4.3 Assume the set of declarations D including c¢f < esf, esf < sf and
failure:cf. Consider the program P with respect to D:

{z:sf} - z[severity—»high]
{z:csf} F z[severity—»medium)]
{z:cf} + z[severity—»high].

There are no cycles in the definition of method severity in P with respect to D. The i-
stratification of P with respect to D requires:

p(failure[severity—»medium)) < u(failure[severity—shigh])
p(fatlure[severity—»high]) < pu(failure[severity—medium]).

As expected, P with respect to D is i-stratified. If the definition of i-stratification required
(A" < p(A), where A’ is the head of a ground clause that possibly overrides a ground clause
whose head is A, then this program, which has a natural meaning would not be i-stratified.
O
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We also talk about the level or stratum of a goal. The level of a goal GG is the larger of:

e the maximum level of the ground predicates and methods of the positive literals in G,
and

e 1 + the maximum level of the ground predicates and methods of the negative literals

in 5.

For simplicity, we disallow programs with ambiguities that arise due to multiple inheritance.
In Section 6.2, we discuss alternative ways of dealing with multiple inheritance that are less
restrictive but more complicated.

We first describe what an unambiguous program is.

Definition Let P be a program with respect to a set of declarations D. For each type o in
D, let R(o) be {< m_,n, 7 >| functional method m_, of arity n is defined on type 7, and
o <; T7}U{< m—y,n, 7 >| multi-valued method m_y of arity n is defined on type 7, and
o <¢ 71}. Program P is unambiguous with respect to multiple inheritance if and only if,
for every type o in D, if < m_,n, 7 > € R(o) (respectively, < m—y,n, 71 > € R(0)) and
< m_,n, Ty > € R(o) (respectively, < m_—s,n, 7 > € R(0)), where 7 # 73, then either
T1 <t To OT To <4 T1.

A program is ambiguous if it is not unambiguous.

Example 3.4.4 Assume appropriate declarations D including tf < ¢f, c¢f < esf, tf < fsf,
and fsf < esf. Consider the following program P with respect to D:

{z:cf} + z[problem — “condenser failure”]
{z:fsf}  z[problem — “feed system failure”].

An object of type #f could inherit the value “condenser failure” for method problem from cf

or inherit the value “feed system failure” for method problem from fsf or inherit both values.
Based on the above definition, R(tf) = {< problem,0,cf >, < problem,0, fsf >}. In

the type lattice c¢f £; fsf and fsf £ cf. As expected this program is ambiguous.
Assuming declarations D from above, consider the program P’ with respect to D:

{z:csf} + z[problem — “cooling system failure”]
{z:fsf} + z[problem — “check history”]

Based on the above definition, R(ecsf) = {< problem,0,csf >}, R(fsf) = {< problem,0,
csf >, < problem,0, fsf >}, R(cf) = {< problem,0,csf >}, and R(tf) = {< problem,0,
esf >, < problem,0, fsf >}. It is not obvious why this program is unambiguous. With
respect to type tf, the definition of method problem on type fsf is more specific than the
definition on esf. So, this program has a natural meaning. O

In [5], Abiteboul and Hull showed that compile-time consistency checking to ensure that
functional methods are single-valued is undecidable. To ensure that functional methods really
are single-valued, we impose the following condition on programs.

Definition A variable z is restricted with respect to the terms ¢, ¢1,...,t, in the conjunc-
tion C'if C' contains a method atom #'[m’@Qt}, ...t} — z] and every variable in ', #{,... ¢t}
either occurs in ¢, tq,...,t, or is itself restricted with respect to ¢, t1,...,¢, in the remainder
of C.

For example, the variable z is restricted with respect to @ and z in the conjunction a[m/@Qz —
yl A a[m"Qy — z].
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Definition A program P with respect to a set of declarations D is well-defined if the following
three conditions hold:

e For each clause I' - t[m@ty,...,t, — u] + C in P with respect to D, u is either an
object symbol or is a variable that is restricted with respect to t, t1,...,t, in C. This
is the usual “safety” condition.

e For each functional method m of signature 7 X 71 X .-+ X 7, = 7/, and for each type
o <y T, program P with respect to D does not contain two clauses

[ b+ t{mQ@ty, ... t, = u] + C
I+ t'[mQt], ... t, = u']+ C'

such that [' + t:o, T'  t':0 are terms, and atoms t[m@Qty,...,t, — z] and ¢'[m@t],

.., t — 2'] (where z and 2’ are new variables) are unifiable. This condition ensures
that, for objects a, ay, ..., a, and functional method atom a[m@Qay,...,a, — t], there
is at most one clause of each type whose head is unifiable with the atom. This, together
with the first condition, ensures that functional methods really are single-valued.

e P with respect to D is unambiguous with respect to multiple inheritance.

The following example illustrates how the conditions are applied to exclude unreasonable
programs.

Example 3.4.5 Assume appropriate declarations D. Consider program P with respect to

D:

{z:csf,y:string} + x[problem — y] « temp_problem(z,y)
{z:csf} + z[problem — “cooling system failure”] < z[temp — high].

In this program, an object of type csf may have more than one value for the functional
method problem. Thus the 0-ary functional method problem is not single-valued. More
formally, based on the definition of “well-defined” above, this program is not well-defined
because {z:csf, z:string} + z[problem — z] and {x:esf, z':string} + z[problem — Z'] are
unifiable. In addition, the program is not well-defined because the variable y is not restricted
with respect to z in the first clause in P. O

We are particularly interested in the class of simple programs, because each simple pro-
gram has a preferred model, and because, as we shall show, there are bottom-up and top-down
procedures that compute this model [45].

Definition A program P with respect to a set of declarations D is simple if the following
two conditions hold:

e P with respect to D is i-stratified, and

e P with respect to D is well-defined.
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3.5 Semantics

In this section, we describe the declarative semantics of programs. As in logic programming,
the meaning of a program or database can be given by a preferred model. We first define
typed Herbrand interpretations and models. A simple program may have more than one
minimal model, so we define a priority relation that is used to identify preferred models of a
program.

We start by defining an interpretation of a program P with respect to a set of declarations
D. An interpretation assigns a truth value to every ground instance of a clause in P.

Definition The typed Herbrand base of P with respect to a set of declarations D is the set
of all ground atoms that can be formed from the objects, predicates, functional and multi-
valued methods in P with respect to D. We denote the Herbrand base of P with respect to
D by Bp with respect to D.

A typed Herbrand interpretation I for P with respect to a set of declarations D consists
of a set of ground atoms of P.

Definition Let I" be a variable typing and D be a set of declarations. A wvariable assignment
V (with respect to I') is an assignment to each variable z of an object @ such that, if 2:7 € T’
and a:t’' € D, then 7/ <; 7 (with respect to D).

Definition Let I' - ¢ : 7 be a term and V a variable assignment (with respect to I'). Then
the term assignment T (based on V with respect to I') is the assignment to I' - ¢ : 7 of an
object @ such that:

e If t is a variable z, then 7 (t) = V().
e If ¢ is an object symbol, then 7 (t) =¢.

Definition Let [ be an interpretation, and 7 a term assignment (with respect to I'). Then
a literal L is given a truth value in I (with respect to 7 and I') as follows:

o If Lis I' - p(t1,...,t,), and t},...,t/, are the term assignments of t1,...,t, (with
respect to 7 and I'), then L is true in [ (with respect to 7 and I') if and only if
p(ty,...,t,) e I. If Lis T + =p(ty,...,t,), then L is true in I (with respect to 7 and
') if and only if p(#{,...,t.) & I.

o If L is ' - t[mQty,..., ¢t — t,], and t',¢],...,t},, ¢/, are the term assignments of
t,t1, ..., tk, t, (with respect to 7 and '), then L is true in I (with respect to 7 and T')
if and only if ¢/[m@t},... ¢, —t/] e I. If Lis [\ —t[mQty,...,t; — t,], then L is
true in I (with respect to 7 and I') if and only if ¢/[m@t},.... ¢, — /] & I.

o If Lis ' - t[mQty,...,ty—»t,], and ', ¢}, ... 1}, t) are the term assignments of
t,t1, ..., tk,t, (with respect to 7 and I'), then L is true in I (with respect to 7 and
[') if and only if ¢/[m@t}, ..., t,—»t)] € I. If Lis I b —t[mQty, ..., ty—»t,], then L is
true in [ (with respect to 7 and I') if and only if /[m@¢], ..., t,—»t.] ¢ I.

A ground instance of a clause is given a truth value in I (with respect to 7 and I') in the

normal way.

Example 3.5.1 Suppose I = {rl1[parts—»valve], r1[parts—»heat_exchanger]}.
Then the following ground instances are true in [:

rl[parts—»valve]
—r2[parts—»valve] O
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Because of the presence of inheritance and overriding, we require one more concept before
we can define a “model” of a set of clauses.

Definition Let P be a program with respect to a set of declarations D and I an interpreta-
tion. A ground clause C' overrides a ground clause C” with respect to P and I if:

e ( possibly overrides C’ with respect to P, and

e the bodies of C' and C’ are both true in 1.

Example 3.5.2 Assume appropriate declarations D, including e¢sf < sf and failure:csf.
Consider program P with respect to D:

{z:sf} + z[severity—»high]
z:iesfy b zl[severity—ylow| « z[treatment — “tell supervisor”
Yy p )

and interpretation Iy = { failure[severity—»low], failure[treatment — “tell supervisor”]}.
The ground clause C' = failure[severity—»low] < failure[treatment — “tell supervisor”]
overrides C' = failure[severity—»high] with respect to P and I.

Now, consider P with respect to D and interpretation Iy = { failure[severity—»low]}.
Although C' possibly overrides C’ with respect to P, C' does not override C’ with respect to
P and I, because the body of C' is not true in . O

Definition Let P be a program with respect to a set of declarations D and I an interpre-
tation. We say that [ is a model of P with respect to D if, for every ground instance C' of
each clause in P, either:

e ("is truein I, or

e there exists another ground instance C' of a clause in P with respect to D such that C
overrides C’ with respect to I.

If I is a model of P with respect to D, we write [ = P.

Example 3.5.3 Consider the declarations D and program P with respect to D given in
Example 3.5.2, and interpretations Iy = { failure[severity—»high]}, I = { failure[severity
—» low], failure[treatment — “tell supervisor”]}, and Is = { failure[severity—»low]}.
Because every ground instance of each clause in P is true in Iy, Iy = P. Because the
ground clause failure[severity—»low] < failure[treatment — “tell supervisor”] overrides
failure[severity—»high] with respect to P and I3, and there are no other ground instances
of clauses in P, I; = P. Finally, because failure[severity—»high] is not true in I3, and is
not overridden by failure[severity—»low] « failure[treatment — “tell supervisor”] with
respect to P and I, I3 (£ P. O

Note that a program with respect to a set of declarations may have more than one model,
and that not every ground instance of a clause need be true in a model. As in [90], we
can define a priority relationship between ground atoms (using possible overriding as well as
negation), and use this to define a preference relationship between models. As in [90], we
prefer models in which there are fewer occurrences of higher priority atoms. We say a model
of a program P with respect to a set of declarations D is preferred if no models of P are
preferable to it.

Definition Let P be a program with respect to a set of declarations D. We define a priority
relation <, based on P between ground atoms with respect to D. We write a <, b to denote
a <, bor a=>b. For every ground instance C'# of a clause C' in P with respect to D:
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e A <, B, where A is the head of C'#, and B is a ground atom in the body of €8,

e A <, B, where A is the head of C'#, and B is a ground negative literal in the body
of C8,

e A <, B for every ground instance C'#’ of C” in P, which possibly overrides C'f, where
A is the head of C'# and B’ is an atom in the body of C'#’,

o A<, A’ for every ground instance C'¢' of C’ in P, which possibly overrides C'#, where
A is the head of C'# and A’ is the head of C'#’,

and for all ground atoms A, B, C' and F:
o if A<, Band B <, C, then A <, C,
o if A<, Band B <, C (respectively, I' <, A) then A <, C' (respectively, F' <, B).

The goal of the following preference relation is to minimize higher priority atoms as much
as possible.

Definition Suppose that M and N are two distinct models of program P with respect to a
set of declarations D. Then N is preferable to M (N < M) if, for every atom A in N — M,
there is an atom B in M — N such that A <, B. We write N < M if N < M or N =M.
We say model N is a preferred model of P if there are no models of P preferable to N.

Example 3.5.4 Consider the declarations D and program P with respect to D given in
Example 3.5.2, and the interpretations:

I, = {failure[severity—»high]}
I = {failure[severity—»low], failure[treatment — “tell supervisor”]}.

Since all the ground instances of clauses of P with respect to D are true or overridden in each
of these interpretations, I; and I; are both models of P. The priority relationship gives the
following relationships between the ground atoms of P: Because failure[severity—»high] <,
failuretreatment — “tell supervisor”] and there is no atom A € I, — I; such that there
exists B € I} — I, where A <, B, I} < I5. Thus I; is preferable to I,. O

The following results are analogous to Przymusinski’s results for stratified logic pro-
grams [90]. They motivate our definition of simple programs.

Lemma 3.5.1 Let P be a simple program with respect to a set of declarations D in which
there are no negative literals, and no clause is possibly overridden by any other clause. Then
P with respect to D has a unique minimal model, which is a preferred model.

Proof Let {M;} be the set of models of P with respect to D. There are three parts to
the proof. First we want to prove that the intersection of these models N{M;} is a model.
This part of the proof follows from a similar proof for the classical case in [48]. We include it
here for completeness. Suppose that the intersection of these models N{M;} is not a model.
Then there must be a ground instance of a clause in P with repect to D whose body is true
in every M; but whose head is not true in M € {M;}. This is clearly a contradiction as there
is no overriding, it would imply that M does not model C8. Thus M cannot be a model of
P.

Second we want to prove that N{M;} is the unique minimal model. This is clearly true
since every other model is a superset of N{M;}.
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Finally we want to prove that N{M;} is a preferred model. Suppose N{M;} is not a
preferred model. Then there is a model M € {M;} such that for every atom A € M —nN{M;}
there is an atom B € N{M;} — M such that A <, B. Because N{M,} is a model and there
is no B € N{M;} — M, this is a contradiction. Thus, N{M,} is a preferred model of P with
respect to D. O

Before proving the following lemma we define “conflicts”, “(atom, type) pairs”, “(clause,
type) pairs”, an ordering on (clause, type) pairs, and the “level” of a program.

Definition Let A be the ground method atom a[m@ay,...,ar — b] and A’ the ground
method atom a[m@ay, ..., a; — '], or let A be a[mQay, ..., ax—»b] and A’ be a[mQay, ..., ap
—»b']. We say A conflicts with A" if b # V'

Definition Let P be a program with respect to a set of declarations D. The set of ground
(atom, type) pairs of P with respect to D is {(a,7) | @ in Bp with respect to D is a ground
instance of an atom a’ and 7 is the type of a'}.

We define ground “(clause, type) pairs”, an ordering on them, and the “level” of a pro-
gram.

Definition Let P be a program with respect to a set of declarations D. The set of ground
(clause, type) pairs of P with respect to D is {(p,7) | p is a ground instance of a clause p’ in
P with respect to D and 7 is the type of the clause p'}.

The ground (clause, type) pairs of an i-stratified program can be partitioned into levels
based on the following relationship.

Definition Let P be an i-stratified program with respect to a set of declarations D. For
all clauses T' - A « B of type 7 and IV - A’ « B’ of type 7/ in [P]p, if u(A) < u(A’) or
I' - A < B possibly overrides I'" - A’ <= B’ then (A < B, 1) <; (A" + B, 7).

Let P},..., P} be a partitioning on the ground (clause, type) pairs of an i-stratified
program P with respect to a set of declarations D that satisfies the <; relationship described
above. Then P with respect to D has level k.

Let P! be a partition in P}, ..., P{, where 1 <i < k. Then P, is the untyped partition of
P!, such that P, = {C'| (C,T) € P'}.

We now show that the above definition does define a partitioning on simple programs.
Recall the definition of i-stratification. There can be a relationship between mappings of
ground atoms A and A’, u(A) < p(A’), if there are ground clauses of the following forms in

[Plp:
oA & AAA--
2 A AmAA

3. A« - ABA--, B ---NAA--- where B' + --- A AA --- possibly overrides
A+~ ABA--- or

4. A« - ABA--+, B -~ A=ANA--- where B’ + --- A=A A --- possibly overrides
A4~ ABA---

We want to show it is impossible for P to contain a ground clause defining A’ that possibly
overrides a ground clause defining A. In case 1, the clause A’ + --- A AA --- would possibly
override a clause with head A. Then p(A) < p(A). Such a program is not i-stratified. Case 2



CHAPTER 3 : GULOG 40

is similar to case 1. In case 3, the clause A’ < ---A B A --- would possibly override a clause
with head A. Because B’ < --- A A A --- would possibly override the clause with head A,
p(A) < p(A). This program is not i-stratified either. Case 4 is similar to case 3. Thus the
definition above does define a partitioning on simple programs.

Lemma 3.5.2 Let P be a simple program with respect to a set of declarations D and Pf,- -, P}
be a partitioning of P with respect to D. Then Py U---U P; for i < k is a simple program.

Proof We want to show that PyU---UP; with respect to D is well-defined and i-stratified.
Suppose P U---U P; with respect to D is not well-defined. Then P with respect to D is not
well-defined. This is a contradiction.

Suppose now that Py U---UF; with respect to D is not i-stratified. Then there are clauses
'+rA« Band I+ A"+ B'in P, U---U P; with respect to D that do not satisfy the
mapping p. This is also a contradiction. Thus P, U---U F;, for © < k, is a simple program.
O

Lemma 3.5.3 Let P be a simple program with respect to a set of declarations D and P, . .., PI§+1
be a partitioning of the ground (clause, type) pairs of P as described above. Suppose Py U
---U Py has a unique preferred model My. Then there exists a unique minimal extension of
My, to a unique preferred model Myy1 of P.

Proof This proof is based on the construction of a minimal extension of My to Myyq.
First, we define some terminology used in the proof. We say a ground (clause, type) pair
(C, 1) conflicts with a ground (atom, type) pair (A, 7'), if the head of clause C' conflicts with
atom A’ and 7 # 7. Let M]|; be the restriction of the set M to the atoms in the heads of
ground instances of clauses in Py U---U P,. Let M! be a set of (atom, type) pairs (A,7)
where A is in M;, A is a ground instance of I' + A’, and 7 is the type of ' - A’.

Consider the set PI§+1 of ground (clause, type) pairs. Modify PI§+1 by removing all (clause,
type) pairs whose head conflicts with an (atom, type) pair in M}. Remove all (clause, type)
pairs where the clause contains a negative literal = A; such that A; is an atom in an (atom,
type) pair in M{. From the remaining clauses, remove all the negative literals (they are all
true in M}). Call the resulting set of clauses P,,. Let P..s = {C' | (C,7) € P!.,}.

Consider the program P* = P,.; U My. There are no negative literals in P*, and no
clause in P* is possibly overridden by another clause in P*. By Lemma 3.5.1, P* has a
unique minimal model, My41. We now show that My, is the unique preferred model of P.

We first want to prove that Myy; is a model of P. We know that My is a model of
P =PF. ;UM Let C =A< LiA---ANL, € Pry; and suppose Ly A ---A L, is true in
Myyq1. If C € P.cs then Cis true in Myyq. If C € P, then C' is overridden by some clause
in P U---U P, with respect to Myyq.

We next want to prove that Myy; is a preferred model of P. Suppose Mgy is not a
preferred model of P. Then there exists another model M of P such that M < Mp4y. That
is, VA € M — Myy41, 3B € M1 — M such that A <, B. First note that M|, = M. For if
M| C My, then M|y is a model of Py U ---U Py such that M|, < Mp, then My would not
be the preferred model of Py U---U Py. If M C M|, then M differs from My, at a level
less than &£+ 1, and it would not be possible for M to be a preferred model of P. Then M is
an extension of My. But M4 is the minimal extension of M. So Mgy, and M only differ
on level k 4+ 1 atoms. As M4 is the minimal unique extension of My it is impossible that
M < Mk-}—l-

Finally we want to prove that Mgy is the only preferred model of P. Suppose there
exists some preferred model M of P. Then M &« My, and My € M. As above M|, =
Mj. Because Mg4q is the minimal unique extension of My then M,y < M, which is a
contradiction. O
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Theorem 3.5.1 Let P be a simple program with respect to a set of declarations D. Then
P with respect to D has exactly one preferred model, which we denote Mp. For every other
model M, we have Mp < M.

Proof We prove this theorem by induction on the level of program P with respect to D.

Suppose the level of P with respect to D is 1. Then P with respect to D is a program
in which there are no negative literals, and no clause is overridden by any other clause. In
Lemma 3.5.1 we proved that P with respect to D has a unique minimal model, which is a
preferred model Mp. We now want to prove that Mp is the unique preferred model of P
with respect to D. Suppose there is another preferred model of P with respect to D, M, such
that M &« Mp and Mp £« M. This is clearly impossible because Mp is the unique minimal
model of P with respect to D and because P with respect to D is a program in which there
are no negative literals, and no clause is overridden by any other clause.

Assume that the result holds for a program P with respect to D of level k. Then P =
Py U---U P has a unique preferred model Mp.

Suppose now that P with respect to D has maximum level £+1. We proved in Lemma 3.5.3
that if Mp is a preferred model of P; U ---U P, there is an extension of Mp to Mp, which
is a preferred model of Py U---U P41 and hence P with respect to D. By Lemma 3.5.3 and
the induction hypothesis, P with respect to D has a preferred model Mp, and Mp is unique.

By definition, as Mp is the preferred model, for every other M of P, Mp < M. O

Theorem 3.5.2 Let P be a simple program with respect to a set of declarations D. Then
Mp does not depend on the particular i-stratification chosen for P with respect to D.

Proof There may be many i-stratifications of a program. The definition of preferred
model is independent of a particular i-stratification. O

This preferred model semantics agrees with our intuition about the interaction between
inheritance, overriding and deduction. We can now give the definition of a correct answer for
a program and a goal.

Definition Let P be a simple program with respect to a set of declarations D and G a
goal. An answer for P U {GY} is a ground substitution for variables of GG. Let G be the goal
I' - < LiA---ALg, and 8 an answer for PU{G}. Then 8 is a correct answer for P U{G}
if (LyA---ALg)f is true in Mp.

3.6 Expressibility

In this section, we prove that any queries, which can be expressed in Gulog, can be expressed
in a subset of Gulog without negation. We call the subset of Gulog without negation, Gulog™.
The relationship between Gulog and Gulog* is interesting because, not only does it show how
expressive Gulog™t is, it also hints at the relationship between inheritance and overriding, and
negation.

To prove this conjecture, we need a model to work within. We first define a data model for
a schema and then a database with respect to a schema. We assume a given universal domain
of object identifiers, U. Let there be a set of object types, T. Boolean, integer, real, char and
string are special object types. A type lattice, <, is a relation over T'. Predicate signatures
Tr, are a tuple (11,...,T,) where Ty,..., T, € T. Functional method signatures M,_ are a
tuple (T, Ty,...,T,,T") where T',Ty,...,T,,T" € T. Multi-valued method signatures M;—y
are a tuple (T, Ty,...,T,,T") where T, Ty,...,T,, T € T.

The schema is S =< T, <,TR,,..., TR, Mo, ..., M, Mo—sy, ..., Mp— >.
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Example 3.6.1 Consider the declarations:

cftemp = level] temp_sensor:part failure:cf
cf[problem = string] low:level high:level
cf[mal function = part] normal:level answer(part)

These would be modeled as the following schema, S:

T = {cf,level, temp_sensor, part, failure, low, high, normal},

< = {(temp_sensor, part), (failure, cf), (low, level), (high, level), (normal, level)},
temp= = (cf,level),

problem=, = (cf, string),

mal functions, = (cf, part)

Tanswer = (part).

The only surprise here may be that object identifiers like temp_sensor are treated as
types. Recall that this was introduced in Section 3.2. O

We now describe a database with respect to a schema S. The domains (without con-
sidering inheritance), Dr;, for types 1; € T are sets of object identifiers. The domains
(considering inheritance), D, , for types T; € T are D, = Dr, Ul Dr,, where T; < T} in
S. Ground method and predicate atoms are stored in the database. The relation R; is a
relation over D, x ---x D, , where Tr, = (T1,...,T,) in S. The relation M;_, is a relation
over Dy X Dy X -+ X Dy, X Dyry where Tag,, = (T, Ty,...,T,,7") in S. The relation M;_y,
is a relation over D, x D; x -+ X D, X D, where M;—s = (T,T1,...,T,,T") in S. The
database is Bs =< Dry,..., Dy, Ry, ..., Rgy, Mo, ..., M, Mo_sy, ..., Mp_yy >.

Example 3.6.2 Consider the schema, S, in Example 3.6.1. Now consider the following
Gulog program:

failure[problem — “thermometer broken”]
failure[temp — normal]

It would be modeled as the following database, Bg:

Dgiture = { failure}

Diormar = {normal}

problem_, = {(failure, “thermometer broken”)}
temp_, = {(failure, normal)} O

We denote the domain Dr, U...U Dr, of a database Bs by D(Bg). Facts are part of the
database and clauses that define predicates and methods are considered as part of the query,
as we describe in the following definition of query. Now, because there are constants in the
query that are not in the database, the output of a query on a database is not restricted
to the constants in the domain of the database. The elements in a database are usually
uninterpreted. There is a set of constants which are in the query but not in the domain of
the database which must be interpreted. Let C be the set of constants in the query ) with
schema S that are not in the domain D(Bg) of database Bs. A query () with schema S
and constants C' is a partial recursive function that, given a database Bg as input, produces
as output a relation over D(Bg) UC. Furthermore, every query must satisfy the following
consistency criterion: If two databases Bg and B are isomorphic using an isomorphism from
D(Bg) into D(BY), then their outputs are also isomorphic under the same isomorphism.

We define two languages based on Gulog, one that allows negative literals in the body of
clauses and one that does not.
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Definition A Gulog™ program with respect to a schema S is a finite set of clauses of the
form A« Ay A---AN A, where A, Ay,..., A, are atoms.

Let a(zq,...,z,) be a predicate atom with variables z1,...,2,. A Gulog™ query with
respect to a schema S is a pair (a, P), where a is a predicate symbol and P is a Gulog®
program with respect to S that includes a definition of a.

Let @ = (a, P) be an Gulog™ query with respect to S. The meaning of @ is defined by
Q(Bs) ={(c1,...,¢,) | aler,...,¢,) € Mp p}, where Mp p is the unique preferred model for
P with respect to S that extends the interpretation Bs =< Dry, ..., Dr,, Ry, ..., Ry,
Mo,,...,M;,My_y,...,M,_y > by assigning relations to the derived predicates and meth-
ods in P.

Definition A Gulog program with respect to a schema S is a finite set of clauses of the form
A+ LiA---AL, where Ais an atom, Ly, ..., L, are literals, and no atom depends negatively
on itself.

Let a(z1,...,2,) be a predicate atom with variables z1,...,z,. A Gulog query with
respect to a schema S is a pair (a, P), where a is a predicate symbol and P is a Gulog
program with respect to S that includes a definition of a.

Let @ = (a, P) be a Gulog query with respect to S. The meaning of @ is defined by
Q(Bs) ={(e1,...,¢,) | aler, ..., ¢,) € Mp.p}, where Mp p is the unique preferred model for
P with respect to S that extends the interpretation Bs =< Dry, ..., Dr,, Ry, ..., Ry,

Mo, ,...,.M; ,My_y,...,M,_ > by assigning relations to the derived predicates and
method in P.

Example 3.6.3 Consider the schema S in Example 3.6.1 and the database Bg in Exam-
ple 3.6.2. Now consider the Gulog query () where ¢ = answer and P is:

{y:ef} F y[mal function — temp_sensor] < —y[temp — high] A —y[temp — low]
{y:part} + answer(y) « failure[mal function — y|

The database Bg is extended by the unique preferred model of P:

mal function_, = {(failure,temp_sensor)}
answer = {temp_sensor}

and Q(Bs) = temp_sensor. O

In the following theorem we prove that any Gulog query can be expressed as a Gulog™
query with respect to a schema and database as long as the schema and database contain
certain information. This information is described in the statement of the theorem. The proof
of the theorem describes a translation from Gulog queries to Gulog® queries. The intuition
behind the translation is for any negative literal = A in the Gulog query, we introduce a
method into the Gulog™ query that returns false if A is true and defaults to true otherwise.

Theorem 3.6.1 Let Q) be a Gulog query with respect to a database Bg and a schema S with
meaning Q(Bs). Let S include new symbols o1 and oy in T, with 01 < oy in the type lattice.
For every negated predicate literal I' - —p(ty,...t,) in Q, where I' & tyimy, ..., [+ t,:71,
are terms, include (03,71, ..., Ty, boolean) in a new relation $p=y in S. For every negated
functional method literal T + —t[mQty,...t, — t'] in Q, where U + t:7,T + ty:1y,...,[ |
tniTn, I =t are terms, include (09,7, 71,...,7,, 7/, boolean) in a new relation $m_—y
in S. For every negated multi-valued method literal T' - —t[m@tq,...t,—»t'] in Q, where
I'Etr, U F tyiry, .o U F by, U F 87" are terms, include (o, 7,71, . .., Tp, 7', boolean) in
a new relation $m—y_ in S. Let the domain of D,, include the new object identifier
obj in Bs. There is a Gulog® query Q' with schema S with meaning Q'(Bs) such that

Q'(Bs) = Q(Bs).
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Proof We prove this theorem by describing a translation from a Gulog program P with
respect to a schema S to a Gulog™ program P’ with respect to a schema S. Obviously any
clause in P with respect to S with no negation in the body is a clause in P’ with respect to S.
Let I' = Cls be a conjunction of positive literals and I' = —~Cj A---A=C); be a conjunction of
negative literals. To simplify the proof, we introduce m_name;. Foreach I' + C;, if I' - C} is
a predicate atom I' - p(tq,...,t,) then m_name; = $p,Qty, ..., t,; if [' b C; is a functional
method atom I' F ¢{[m@ty,... t, — t'] then m_name; = $m_Qt, ty,...,t,,t;if [ - C;is a
multi-valued method atom ' - ¢[m@Qty,...,t,—»t'] then m_name; = $m_Qt, t1,... t,,t".
Any clause A  Cpos A—Cy A---A=C; in P with respect to S is translated to:

L'U{a":09} F 2'[mname;—»true] « Chos

FU{z":02} + 2'[mmame;j—»true] < Cpos
'U{z":01} + 2'[m_name;—» false] «— C4

I'u{z":01} + 2'[m_name;—» false] < C;
[' - A < obj[m_name;—»true| A - - - A obj[m_name;—»true]

in P’ with respect to S.

We need to show that Q'(Bs) = Q(Bs). Let Mp p be the unique preferred model of
P’ with respect to S which extends Bgs and Mg p be the unique preferred model of P with
respect to S which extends Bg. Consider P', if C; € Mg pr where C; € {C},...,C;} then
obj[m_name;—» false], ..., obj[mname;—» false] € Mp p:, obj[m_name;—»true],.. .,
objm-mname;—»true] ¢ Mpp, and A ¢ Mp p.. Similarly if C; € Mpp where C; €
{Cl, .. .,Cj} then A Q MBJD.

If Cv,...,C; ¢ Mg pr then obj[mmame,—» false], ..., obj[mmname;—» false] ¢ Mg pr,
and if Cpos € Mp pr then obj[m_name,—»truel, ..., obj[mmname;—»true] € Mg pr, and A €
MBJJ/. If Cy,.. .,Cj Q MB,P and Cpos € MBJJ then A € MBJJ.

It follows that Q'(Bs) = Q(Bs). O

The following example demonstrates the translation given in the proof of Theorem 3.6.1.

Example 3.6.4 Consider a schema that models the set of declarations D:

obj:oq cfltemp = level] temp_sensor:part
o1 < 03 cf[problem = string] low:level
o9[Stemp_,Qcf, level=sboolean] cf[mal function = part] high:level
answer(part) failure:cf.

Consider the database Bg which models the ground atoms:

failure[problem — “thermometer broken”]
failure[temp — normal].

Consider the Gulog program P with respect to D:

{y:cf} + y[mal function — temp_sensor| «+ —y[temp — high] A —y[temp — low]
{y:part} + answer(y) + failure[mal function — y|.
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Consider now the program P’ with respect to D:

{y:cf} + y[mal function — temp_sensor| +

obj[Stemp_,Qy, high—»true] A obj[Stemp_,Qy, low—»true]
{y:part} + answer(y) « failure[mal function — y|
{z":01,y:cf} b 2'[$temp_,Qy, high—» false] + y[temp — high]
{z":01,y:cf} F 2'[$temp_,Qy, low—» false] + y[temp — low]
{z":09,y:cf} F 2'[$Stemp_,Qy, high—»true]
{z":09,y:cf} F 2'[$temp_,Qy, low—»true].

Now consider the queries Q = (answer, P) and Q' = (answer, P'). The meaning of @ is
Q(Bg) = {temp_sensor} and the meaning of Q' is Q'(Bs) = {temp_sensor}. O

3.7 Summary

The syntax of Gulog is similar to that of LOGIN [8] and F-logic [65]. In order to concen-
trate on the semantics of inheritance and overriding in a well understood context, schema
declarations are separated from data definitions, as in the relational approach. As in C++4,
we distinguish between objects and types (or classes). Object identifiers are restricted to
constants rather than the arbitrary terms of I-logic [65] and QL [6]. This restriction limits
the expressive power of the language, but primarily with regard to dynamic aspects such
as object creation, which we are not considering. To maintain a general approach, method
overriding can be defined on specific instances of a subtype.

Interestingly, although we include typing, inheritance, overriding, functional and multi-
valued methods in Gulog, the results in this chapter are similar to those for Datalog with
negation. The semantics of deductive object-oriented logics have been defined in a similar
way in [4, 27, 65, 73]. Unlike these approaches, we use a different definition of model, claiming
that it describes a natural description of programs and has an interesting and useful theory
associated with it. Also in [4], there is no concept of inheritance or overriding. In the
definition of the perfect model of an F-logic program [65], the authors include extra axioms
in the program to deal with equivalence predicates and inheritance, and take the perfect
model of the augmented program. Unlike our approach, inheritance and overriding are not
dealt with in the definition of model. Also if there are conflicts due to multiple inheritance, a
program may have multiple “perfect” models. In [27], the authors consider interpretations of
units of a program and combine them to give an interpretation of the program. The model
of a program is regarded as a function over Herbrand sets rather than a simple Herbrand set.
Our approach considers the program as a single unit. Laenens and Vermiers’ [73] approach
is similar to that described above except that the authors do not distinguish between classes
and objects, or between functional and multi-valued methods, and models are based on the
more complicated 3-valued semantics.

Our approach to sets, using multi-valued methods, is the same as that described in [36],
and very similar to the approach in [65]. We express set containment rather than set equality.
The advantage of this approach is that, without supporting higher-order logic, we can still
support many aspects of set manipulation. In comparison, LDL [87] is more expressive but
computationally expensive. In COL [4], the author disallows infinite sets thus avoiding the
computational problems of LDL. However, this limits the expressiveness of the language.

In Gulog, an answer to a query is a substitution as in logic programming. However,
in Gulog, the substitutions are typed and objects rather than values are substituted. Our
approach is most similar to that in IQL [6], ILOG [56] and LLO [79] where the answer is a
collection of object identifiers. This is different from F-logic [65] and LIFE [9], where there is
basically no distinction between types and instantiations of types. In [14], answers to DTL
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queries are a set of homogeneous elements. That is every answer in the set has the same
type, which is the “minimal” type with respect to subtyping.

We have also proved that any Gulog program can be expressed in a subset of Gulog,
without negation. This shows how negation can be modeled using inheritance and overriding.



Chapter 4

Query Evaluation

We have considered the declarative semantics of programs. Procedures that compute answers
for queries or goals with respect to a program are obviously necessary. It is desirable that
the answers computed by these procedures are equivalent to the answers with respect to the
declarative semantics, that is, that the procedures are sound and complete with respect to
the declarative semantics.

There are two common approaches to query evaluation. The first approach is to process
the query with respect to the program directly without translation [24, 65, 73]. This approach
provides insight into the needs of deductive object-oriented systems, and can be efficient. In
this chapter, we describe this approach. The second is to translate the program and query
to a language for which efficient query evaluation procedures exist [7, 46, 81]. This approach
provides efficient evaluation procedures, but does not aid our understanding of deductive
object-oriented databases. In Chapter 5, we describe the second approach.

We describe a bottom-up procedure and prove it is sound and complete with respect to the
declarative semantics described in Section 3.5. Because this procedure is not goal directed, it
is inefficient when computing the answers to some queries. We then describe a goal directed
top-down procedure. This procedure is sound with respect to the declarative semantics, but
is not complete because it does not always terminate. We extend this procedure with a
tabling mechanism, and prove that the new procedure is sound and complete with respect to
the declarative semantics.

4.1 Bottom-up evaluation

In [12], Apt et al. defined a bottom-up procedure to compute the standard model of a stratified
logic program. In this section, we describe a similar bottom-up procedure to evaluate the
preferred model of a simple program. This procedure differs in three ways: it is based on
the possibility of overriding, as well as the presence of negation; the immediate consequence
operator is a mapping between typed interpretations rather than interpretations; and atoms
are not included in the typed interpretation if they conflict with atoms that are part of the
interpretation. (Recall the definition of conflicting atoms from Section 3.5.)

In a simple program with only functional methods, there is only one ground instance of
a clause in which a value is assigned to functional method m of arity n for object o for type
7, so the immediate consequence operator 7" may be defined to include an atom A in T'([)
only if A does not conflict with an atom in /. But in a simple program with multi-valued
methods, there may be many ground instances of clauses in which a value is assigned to
multi-valued method m of arity n for object o for type 7, so A may be included in T'([) if A
does not conflict with any atom in I of a different type. Recall the definition of “conflict” in
Section 3.5 does not consider the types of the atoms.
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Example 4.1.1 Assume a set of declarations D including failure:sf. Consider program P
with respect to the set of declarations D:

{z : sf} + z[severity—»high]
{z : sf} + z[severity—»low] < z[treatment — “tell supervisor”]
{z : sf} + z[treatment — “tell supervisor”].

Let I = {failure[treatment — “tell supervisor”], failure[severity—»high]}. Intuitively,
we would expect failure[severity—»low] € T(I) because it is not overridden by another
clause in [P]p with respect to I. Using the immediate consequence operator defined in [44],
which doesn’t consider typing, failure[severity—»low] conflicts with failure|[severity—» high], so
failure[severity—»low] ¢ T'(I). O

Obviously we require some way of recording the type on which a multi-valued method is
defined.

A typed interpretation (or t-interpretation) is an extension to an interpretation in which
each ground atom A is replaced by a pair (A, 7), where 7 is a type associated with A. The
set of all typed interpretations forms a complete lattice. We denote the least element by
and the order relation on the lattice is denoted by C. The immediate consequence operator
is a mapping from t-interpretations to t-interpretations.

Definition The immediate consequence operator is defined as follows: Let P be a set of
ground (clause, type) pairs, I a t-interpretation and 7 a type. Then Tp(I) = TU{(A,7) |
(C,7)is a (clause, type) pair of P, C' = A « By A---ABy, for each B; and type 7, (B;, ;) € 1,
and, if A is a method atom and A’ is another method atom with (A’,7') € I, and 7 # 7/,
then A and A’ do not conflict }.

If the immediate consequence operator is a monotonic operator then we can take its
fixpoint. We now define monotonic and show that the immediate consequence operator is
not monotonic. Recall that the set of all typed interpretations of a program forms a complete
lattice. The least element is ) and the elements of the lattice are denoted by I,.J, M. We
say that an operator 7" is monotonic if I C .J implies T'(I) C T'(.J). In this example we show
that the immediate consequence operator, Tp, is not monotonic.

Example 4.1.2 Assume a set of declarations D including e¢sf < sf, and failure:csf. Con-
sider the program P with respect to the set of declarations D:

{z:sf} F z[problem — “system failure”]
{z:csf} F z[problem — “temperature high”] «— z[temp — high].

Let I =0 and J = {(failure[temp — high],csf)}. Then I C J, Tp(I) = {(failure[problem
— “system failure”],sf)} and Tp(J) = {(failure[temp — high],csf), (failure[problem —
“temperature high”],csf)}. Clearly Tp(I) € Tp(J), thus Tp is not monotonic. O

If we can prove that Tp is monotonic in restricted circumstances, then we can take the
fixpoint of Tp in those circumstances.

Proposition 4.1.1 Let P be a simple program with respect to a set of declarations D, and
Pl ..., P} be a partitioning of the ground (clause, type) pairs of P with respect to D as
described in Section 3.5.

1. Tp, is monotonic.

2. Let My_; be the model of Py U---U Py_1. Tp, is monotonic if I is initially Mj_,.



CHAPTER 4 : QUERY EVALUATION 49

Proof We prove part 2 by induction on the maximum level of (clause, type) pairs in P
with respect to D. We prove part 1 in the first step of the induction.

Suppose the maximum level of P with respect to D is 1, then there is no negation or
possible overriding in P;. Clearly Tp, is monotonic. This proves part 1.

Assume the result holds for programs whose maximum level is £ — 1. Then Mjy_q is the
fixpoint of Tp, _,.

Suppose the maximum level is k. Let P_ be Py without the (clause, type) pairs where
the clause contains a negative literal which is false in Mj_1, and where the negative literals
are omitted from clauses in (clause, type) pairs if the negative literal is true in My_;. Let P}
be P~ without the (clause, type) pairs where an (atom, type) pair in Mj_; conflicts with the
(clause, type) pair. Taking the fixpoint of Tp, with I = Mj_; initially is the same as taking
the fixpoint of Tpy with I = Mj_; initially. P} is a program without negation or possible
overriding so Tp, with I = Mj_; initially is monotonic.

Thus Tp restricted in this way is monotonic. O

We now describe a procedure for computing a model for a program P with respect to a
set of declarations D using Tp in this way.

Definition The powers of Tp for an interpretation I are defined:

Tpto(I) = I
Tot (n+ 1)(T) = Tp(Tp (D)
Tptw(l)=UszyTrtn(l).

We described a partial ordering on (clause, type) pairs of a program in Section 3.5.
The following example illustrates why it is necessary to also take typing into account when
partitioning the program.

Example 4.1.3 Assume the set of declarations D including esf < sf and failure:csf.
Consider the following program with respect to D:

{z:sf} + z[severity—»high]
{z:csf} F z[severity—»low]

Under the partitioning described in [44], in which typing is not considered, the ground in-
stances of these two clauses could be in the same level. A possible model for this program
would then be {failure[severity—»high]}. Using the ordering described in Section 3.5, the
model of this program is { failure[severity—»low]} as expected. O

Let P}, ..., P! be a partitioning on the ground (clause, type) pairs of program P with
respect to a set of declarations D. Then an interpretation, Mp, is computed using the
immediate consequence operator to find a fixpoint of Tp,, T, and so on. (For simplicity, we
abbreviate Tp: to Tp,.)

Mi =Tp, 1w (0),

M] =Tptw(M!_,), for1<i<n
M, ={A| (A1) € My}

Mg = M,

Each M/ is a fixpoint of Tp,, and we show below that M} is a rather special model of P.
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Example 4.1.4 Assume the set of declarations D including psf < sf and failure:psf.
Consider program P with respect to D:

{z:sf} + z[pressure — high]
{z:sf} + z[action—»“call supervisor”]
{z:psf} b z[action—»“increase pressure”] < —z[pressure — high]

One of the possible i-stratifications of P gives the following ordering on ground (clause, type)
pairs:
P! = {(failure[pressure — high],sf)}
P} = {(failure[action— “increase pressure”] < — failure[pressure — high], psf)}
P! = {(failurelaction—»“call supervisor”], sf)}

MYF is computed as follows:

Tp, 10(0)=10
M| =Tp, tw(0) = {(failure[pressure — high],sf)}

Tp, 10(M7) = {(failure[pressure — high],sf)}
M} =Tp,tw(M{) = {(failure[pressure — high],sf)}

Tp, 10(M}) = {(failure[pressure — high],sf)}
M} =Tp, tw(M)) = {(failure[pressure — high],sf),
(failure[action—»“call supervisor”],sf)}

Mp = {failure[pressure — high], failure[action—»“call supervisor”]} O

Note that each M; is a model for |J;<; P}, and that Mp is a model of P, indeed the
preferred model of P, in this example. In fact, these properties hold for all simple programs,
and the following key result holds.

Theorem 4.1.1 (Soundness and completeness) Let P be a simple program with respect to a
set of declarations D. Then Mp does not depend on the particular i-stratification chosen for
P with respect to D, and M} is the preferred model Mp of P with respect to D.

Proof The construction of Mp in Theorem 3.5.1 is precisely the construction of the model
MF, so Mp is equal to Mp. In Theorem 3.5.2 we proved that this construction is independent
of the chosen i-stratification. O

Thus this procedure is sound and complete with respect to the declarative semantics. How-
ever, a problem with this procedure is the difficulty of assigning strata to the ground instances
of clauses before starting the computation, and we are investigating means of avoiding this
task. Another problem is that, like other naive bottom-up evaluation procedures, this one is
not goal directed, indicating the need for optimizations perhaps based on program transfor-
mation and suggesting the investigation of goal directed top-down procedures such as those
considered in the next section.

4.2 Top-down evaluation

In this section we outline an alternative evaluation procedure that might be more efficient
than the bottom-up evaluation procedure described in the previous section. This top-down
procedure is based on typed unification and a variant of SLDNF-resolution [77]. The reso-
lution procedure differs from SLDNF-resolution as ground computed answers for a selected
subgoal are computed, filtered to eliminate overridden answers, and then substituted in the
rest of the goal. The answers derived by this procedure are ground.
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Example 4.2.1 Assume a set of declarations D including psf < sf and failure:psf. Con-
sider simple program P with respect to D that has only functional methods.

{z:sf} + z[action — “call supervisor”]
{z:psf} + z[action — “lower pressure”]

The answer to goal {y:string} - «{failure[action — y]} could be substitution {y:string} |
{y/“call supervisor” } or {y:string} + {y/“lower pressure”}. There must be some mechanism
for deciding which is the overriding answer and hence computed answer. [

We start by describing the unification procedure.

Definition Let S be a finite set of simple expressions, where a simple expression is a term,
a method atom, or a predicate atom. A substitution # is called a unifier for S if S8 is a
singleton. A unifier 6 for S is called a most general unifier (mgu) for S if, for each unifier o
of S, there exists a substitution v such that o = 8.

Definition Let S be a finite set of simple expressions {I'y + Fy,...,I', + FE,} where the
variables in each F; are disjoint. The disagreement set, Dy = I' I+ D), of S is defined as
follows. Locate the leftmost symbol position at which not all F;, 1 <17 < n, have the same
symbol and extract from each expression in S the symbol at that position. Let D}, be the set
of all such symbols, and T' be the variable typing of the variables in Dj.

The unification algorithm takes a finite set of simple expressions .S with respect to a set of
declarations D as input, and outputs the most general unifier if the set is unifiable, otherwise
it reports that the set is not unifiable. It is defined as follows:

1. Put k£ = 0, and the substitution op = €.

2. If Soy, is a singleton then stop and o is the mgu of S; otherwise find the disagreement
set D, =T + Dj of Soy.

3. Let v and ¢ be in D). If ' - v:7 and T' | #:7/ are terms, v is a variable, and 7/ <;
T with respect to D then put o411 = or(I' - {v/t}); otherwise if v and ¢ are both
variables and the greatest lower bound (glb) of (7, 7’) with respect to D is not L, then
I"=1 —A{t:r'} U{t:glb(r,7")} and o1 = ox(I” + {v/t}). In either case, increment k
and go to step 2. If neither case holds, stop and report that .S is not unifiable.

Note that because there are no function symbols in our language, no occur check is necessary.

Example 4.2.2 Assume the set of declarations D including tf < c¢f, tf < fsf, failure:fsf.
Let S; be the set of expressions {{z:cf,y:string} - z[problem — y|, failure[problem —
“valve failure”]} to be unified. Then the disagreement set Dg is {z:cf}  {z, failure}. Be-
cause the type of failureis fsf, and fsf is not less than or equal to c¢f with respect to D,
S is not unifiable.

Next, let Sy be the set of expressions {{z:cf,y:string} v z[problem — y|,{z":fsf}
z'[problem — “valve failure”]} to be unified. Now the disagreement set Dy is {z:cf,2':fsf}
F {z,z'}, and the unifier oy is {z:cf,z":tf} + {z/2'}. The next disagreement set D is
{y:string} + {y, “valve failure” }, and the (most general) unifier oy is {z:cf, 2"t f, y:string}
F{z/2',y/“valve failure”}. Thus, Syoy is {{z":tf} + z'[problem — “valve failure”]}. O

We can now introduce our top-down evaluation procedure. It is similar to SLDNF-
resolution except that our procedure must deal with answers that are only possibly true for
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method atoms, that is, answers that could be overridden. For each selected literal, a set of
possible answers is computed, and a minimization operation is applied to find which of the
possible answers have not been overridden.

We define the “standard form” of an atom where the value of a method atom is a variable.
If an atom in a goal is I' - « ¢t[m@Qty,...,t, — b], where b is an object symbol, this atom
may unify with the head of a clause that is overridden by another clause and hence return
an incorrect answer. To ensure that only correct answers are computed, the value of each
method atom in the goal must be a variable. We illustrate this problem and a solution in the
following example.

Example 4.2.3 Assume a set of declarations D including failure:psf and psf < sf. Con-
sider the program P with respect to D:

{z:sf} + z[treatment—» “check readings”] (4.1)
{z:sf} + z[treatment—» “call supervisor”] (4.2)
{z:psf} F z[treatment—» “lower pressure”] «— pressure(z, high) (4.3)
{z:psf} + z[treatment—» “raise pressure”] « —pressure(z, high) (4.4)
{z:psf} + z[treatment—» “call supervisor”] (4.5)
pressure( fatlure, low) (4.6)

Consider program P and the goal G « failure[treatment—» “check readings”]. In the proce-
dure we are about to describe it is necessary to obtain all the answers to P U {{y:string} +
failure[treatment—»y]}, find the minimum answer with respect to typing, and test if y =
“check readings”. If the atom in G is not rewritten in standard form, the atom unifies only
with the head of clause 4.1 in program P. This is the minimum answer with respect to typing,
so the goal is true. When overriding is taken into account, this goal should obviously not be
true with respect to program P and declarations D. O

A method atom is in standard form if it has the form I' - ¢{[m@Qty,...,t, — z] (re-
spectively, I' & t[m@ty,...,t,—»z]), where I' ¢, I' - #y,...,[' - ¢, are terms and z is a
variable. Every predicate atom, every equality atom, and every negative literal is in standard
form. If an atom is in standard form we call it a standard atom.

A positive literal not in standard form can easily be rewritten as the conjunction of two
standard positive literals. Let A be a non-standard positive literal I' - ¢[m@Qty,... ¢, —
a] (respectively, I' - ¢[m@Qty,...,t,—»a]), where a is an object. Let z be a variable, the
variable typing IV be I' U {z : 7} where a is of type 7, and = the equality predicate. Then
I F t{mQty, ... t, — 2] Az = a (respectively, T' - t[m@ty,...,t,—»z] Az = a) is the
standard form of A.

Example 4.2.4 Consider the declarations, and goal G in Example 4.2.3. The standard form
of goal G is {y:string} + < failure[treatment—»y] Ay = “check readings”. O

We assume that R is a computation rule that selects literals such that equality and
negative literals are not selected unless they are ground. The ground equality atoms and
ground negative literals act as filters rather than answer generators. The condition that the
negative literals are evaluated last is like the safeness condition in SLDNF.

Before we describe the top-down evaluation procedure, we informally describe different
kinds of answers. We refer to three kinds of answers in the following description, computed
answers, possible answers and atom answers. Answers are substitutions. Let P be a program
with respect to a set of declarations D and I' - L be a positive literal. Informally, the possible
answers for PU {[' - < L} are all the possible answers for P U {l' I < L} without taking
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overriding into account. The atom answers for P U {I' - « L} are the minimal possible
answers for PU{T" I « L} with respect to typing. The minimization eliminates overridden
answers. Let GG be a goal. The computed answers for P U {G} are a combination of the
atom answers for the literals in G. The definitions of computed answer and atom answer
are mutually recursive. Assume initially that there is a way to find the atom answers for
PUA{l F <L} where I' - L is a positive literal. (We will define such a way later.)

We start by defining a failed goal tree and a goal tree.

Definition Let P be a program with respect to a set of declarations D and G; =T + «
LiAN---ANLpyA---ALg be a goal. Then G4 is derived from G; using substitution ;4 if
the following conditions hold:

o ' + L,, is a positive literal in GG; called the selected atom.
e 0,41 is an atom answer for PU{l' - « L, }.

o Giyristhegoal (' - Ly A~ ALp_1 ALpgr Ao A L)y,

Definition Let P be a program with respect to a set of declarations D, and G a goal. A
goal refutation of rank 0 of P U {G} consists of a sequence Gy = G, Gy, ..., G, = O of goals,
and a sequence 6y, ..., 0, of substitutions such that for each ¢, G;4; is derived from G; with
substitution 6;41.

Definition Let P be a program with respect to a set of declarations D, and G a goal. A
failed goal tree of rank 0 for P U {G} is defined as follows:

e Each node of the tree is a non-empty goal.
e The root node is G.
e Only positive literals are selected.

o letI' -« Ly A-++ANL,yA--+ALjg beanon-leaf node in the tree and suppose that
I' + L,, is selected. For each atom answer 8 for PU{I" - < L,,}, this node has a child
thatis (' - <Ly A+ ALp_1 A Lpgr A+ A Lg)8.

o letI' F+LiA-++ANLyAN--+ALpg be aleaf node in the tree and suppose that I' + L,,
is selected. There are no atom answers for PU{I' < L,,}.

Example 4.2.5 Consider program P with respect to the set of declarations D in Exam-
ple 4.2.3. Let goal G be {y:string} - < failure[treatment—»y] A y = “check readings”.
Figure 4.1 is a failed goal tree of rank 0 for P U {G}. Goal “call supervisor” = “check read-
ings” is derived from G using substitution 6§ = {y:string} + {y/“call supervisor” }, which is
an atom answer for P U {{y:string} & < failure[treatment—»y|}. It may seem surprising
that these are the only atom answers. They are the answers computed using the clauses of
the most specific type. Later we describe a way to find atom answers. O

Definition Let P be a program with respect to a set of declarations D, and G a goal. A
goal refutation of rank k+1 of P U {G} consists of a sequence Gog = G,G1,...,G, = O of
goals, and a sequence 64, ..., 8, of substitutions such that for each 2, either

o GyisI' 4« LiN---ANLyA---A L, the selected literal I' - L,, in G, is a ground
negative literal [' - —A,,, there is a failed goal tree of rank & for PU{l' - « A,.},
;41 is the identity substitution, and G4 isU' - < L1 A~ ALy 1 ALpyi Ao A Lyg;
or
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{y:string} + « failure[treatment—»y] A y = “check readings”

y/ “call supervisor” y/“raise pressure”

“call supervisor” = “check readings” “raise pressure” = “check readings”

Figure 4.1: Failed goal tree of rank 0

e (5,11 is derived from G; with substitution ;4.

Definition Let P be a program with respect to a set of declarations D, and G a goal. A
failed goal tree of rank k+1 for P U {G} is defined as follows:

e Each node of the tree is a non-empty goal.
e The root of the tree is G.

o Let G'=T+F+ «LiAN---ANLy A---A L be a non-leaf node of the tree where " + L,,
is selected, either

— I' + L,, is a positive literal, and for each atom answer 6 for PU{l' + « L,,}, G’
has a child that is (I' - <Ly A+~ ALpy_1 ALpy1 A---A Lg)8, or

— I' + L, is a negative literal I' - —A,,, there is a failed goal tree of rank & for
PU{l' + <A, },and G' hasachild ' - « Ly A+ ALyu_1ALpyy A=A Lpg.

o Let G"=TF <LiA---ALy A---ALj be aleaf node of the tree where I' + L,, is
selected, either

— I' + L,, is a positive literal and there are no atom answers for PU{l' - < L, },
or

— I' + L,, is a negative literal I' - —A,, and there is a goal refutation of rank k for

PUA{Tl - « A}

Definition Let P be a program with respect to a set of declarations D, and G a goal. A
goal refutation of PU{G} is a goal refutation of rank &k of P U{G}, for some positive integer
k. A goal refutation of P U{G} via R is a goal refutation of P U {G} in which computation
rule R is used to select atoms.

A failed goal tree for PU{G} is a failed goal tree of rank k for P U{G}, for some positive
integer k.

We make two observations. The first is each failed goal tree is finite. The second is that
a failed goal tree (respectively, refutation) of rank & is also a failed goal tree (respectively,
refutation) of rank j for all j > k. We can now define the computed answer for a program
and goal.
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Definition Let P be a program with respect to a set of declarations D, and G a goal. A
computed answer for P U {G} is the substitution obtained by restricting the composition
0, ...0, to variables of GG, where 84,...,8, is the sequence of substitutions used in a goal
refutation of P U {G} via R.

Definition Let P be a program with respect to a set of declarations D, and G a goal. A
goal derivation of P U {G} consists of a finite sequence Gy = G,Gy,...,G, of goals, and a
sequence #1,...,#0, of substitutions such that:

e Foreachi < n,G;isI' F «LiA---ANLyN---ANLp. Let I' + L,, be the selected literal.
Either

— I' v L,, is a positive literal, with an atom answer 6. In this case G4y is (I' - +
L1 VANCIERAN Lm_1 A Lm+1 VANCERIA Lk)@, and 02'_}_1 is 4. Or

— I' + L, is a negative literal I' - —A,,, and there is a failed goal tree for P U
{I' - +A,}. Inthis case Gjp1 isI' - « Ly A+ ALyu_1 ALpyy A+ A Lg, and
;41 is the identity substitution.

e And either

— G, is empty,

—G,=T'F LN ANL,N---ANLg, I' v L,, is the selected positive literal and
there is no atom answer for PU{l' < L,,}, or

- G,=0F LA -ALuN---AL,, I' - L,, is a ground negative atom I' - —A4,,,
I' - Ly, is selected and there is a goal refutation of PU{I"' I < A,,}.

A goal derivation of PU{G} via R is a goal derivation of PU{G} in which a computation
rule R is used to select atoms.

Definition Let P be a program with respect to a set of declarations D, and G a goal. A
goal tree for P U{GY} is defined as follows:

e The root of the tree is G.
e Each node of the tree is a (possibly empty) goal.

o letG'=T+F «LiAN---ANLy A---A L be a non-leaf node of the tree where " + L,,
is selected, either

— ' + L,, is a positive literal, and for each atom answer 6 for PU{T + « L, }, G’
hasachild (I' - < L1 A+ ALp_1 ALpt1 A---A Lg)8, or

— I' + L,, is a negative literal I' - —A,,, there is a failed goal tree for PU {I' I +
Ay} and G hasachild T' - <Ly A+ ALy g ALpyi Ao A L.

o Let " =T+ «<LyA---ALyA---A L be a leaf node of the tree where I' + L,, is
selected, either
— I' + L,, is a positive literal and there is no atom answer for PU{l' F < L, }, or

— I' - L, is a negative literal I' - —=A,,, and there is a goal refutation for P U
{I' -+« AL}

A goal tree of PU{G} via R is a goal tree of PU{G} in which a computation rule R is
used to select atoms.
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Example 4.2.6 Consider program P with respect to the set of declarations D in Exam-
ple 4.2.3, the goal

G ={y:string, z:level} F « failure[treatment—»y| A pressure( failure, z)

and the goal tree in Figure 4.2. The root of the goal tree is {y:string, z:level} -
failure[treatment—»y| A pressure(failure, z). Initially, the atom {y:string, z:level}
failure[treatment—»y| is selected. Assume {{y:string} - {y/“raise pressure” }, {y:string}
F {y/“call supervisor”}} are the atom answers for P U {{y:string, z:level} - « failure
[treatment —»y]}.

Now consider the goal {z:level} |- < pressure(failure, z). Assume the atom answer for
PU{{z:level} - «pressure(failure, z)} is {{z:level} I {z/low}}.

One goal refutation of P U {G} consists of a sequence of goals:

Go = {y:string, z:level} - « failure[treatment—»y] A pressure(failure, z),
G = {z:level} - < pressure(failure, z),
Gy =0,

and a sequence of substitutions 6y = {y:string}  {y/“raise pressure”}, 8, = {z:level}
{z/low}. Then {y:string, z:level} - {y/“raise pressure”, z/low} and {y:string, z:level}
{y/“call supervisor”, z/low} are the computed answers for P U {G}. O

{y:string, z:level} & + failure[treatment—»y| A pressure(failure, z)

y/“raise pressure’ y/ “call supervisor”

{z:level} - «pressure(failure,z) {z:level} & « pressure(failure,z)

z/low z/low

Figure 4.2: Goal tree for P U {G}

We have defined goal tree and computed answer assuming there is a definition for “atom
answer”. We now define “atom answer”. Informally, atom answers are the minimal possible
answers. Possible answers are all answers regardless of overriding. We now define possible
answers and minimal possible answers.

Definition Let P be a program with respect to a set of declarations D, and G =T, + + A,
be a standard positive literal. Suppose C' =1 - A + Ly A---A Ly is a clause of P where
the variables of GG and C' are standardized apart. An atom derivation of P U{G} consists of
goals G, G, type 7, substitution # and clause C' where

e fisthe mguof I' - 4, and I' - A,
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o GG'is the goal (I' - <Ly A---ALg)f, and
e 7 is the type of ' - A.

To determine the atom answers, it is necessary to compare possible answers. We can only
compare ground instances of answers. We now define ground instances of (substitution, type)
pairs, possible answers and atom answers.

Definition Let P be a program with respect to a set of declarations D. Suppose the substi-
tution @ is I' 6 and 7 is a type. The ground instancesof (8, 7) are {(o,7)| o € [[' + #]p},
where [[' - #']p is the set of all ground instances of ' consistent with T' and D. We write
[0, T]p for the set of ground instances of (6, 7).

Example 4.2.7 Consider the program P with respect to the declarations D in Example 4.2.3
and the (substitution, type) pair S = ({z:psf, 2":psf} F{z/2'}, psf). The ground instance
of S'is ({z:psf,z":psf} v {z/failure, 2’/ failure},psf). O

Definition Let P be a program with respect to a set of declarations D and I' - A a standard
positive literal. There is an atom derivation for each clause in P whose head unifies with
I' - A. The goals derived are (;, with type 7;, and substitutions 6;. For each goal G;,
suppose {#;1,...,0;,,} are the computed answers for PU{G;}. Then the substitutions 6., =
0,01, .. .,Ogni = 6,0;,,. Each (substitution, type) pair [H,Ej, 7i]p restricted to the variables of

I' - Ais a possible answer for PU{l' - «+ A}.

Definition Let P be a program with respect to a set of declarations D, I' - A a standard
positive literal, and ¥ a set of possible answers for PU{l" I < A}. Let A = t[m@Qty,...,t, —
t'] (respectively, A = t[m@Qty,...,t,—»t']). A possible answer ¢y = (61, 7) € ¥ is smaller
than another possible answer 1 = (2, 73) € U if A6 conflicts with Afy, and 71 <; 75 with
respect to declarations D. In this case we write 1y < 13. We say that 8y is minimal with
respect to W where ¥ = (0, 7%) € ¥ and there is no ¥; € W such that ¢; < . Let
(0, 7) € ¥ be a possible answer for P U {I' - « A} where ' - A is a predicate atom, @ is
minimal with respect to W.

Definition Let P be a program with respect to a set of declarations D.

e Suppose I' - A is a positive literal in standard form. Then an atom answer for P U
{I' + <~ A} is a minimal possible answer for P U{I' - « A}.

e Otherwise, suppose I' A is a positive literal not in standard form. Let TV - Ay A Ay
be the standard form of I' - A, then an atom answer for PU{I' |- + A} is a computed
answer for PU {I" - <~ A; A Ay} restricted to the variables in I' - A.

An unrestricted answer is an atom answer in which arbitrary unifiers are used rather than
most general unifiers.
First consider an example that does not involve negation.

Example 4.2.8 Assume the set of declarations D including failure:psf and psf < sf.
Consider program P with respect to the set of declarations D:

{z:sf} F z[treatment—» “check readings”|
{z:psf} F z[treatment—» “call supervisor”]

and the goal G =« failuretreatment—» “check readings”]. The atom answers for P U
{G} are the computed answers of P U {{az:string} - <« failure[treatment—»z] A z =
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“check readings”}. The goal tree for P U {{z:string} - « failure[treatment—»z] A z =
“check readings”} via R is shown in Figure 4.3. The possible answers for P U {{z:string} -
failure[treatment—»z]} are

{({z:string} F {z/“call supervisor” }, psf),
({z:string} + {z/“check readings” },sf)}.

Obviously the minimal answer is {z:string} + {z/“call supervisor”}, and there is no refuta-
tion of PU{G}. O

{z:string} &+ + failure[treatment—»z] A z = “check readings”

z/“call supervisor”

“call supervisor” = “check readings”

Figure 4.3: Goal tree for P U {G}

Next consider an example that does involve negation.

Example 4.2.9 In Example 4.2.6, it was assumed there was a way to compute atom answers.
We now describe how the atom answers are computed. Consider the declarations D and
program P in Example 4.2.3, and the atom A = {y:string} + failure[treatment—»y].

Goal O, type sf, and substitution {y:string}  {y/“check readings”} are derived from A and
clause 4.1.

Goal O, type sf, and substitution {y:string} + {y/“call supervisor” } are derived from A and
clause 4.2.

Goal «pressure(failure, high), type psf, and substitution {y:string} + {y/“lower pressure”}
are derived from A and clause 4.3.

There are no clauses in P that unify with pressure(failure, high), so the computed answers
for P U {« pressure(failure, high)} are {.

Goal « —pressure(failure, high), type psf, and substitution {y:string} + {y/“raise pressure”}
are derived from A and clause 4.4.

There is a failed goal tree for P U {« pressure(failure, high)}, so the computed answer for
P U {« —pressure(failure, high)} is .

Goal O, type psf, and substitution {y:string}  {y/“call supervisor”} are derived from A
and clause 4.5.

Thus, the possible answers for P U {{y:string} - < failure[treatment—»y]} are

{({y:string} + {y/“check reading”}, sf), ({y:string} - {y/“call supervisor”}, sf),
({y:string} F {y/“raise pressure”}, psf), ({y:string} + {y/“call supervisor”}, psf)}.

The atom answers {{y:string}  {y/“raise pressure” }, {y:string}  {y/“call supervisor” }},
are the minimal possible answers for P U {{y:string} - « failuretreatment—»y|}. O

In the theorem that proves the soundness of this top-down query evaluation procedure,
we use proof by induction on the rank of a goal tree. We first define the rank of a goal tree.
Note that this definition for the rank of a goal tree is different from the definition for the
rank of a failed goal tree. However, both definitions capture the notion of depth of subtrees.
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Definition Let P be a program with respect to a set of declarations D, and G a goal. The
rank of a goal tree for PU{G} is 0if G = O.

Definition Let P be a program with respect to a set of declarations D, G = ' -+
LyN-- ALy N---ANL, beagoal,and I - L,, be the selected literal. Suppose I' - L,, is a
positive literal in standard form that does not unify with any clause in P then the rank of a
goal tree for PU{G} is 1.

Definition Let P be a program with respect to a set of declarations D, and G a goal. The
rank of a goal tree for PU{G} is j+ 1 if

e The root node is G.

e For every non-leaf node I'; - < L;j; A --- A L;,, with selected literal I'; + L;, where
1 < n <k, either

— I'; + Lj, is not in standard form. Let the standard form of I'; + L;, be [V + Li A
LY. Then the rank of the goal tree for PU{I"  « L{ A L4} is jin.

— I'; + L;, is a positive literal in standard form and the maximum rank of the
resulting goal trees for clauses with which I'; + L;, unifies is j;,. Or

— I'; - L;, is a negative literal I'; - —A4;, and the rank of the goal tree for P U
{T; A} is jin.

Then 7 is the maximum j;,.

Example 4.2.10 Consider the declarations and program P in Example 4.2.8 and the goal
G =« failure[treatment—» “check readings”]. The trees used to find the computed answers
for PU{G} are shown in Figure 4.3 and Figure 4.4.

First consider the tree in Figure 4.3. The atom {z:string} + failure[treatment—»z] uni-
fies with both {z:sf} - z[treatment—» “check readings”] and {z:psf} F z[treatment—»
“call supervisor”]. The maximum rank of the trees resulting from these unifications is 0.
Thus the rank of the goal tree for P U {{z:string} - < failure[treatment—»z] Az =
“check readings”} is 1.

Now, consider the tree in Figure 4.4. The standard form of G is G’ = {az:string} - +
failure[treatment—»z] A x = “check readings”. As we have just shown, the rank of the goal
tree for P U {G'} is 1, so the rank of the goal tree for PU{G} is 2. O

— failure[treatment—» “check readings”]

Figure 4.4: Goal tree for P U {< failure[treatment—» “check readings”]|}

Lemma 4.2.1 Let P be a simple program with respect to a set of declarations D, and G a
goal. Suppose the selected literal in G is positive.

1. If the set {G1,...,G,} of derived goals is non-empty, then G < GV ---V G, is true
n Mp.

2. If there are no derived goals, then =G is true in Mp.
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Proof Let G be the goal ' - <~ Ly A---ALyuAN---ANL, and I' I L,, be the selected
literal. Consider part 1. First, we want to prove that if G; is true in Mp for any ¢, then GG
is true. There is a clause IV = L' <= Ly A -+ A L in P such that (I + L) = (I' - L,,)0
that is not overridden by an instance of another clause in P with respect to D. Then
' LiA- AL, (' F Ll/\---/\Lm_l/\L'l/\---/\L;-/\LmH/\---/\Ln)Ois true in Mp.
This result can be applied r times. Thus proving that if GG; is true in Mp for any ¢, then G
is true.

Next, we want to prove that if G is truein Mp, then G is true for some 7. If G is true in Mp
then there is a clause I'" + L' ¢+ Ly A---A L% in P such that (I + L) = (I' - L,,)0 that is
not overridden by an instance of another clause in P with respect to D and (I + LiA---AL%)6
is true in Mp. If this were not true, then we could remove (I L)@ from Mp and still have
a model. As Mp is minimal, this is a contradiction. Hence, (; is true for some 1.

Now consider part 2. We prove this by induction on the rank of the goal tree for PU{G}.
Suppose the rank of the goal tree for P U {G} is 1. As there are no derived goals, there are
no clauses in P whose head unifies with I' + L, so =G is true in Mp.

Assume the result holds for goal trees of rank < k.

Suppose the rank of the goal tree for PU{G} is k + 1. Either

e I' - L,, is not in standard form. The standard formof T' + L,, is G' =T  A; A Aj,.
There is a goal tree for PU{I” I + A; A Ay} which has rank < k. Using the induction
hypothesis and part 1, =G’ is true in Mp, thus =G is true in Mp. Or

e I' - L, is in standard form. For every clause with which I' - L,, unifies, [ - L’ +
LyA---A L% Thereis a goal tree for PU{I" - <~ L7 A--- A L.} that has rank < k.
Using the induction hypothesis and part 1, =3(I" = « L3 A -+ A L) is true in Mp,
thus = is true in Mp. O

Lemma 4.2.2 Let P be a simple program with respect to a set of declarations D, and G a
goal. If there is a failed goal tree for P U {G}, then =G is true in Mp.

Proof The proof is by induction on the rank of the failed goal tree for P U {G}. Every
leaf node in the tree for P U {G} is non-empty. Let G be the goal I' - <~ Ly A--- A L,,.

Suppose first that the rank of the failed goal tree is 0. Then only positive literals are
selected. The result follows by induction on the depth of the tree, using Lemma 4.2.1.

Assume the result holds for failed goal trees of rank k.

Consider a failed goal tree of rank £+ 1 for PU{G}. We now do induction on the depth
of the failed goal tree for P U {G}. Suppose first that the depth of this tree is 1. Either

e the selected literal in (G is positive. Then the result follows from Lemma 4.2.1, part 2.

Or

e the selected literal I' - L,, is the ground negative literal, I' - —A,,. Since the depth
of the goal tree is 1, there is a refutation of PU{I' - « A,,}. Using Lemma 4.2.1,
part 1 and applying the induction hypothesis on any failed goal trees of rank k in this
refutation, we obtain that I' - A,, is true in Mp. Hence =3(I' - Ly A---A L,) is true
in Mp. (This last step uses the fact that I' - A,, is ground.)

Assume that the result holds for failed goal trees of depth d. Now suppose that the failed
goal tree for PU{G} has depth d + 1. Either

e the selected literal in G is positive. The result follows from Lemma 4.2.1, part 1 and
the induction hypothesis. Or
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e the selected literal I' - L,, is the ground negative literal, I' - —A,,. By the inner
induction hypothesis, we obtain that =3(I' = Ly A+ A L1 ALpy1i A---ALy) is true
in Mp. Hence =3(I' - Ly A---A Ly A---ALy) is truein Mp. O

Theorem 4.2.1 (Soundness) Let P be a simple program with respect to a set of declarations
D, and G a goal. Then every computed answer for PU{G} is a correct answer for PU{G}.

Proof Let G be the goal ' - < Ly A---A L, and 6y,...,8, be the sequence of atom
answers used in a goal refutation of P U{G} via R. Let Mp be the preferred model of P.
We want to show that (I' = Ly A---A L,)#; ...0, is true in Mp.

We use induction on the rank of the goal tree for P U {G}. Suppose the rank is 1. Then
the restriction of P contains only facts, the literals in the tree are positive and are in standard
form.

We use induction on the length of the goal refutation of PU{G} via R. Suppose that the
length is 1. Then G is the positive literal I' - < Ly. The program has a clause I' - L such
that (I' = L)#; = (I' = L1)6, where (I' - L)#; is not overridden by an instance of another
clause in P. It follows that (I' - L)#; is true in Mp.

Assume the result holds where the length of the goal refutation of PU{G} via R is n — 1.

Suppose the length of the goal refutation of P U {G} via R is n. Let I' - L,, be the
selected literal. Then I' + L,, is a positive literal. There is an instance of a clause I' - L in
P with which it unifies that is not overridden by an instance of another clause in P. By the
induction hypothesis (I' - Ly A+ A Ly A Lppyr A--- A Lp)by...0, is true in Mp. Also
(' Lp)by...0,=("F L)6...0,is truein Mp. Thus (I' - Ly A---AL,)b;...0, is true
in Mp.

Assume the result holds for goal trees for P U {G} of rank < ¢ — 1.

Suppose the the rank of the goal tree for P U {G} is ¢. Again we use induction on the
length of the refutation of P U {G} via R. Suppose the length is 1. Then G has the form
I' v < L;. Either

e [' - L, is a positive literal. Either

— I' + Ly isastandard positive literal. Then thereis an instance of a clause I' - L +
LiA---ALj in P such that (I' = Ly)# = (I' = L)#' that is not overridden by an
instance of another clause in P. Then either

* the rank of the tree for PU{(I' - <+~ LiA---AL})#'}is < qg—1. Let 8, = ¢'.
Then by the main induction hypothesis (I'  L;)6; is true in Mp. Or

* the rank of the tree for PU{(I' - <~ L{ A---AL})8'} is ¢ — 1. Then there is
a refutation of PU{(I' + « L{ A ... A L})#'} with atom answers 6], ..., 6;.
Let 8; = 6’0} ...0;.. By the main induction hypothesis, (I' - Ly A--- A L})6;
is true in Mp, thus (I' - L1)#6, is true in Mp. Or

— I' + L; is not in standard form. Let [ - A; A Ay be the standard form of I' + L;.
There is a goal tree for PU{I" | + A; A Ay} of rank < g—1. There is a refutation
of PU{T" I + Ay A Ay} via R with computed answer 6. By the main induction
hypothesis, (I'" - A; A A3)#y is true in Mp, thus (I' - L1)#; is true in Mp. Or

o [' - 4 is a negative literal, I' -+ —A. There is a failed goal tree for PU{[' I + A}
with substitution #; = e. By Lemma 4.2.2, it follows that (I' - L;)#, is true in Mp.

Assume the result holds for refutations of P U{G} via R of length n — 1.
Suppose the length of the refutation of P U {G} via R is n. Then G has the form
't «LiN---ANL,. Let I' v L,, be the selected literal. Either
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e ' + L, is a positive literal. Either

— I' + L, is a standard positive literal. Then there is an instance of a clause
I'-L « LYAN---ALp in P such that (I' - L,,)8' = (I' = L)# that is not
overridden by an instance of another clause in P. Then either

* the rank of the tree for PU{(I' - «LiA---AL})#}is < qg—1. Let 8, = 6.
Then by the main induction hypothesis (I' + L,,)0; ...8, is true in Mp. Or

* the rank of the tree for PU{(I' - <~ L{ A---AL})#'} is ¢— 1. Then thereis a
refutation of PU{(I" - <=Ly A---A L})8'} with atom answers 8},..., 6. Let
01 = 0'0 ...0.. By the main induction hypothesis (I' - < LiA...ALy)0; ... 0,
is true in Mp, thus (I' - L,,)6; ...6, is true in Mp.

— ' + L, is not in standard form. Let I - A; A Ay be the standard form of
I' - L,,. There is a goal tree for PU{I"  + A; A Ay} of rank < ¢ — 1. There
is a refutation of PU{I" < Ay A A3} via R with computed answer 6;. By the
induction hypothesis, (I + A1 AA3)6;...0, is truein Mp, thus (I' - L,,)0;...0,
is true in Mp. Or

o [' - L,, is a negative literal, I' - = A. There is a failed goal tree for P U{I' I « A}
with substitution §; = . From Lemma 4.2.2, it follows that (I' - L,,)#0; ...6, is true
in Mp.

In either case, by the induction hypothesis (I' = Ly A=A Ly 1 ALpyi A---ALy)oy...0,
is true in Mp, thus (' - Ly A---A L,)by...0, is true in Mp. O

The top-down evaluation procedure is not complete because it does not always terminate.
There is a less restrictive condition called partial completeness [62], in which all correct
answers are computed but the procedure may not terminate. We conjecture that the top-
down evaluation procedure is partially complete.

Example 4.2.11 Assume a set of declarations D. Consider the following program P with
respect to the declarations D:

edge(a,b)

edge(b, c)

{z:node,y:node} - path(z,y) + edge(z,y)

{z:node, y:node, z:node} - path(z,y) + edge(z, z) A\ path(z,y).

Consider the goal {z:node,y:node} \ < path(z,y). There is an atom derivation for P U
{{z:node, y:node} - + path(z,y)} where G = {{2":node,y’ :node} - + edge(z',y")}, 6 =
{z":node, y':node, x:node, y:node} + {z/z',y/y'}, 7 = undefined. There is another atom
derivation for P U {{z:node, y:node} - < path(z,y)} where G = {{z":node, y":node, z:node}
F « edge(z',z) A path(z,y")}, 8 = {2':node, y'":node, x:node, y:node} - {z/z' y/y'}, 7 =
unde fined. Tn the goal tree for PU{{z":node, y" :node, z:node} + «edge(z’, z) Apath(z,y')},
let the selected atom be {y":node, z:node} + path(z,y’). There are again two atom derivations
for P U {{z:node, y":node} - < path(z,y’)}. They are variants of the above. The goal trees
are shown in Figure 4.5. Obviously if the path atom is selected each time, there are an infinite
number of trees. O

In this procedure all the trees are finite but there may be an infinite number of them.
This is different from an SLDNF-tree, which may be infinite.

This evaluation procedure is similar to the SLDNF procedure. The SLDNF procedure
with a post check to find the minimal conflicting answer would provide correct answers, but
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{z:node,y:node} - < path(z,y)

{z":node} - «edge(2’, a) {z":node} + «edge(z’,b)

z'/a

{y:node, z:node} + +edge(z,y’)
{y:node, z:node, z":node} + +edge(z,2') A path(z',y')

etc.

Figure 4.5: Goal trees for P U {{z:node, y:node} - < path(z,y)}
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would be less efficient than the procedure we propose because possible answers would not be
eliminated until the post check is done.

There are various ways in which the procedure described in this section can be optimized.
In the atom derivation, rather than unifying the atom with all the matching clauses in the
program, it is possible to unify the atom with the clause of the least type. If this does not
lead to a refutation, then the atom should be unified with the clause of the next smallest
type until it leads to a refutation.

4.3 Top-down evaluation with tabling

Currently the top-down evaluation of a recursive program that has a finite number of solutions
may enter an infinite loop by searching an infinite path. Consider Example 4.2.11.

In logic programming, techniques have been introduced to alter the top-down evaluation
procedure to handle recursive programs. Two similar techniques are Extension Tables [42] and
QSQR [18, 107]. QSQR has been extended to QSQR/SLS [62] for normal queries and strat-
ified normal databases. Our procedure is based on QSQR/SLS. It differs from QSQR/SLS
because our underlying top-down evaluation procedure is different from SLDNF-resolution
due to inheritance and overriding.

In this procedure, as in QSQR/SLS, we identify recursive atoms. However, because of the
presence of inheritance and overriding, we also define “subatom”. The presence of subatoms
makes our definition of recursive atoms different from the definition in [62]. We now define
the terms subatom and recursive atom before describing our procedure.

Definition Given a set of declarations D, an atom [' - ¢{m@sy,...,s, — s| is a sub-
atom of T | t'[m@Qs), ... s, — §] (respectively, T' - t{m@sy,...,s,—»s] is a subatom of
" - t[maQs), ..., sh—»s)if 't U b simsy oo, U F S, U osims, IV iy,
I+ s’l:TS/17 ooy sl and TV b sity are terms and 7 <y Ty, T, <4 Totseeos Ton <t
T, Ts <t Ty With respect to D.

If atom aq is a subatom of ay then atom ay is a superatom of a;.

Example 4.3.1 Assume a set of declarations D including special_node<node, d:special_node,
and a:node. The atom {z : special_node} + z[path—»d] is a subatom of {z : node} - z[path
—»al. The atom {z : special_node} - z[path—»a] is not a subatom or a superatom of
{z : special node} + z[path—»d]. O

Recall that expressions F and F are variants if there are substitutions # and ¢ such that
E = F6 and F = Fo. Note that if atom B is a subatom of atom C' then B and C' are not
variants.

A dependency graph can be used to identify recursive atoms. The dependency graph
defined below is similar to that presented in [12]. However the nodes in this graph are atoms
rather than predicate names. This is necessary because we consider typed methods as well
as predicates.

Definition Given a program P with respect to a set of declarations D, we define a depen-
dency graph as follows. The nodes of the graph correspond to the atoms that appear in
P. Variables are renamed so that variant atoms correspond to a single node. A positive
arc ¢ & 1 connects a pair of nodes ¢, if there is a clause ¢ + --- AP A---in P, or if
Y ---ANPpA---in P, and @ is a subatom of ¢ in P. A negative arc ¢ < 9 connects a pair
of nodes ¢, ¥ if there is a clause ¢ < ---A =P A ---in P, or if there is a clause ¢ « ---, and
another clause ¢ ¢« -~ AP A---or ¢+ ...A=p A...and ¢ is a subatom of ¢.
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Example 4.3.2 Consider the following program that states that there is a path between a
source and destination node if there is an edge between the source and destination node, or
if there is an edge between the source node and another node and a path between the other
node and the destination node, except in the case where the source node is a special node.
In the case of a special node, there is only a path between the source and destination node
if there is an edge between the source and destination node.

Assume a set of declarations D including a:special node, b:node, c:node, d:node and
special_node < node. Consider the program P with respect to D:

aledge—»b]

bledge—»c]

cledge—»d]

{z:node,y:node} - z[path—»y| + z[edge—»y]

{z:node, y:node, z:node} + z[path—»y| « xledge—»z] A z[path—»y]
{z:special_node,y:node} + z[path—»y] + z[edge—»y]

The dependency graph is shown in Figure 4.6. O

+

{z:node, y:node} + z[path—»y] {z:node, y:node} + x[edge—»y]

_I_

{z:special _node, y:node} + as[path—»y]@; {z:special_node, y:node} + zledge—»y]

Figure 4.6: Dependency graph for program P with respect to D

The following example illustrates that there is a cycle in the dependency graph of a
program if there is a clause in the program where the atom in the head of the clause is a
subatom of an atom in the body of the clause.

Example 4.3.3 Assume a set of declarations D including a:special_node and special_node <
node. Consider the program P with respect to D:

{z:special_node, y:node, z:node} - z[path—»z]  y[path—»z] Ar(z,y)
r(a,a).

The dependency graph is shown in Figure 4.7. O

{z:special_node, z:node} + z[path—»z n {y:node, z2node} + y[path—» z]

{z:node,y:node}  r(z,y)

Figure 4.7: Dependency graph for program P with respect to D
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Definition The set of recursive atoms (r-atoms) of P is the set of atoms that are involved in
at least one cycle in the dependency graph for P. The atoms in P that are not in the r-atom
set are in the iterative atom (i-atom) set. An r-atom (respectively, i-atom) is an atom in the
r-atom (respectively, i-atom) set.

Example 4.3.4 First consider program P with respect to the declarations D in Exam-
ple 4.3.2. The r-atom is {z:node, y:node} - z[path—»y].
The i-atoms are {{z:node, y:node} - z[edge—»y|,{z:special node,y:node} + z[path—»y],
{z:special_node, y:node} + z[edge—»y], aledge—»b], bledge—»c], cledge—»d]}.

Now consider program P with respect to the declarations D in Example 4.3.3. The
r-atoms are {{z:special_node, z:node} + z[path—»z],{y:node, z:node} + y[path—»z]}. The
i-atoms are {{z:node, y:node} + r(z,y),r(a,a)}. O

We now describe a top-down evaluation procedure with tabling. As in the top-down
procedure described in Section 4.2, a forest of goal trees is used to find the computed answer
for a goal with respect to a program. However, in the top-down procedure with tabling,
there is more than one forest if there is a recursive atom in the program. In the first forest,
all the computed answers are found for the program and goal without considering subgoals
that contain a recursive atom. A table is used to store the computed answers for each atom
from each iteration. In subsequent iterations, the computed answers from the table are used,
in particular as answers for goals containing a recursive atom. The process is continued
until there are no new computed answers. In the table, standard atoms and their computed
answers with respect to the program are stored in the form of (standard atom, atom answer)
pairs. In the forest, we distinguish between predecessor and successor atoms. We now define
subtree, and predecessor and successor atoms. In the following definitions P is a program
with respect to a set of declarations D, G is a goal, and S is a set of (standard atom, atom
answer) pairs.

Definition A tree #' is a subtree of a tree ¢ in a forest 7T if refutations from # are used in
derivations in t.

Example 4.3.5 In Figure 4.5, the tree for P U {{z":node,y" :node} - < edge(z’,y’)} is a
subtree of the tree for P U {{z:node, y:node} - « path(z,y)}. O

In this procedure we initially recognize atoms that are called recursively. Such an atom is a
predecessor atom the first time it is called. In the recursive call, it is a successor atom.

Definition Let A and B be atoms where B is a variant or a subatom of A and A and B are
r-atoms with respect to P. Let ¢ and ¢’ be trees in a forest T where ¢’ is a subtree of ¢. If A
is a subgoal of a goal in t and B is a subgoal of a goal in ' then B is a successor atom with
respect to T, and A is a predecessor atom with respect to T.

Example 4.3.6 Assume a set of declarations D including special_node < node. Let B be
the atom {z : special_node,y:node} \ z[path—»y] and A be the atom {z:node, y:node}
z[path—»y] in P where A and B are r-atoms and B is a subatom of A. Suppose B is derived
from A in T, then B is a successor atom and A is a predecessor atom. O

Recall the definitions of computed answer and possible answer from Section 4.2. In this
section we redefine atom answer. Atom answers are defined with respect to a set of (atom,
atom answer) pairs or table. There are two ways to derive atom answers. If the atom is an
atom in the table, or a subatom or a variant of an atom in the table, then the answers are
taken from the table. If the atom is not in the table, then the atom answers are derived
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as they are for the top-down procedure. We also define a forest with respect to a goal, a
program and a set of (atom, atom answer) pairs. Then, we give a procedure for evaluating
a goal with respect to a program, which involves iterating through a number of such forests
with respect to a set of (atom, atom answer) pairs until no new atom answers are generated.

Definition Let I' - L be a literal in forest T with respect to program P, a set of declarations
D and a set of (atom, atom answer) pairs S. Either

e I' - L is not a standard literal. Let IV - A; A Ay be the standard form of I' + L. The
atom answers for P U {['  « L} with respect to T and S are the computed answers
for PU{l" < A; A A3}, Or

e ' - L isin standard form. Either

— I' + L is not a predecessor atom and is a variant of an atom I'g + B in S. Then
there is a pair (I'g - B,0Opg) in S, and the atom answers for PU{I" - < L} with
respect to T" and S are Op.

— I' L is not a predecessor atom and is a subatom of an atom I'g - B in S. Then
there is a pair (I'g - B,03g) in S, and the atom answers for PU{I"' - < L} with
respect to T and S are each g € Op such that fp is consistent with I'. Or

— I' b Lis an atom that is not a variant or subatom of a literal in S, or a predecessor
atom. The atom answers for P U {I' - < L} with respect to 7" and S are the
minimal possible answers for PU{l" - « L}.

Definition A forestT for goal G with respect to program P, declaration D and (atom, atom
answer) pairs S is a forest of trees of goals such that

e The root of some tree t of T is G.
e Nodes that are the empty goal have no children.

o Let G'=TF «<LiA---ALyA---A Ly be anode of a tree where I'  L,, is selected.
Either

— I' + L,, is a negative literal, ' - —A,,. If there is an atom answer for PU{l" | +
A, } with respect to T and S then G’ has no children. Otherwise G’ has a child
I' - FLl/\"'/\Lm_l/\Lm+1/\"'/\Lk. Or

- I' + L,, is a positive literal. Either

* I' v L,, is not in standard form. Let the standard form of I' + L,, be
I - Ay A Ay. There is a tree in T with root IV - A; A A;. For each atom
answer # for PUA{l' - « L, } with respect to 7" and S, G’ has a child
(F = (—Ll/\"'/\Lm_l/\Lm+1/\--'/\Lk)0. Or

* I' v L, is a standard literal. Either

- I' v L,, is not a predecessor atom and is not a variant or subatom of an
atom in S, or it is a predecessor atom. Then there is a tree in T for every
atom derivation where the head of a clause I' = A < My A---A M, unifies
with I + L,, with substitution 6,, and type 7. The root of the tree is
(I' = < MyA---AM,)b,,. For each atom answer 6 of PU{I" - < L,,} with
respect to T and S, G' hasachild (I' - < L1A-- ALy ALy A -ALg)8.
Or
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- I' v L,, is not a predecessor atom and is a variant or subatom of an atom
in S. Then for every atom answer § of PU{I' - < L,,} with respect to
T and S, G' has achild (' F « Ly A---ALp_1ALpg1 A---ALg). Or

— (' has no children.

Definition The procedure for evaluating goal G’ with respect to program P and declarations
D is:

n:=0
let S, be §
repeat
n:=n-+1
construct a forest T, for G with respect to P, D and S,,_{
AS is the set of (atom, atom answer) pairs derived from forest T,
Spi=S,-1 UAS
until AS C S, _
Return all computed answers for P U {G} from T,.

The following example demonstrates the procedure where the program is recursive.

Example 4.3.7 Consider program P and declarations D in Example 4.2.11. The r-atom in P
is {{z:node, y:node} - path(z,y)} and the i-atoms in P are {{z:node,y:node} - edge(z,y),
edge(a,b), edge(b,c)}. Consider the goal {z:node, y:node} + « path(z,y).

The forest T is shown in Figure 4.8. The set of (atom, atom answer) pairs is

S1={ ({z":node,y" node} - «—edge(z',y'),{{z"node,y" :node} - {z'/a,y’/b},
{z":node, y'":node} + {z'/b,y'/c}}),
({z:node,y:node} - «path(z,y), {{z:node,y:node} +{z/a,y/b},
{z:node,y:node} - {z/b,y/c}})}.

The forest T is shown in Figure 4.9. The set of (atom, atom answer) pairs is

Sy ={ ({z":node,y":node} - +—edge(z',y'),{{z":node,y :node} +{z'/a,y'/b},
{z":node,y":node} - {z'/b,y'/c}}),
({z:node,y:node} - «path(z,y), {{z:node,y:node} +{z/a,y/b},
{z:node,y:node} - {z/b,y/c}, {zmode, y:node} - {z/a,y/c}})}.

The process is repeated, and no new atom answers are generated. As expected, the computed
answers for P U {{z:node, y:node} - < path(z,y)} are

{{z:node, y:node} + {z/a,y/b}, {z:node,y:node} + {z/b,y/c},
{z:node,y:node} +{z/a,y/c}}. O

The following example demonstrates the procedure where the program has a clause that
possibly overrides a recursive definition.

Example 4.3.8 Consider program P and declarations D in Example 4.3.2 and its associated
dependency graph. The r-atom is {{z:node, y:node} - z[path—»y]|}.
The i-atoms are {{z:node, y:node} - z[edge—»y|,{z:special node,y:node} + z[path—»y],
{z:special_node,y:node} - z[edge—»y], aledge—»b], bledge—»c], cledge—»d]}.

Consider the goal {z:node, y:node} - « z[path—»y].
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{z:node,y:node} - < path(z,y)

éa z/b

y:? y/ec

{z":node, y":node} - —edge(z',y’") {z':node,y":node, z:node} + —edge(z’, z) A path(z,y’)

Figure 4.8: Ty for P U {{z:node, y:node} - <« path(z,y)}

The forest T is shown in Figure 4.10. The set of (atom, atom answer) pairs is

S1 ={ ({z:node,y:node} + z[path—»yl, {{z:node, y:node} - {z/a,y/b},
{z:node,y:node} - {z/b,y/c}, {zmode, y:node} - {z/c,y/d}}),
({z":node, y":node} + a'[edge—»y'],{{z"node, y":node} - {z'/a,y'/b},
{z":node, y'":node} + {z'/b,y'/c}, {x"mnode, y":node} + {x'/c,y'/d}}),
({z":special node, y'":node} + z'ledge—»y'], {{z":special node, y":node}
(& Jary' /D)),

The forest T3 is shown in Figure 4.11. The set of (atom, atom answer) pairs is

Sy ={ ({z:node,y:node} + z[path—»yl, {{z:node, y:node} - {z/a,y/b},
{z:node,y:node} - {x/b,y/c},{z:node, y:mode} + {z/c,y/d},
{z:node,y:node} - {z/b,y/d}}),

({z":node, y":node} + z'[edge—»y'],{{z"inode, y node} - {z'/a,y’/b},
{z":node,y":node} - {z'/b,y'/c},{z":node, y":node} - {z'/c,y'/d}})
({z":special node, y' :node} + z'[edge—»y'], {{z":special node, y":node} +

{2'/a,y'/b}})}.

Notice that the possible answer {z:node, y:node} + {z/a,y/c} is not minimal.
There are no further atom answers in the next iteration.
The computed answers for P U {{z:node, y:node} - < z[path—»y|} are

{{z:node, y:node} + {z/a,y/b}, {z:node,y:node} + {z/b,y/c},
{z:node,y:node} - {z/c,y/d},{z:node,y:node} - {z/b,y/d}}. O

Theorem 4.3.1 (Soundness) Let P be a simple program with respect to a set of declarations
D, and G a goal. Then every computed answer for P U {G} found using the procedure for
evaluating G with respect to P and D is a correct answer for P U {G}.

Proof This proof is an extension of the proof of Theorem 4.2.1.
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{z:node,y:node} - «path(z,y)

{z:node,y:node} - «—edge(z,y) {z:node, y:node, z:node} - «edge(z, z) A path(z,y)
z/a z/b
o/a /b b lye
y/b y/e

{z:node} - «edge(z,a) {z:node} - <edge(z,b)

z/a

Figure 4.9: Ty for P U {{z:node, y:node} - <+ path(z,y)}

Let G be the goal I' - < Ly A---A L, and #,...,68, be the sequence of atom answers
used in a goal refutation of PU{G} via R in a forest T}, for G with respect to P, D and S, _;
in the procedure for evaluating G with respect to P. Let Mp be the preferred model of P.
We have to show that (I' - Ly A---A Ly)0;...0, is true in Mp.

We use induction on the number of the forests generated by the procedure. Initially,
suppose there are no new atom answers in forests T,, where n > 1. Then there are no
atom answers generated due to recursion. This part of the proof is the same as the proof of
Theorem 4.2.1. We use induction on the rank of the goal tree for PU{G} via R in forest T}.
Suppose the rank is 1. Then the restriction of P contains only facts, the literals in the tree
are in standard form and are positive.

We use induction on the length of the goal refutation of P U {G} via R in forest T7.
Suppose that the length of the goal refutation of P U{G} via R is 1. Then G is a positive
literal I' F < Lq. The program has a clause I' - L such that (I' = L)#; = (I' - L)#; where
(I' = L)#; is not overridden by an instance of another clause in P. It follows that (I' - L1)6;
is true in Mp.

Assume the result holds where the length of the goal refutation of PU{G} via R in 17 is
n— 1.

Suppose the length of the goal refutation of PU{G} via Rin Ty is n. Let I' + L,, be the
selected literal. Then I' + L,, is a positive literal. There is an instance of a clause I' - L in
P with which it unifies that is not overridden by an instance of another clause in P. By the
induction hypothesis (I' - Ly A+ A L1 ALpyr A+~ A Ly)by...0, is true in Mp. Also
(' Lp)by...0,=(+F L)b,...0,is truein Mp. Thus (I' = Ly A---ALy,)6;...0, is true
in Mp.

Assume the result holds for goal trees for P U {G} in T of rank < ¢ — 1.

Suppose the rank of the goal tree for P U{G} in T} is q. Again we use induction on the
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{z:node,y:node} - « z[path—»y] {z"mode, y":node} - +z'[edge—»y']

{z":special node, y':node} + +z'ledge—»y’]

z'/a

y'/b

{z":node, y'":node, z:node} - +z'[edge—»z] A z[path—»y']

Figure 4.10: Ty for P U {{z:node,y:node} - <« z[path—»y]}

length of the refutation of P U {G} via R. Suppose the length is 1. Then G has the form
I' v < L;. Either

e I' - I is a positive literal. Either

— I' + Ly is a standard positive literal. Suppose I' - L is not a successor atom.
Then I' - L; unifies with the head of a clause T' - L’ < L] A---A L}, with unifier
#'. Either

* the rank of the tree for PU{(I' - +L{A---AL)0'}is < qg—1. Let 6; = ¢'.
Then by the induction hypothesis (I' - L1)#6; is true in Mp. Or

* the rank of the tree for PU{(I' - « L{ A---AL})#}is ¢— 1. Then there is a
refutation of PU{(I' F <~ L{ A---AL})#'} with atom answers 6}, ...,8). Let
6, = 0’61 ...0}.. By the induction hypothesis (I' - <~ L{ A...AL})# is true in
Mp thus (I' - L;1)6; is true in Mp. Or

— I' + Ly is not in standard form. Let TV + A; A Ay be the standard form of ' - L;.
Then there is a goal tree for P U {I" < Ay A A3} of rank < ¢ — 1. There is
a refutation of P U {I" - < A; A Ay} via R with computed answer #;. By the
induction hypothesis, (I - Ay A Ag)6, is true in Mp, thus (I' - L;)6; is true in
Mp.

o [' - I, is a negative literal, [' - —A. Then, there is a failed goal tree for PU{I" - < A}
where 6; = ¢. By Lemma 4.2.2, it follows that (I' - L;)#; is true in Mp.

Assume the result holds for refutations of P U{G?} via R in T of length n — 1.
Suppose that the length of the refutation of PU {G} via R in T is n. Then G has the
form ' - «<LiA---AL,. Let ' v L,, be the selected literal. Either

e ' + L, is a positive literal. Either
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{z:node, y:node} - « z[path—»y] {z"mode, y":node} - +z'[edge—»y']

{z":special node, y':node} + + x'ledge—»y’]

' /a

y'/b

{z":node, y':node, z:node} - < a'[edge—»z] A z[path—»y']

{z":node} - «2'[edge—»a] {z":node} - «2'ledge—»b] {2":node} +  z'[edge—»c]

z'/a

Figure 4.11: T for P U {{z:node,y:node} - <+ z[path—»y]}
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— I' + L,, is a standard positive literal. Suppose I'  L,, is not a successor atom.
Then ' + L,, unifies with the head of a clause I' + L' <~ L{ A -+ A L in P that
is not overridden by an instance of another clause in P such that (I' - L,,)8 =
(I' = L)#'". Either

* the rank of the tree for PU{(I' F <~ L{ A---AL})#'} is < ¢ — 1. Then by the
induction hypothesis (I' - L,,)#;...6, is true in Mp. Or

 the rank of the tree for PU{(I' - <~ L{ A---AL})#'} is ¢—1. Then thereis a
refutation of PU{(I" - < L{ A---AL})#'} with atom answers 6}, ..., 6. Let
6, = 0’61 ...0}.. By the induction hypothesis (I' - < L{ A...AL})0;...0, is
true in Mp, thus (I' + L,,)6;...6, is true in Mp. Or

— TI'+ L, is not in standard form. Let I'" - A; A A3 be the standard form of
I' + L,,. There is a goal tree for PU{I” < A; A Ay} of rank < ¢ — 1. There
is a refutation of PU{I" I « Ay A Ay} via R with computed answer 6;. By the
induction hypothesis, (I'' - A; A A3)6 is true in Mp, thus (I' + L,,)@ is true in
Mp.

By the inner induction hypothesis (I' F <~ L1 A...A L1 A Lypgr A=A Ly)by ... 0,
is true in Mp, thus (I' - < Ly A ... A L,)0;...0, is true in Mp. Suppose I' - L,,
is a successor atom, then this node has no children and there are no refutations for

PU{l' - «L,}.

o I' - L,, is a negative literal, I' - = A. There is a failed goal tree for P U{I' - « A}
where #; = ¢. By Lemma 4.2.2, it follows that (I' - L,,)0; ...0, is true in Mp. By the
induction hypothesis (I' = Ly A+ A Lyt A Lipg1 A+-- A Lyp)by...0, is true in Mp,
thus (' = Ly A---A L,)0;...0, is true in Mp.

The rest of this proof is an extension to the proof of Theorem 4.2.1.

Assume the result holds where the number of forests generated is g — 1.

Suppose now that the number of forests generated is ¢. We use induction on the length
of the refutation of PU{G} via R in T,. Suppose the length of the goal refutation of PU{G}
via R in T, is 1. Then G has the form I' + < L;. Either

e ' + L is a standard positive literal. Either

— I' + Ly is a standard positive literal. Suppose I' - L; is not a predecessor atom.

Then it is a variant or subatom of an atom in S,_; with atom answer #;. By the
induction hypothesis (I' - L;)#; is true in Mp.
Suppose I' I Ly is a predecessor atom. There is a ground instance of a clause
I' = L« LiA---AL} in P such that (I' - L;)#’ = (I' - L)#' that is not overridden
by an instance of another clause in P. There is a goal tree for PU{(I" - < L{A---A
L})8'}. There is a refutation for PU{(T' F <~ Lj A---AL})#'} with atom answers
01,...,0,. Let 6, = 0'6; ...0},. By the induction hypothesis (I' = Li A---A L)6;
is true in Mp, thus (I' - L1)#6, is true in Mp. Or

— I' + L; is not in standard form. Let I + A; A Ay be the standard form of I' + L;.

It follows from the above that (I' - A;)#; and (I' - A2)#, are true in Mp, thus
(' = Lq1)6; is true in Mp. Or

o [' - L is a negative literal, I' - —A. There is a failed goal tree for PU{l' - + A} in
Ty where k < ¢ with substitution 6, = . By the induction hypothesis (I' - L1)6; is
true in Mp.
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Assume the result holds for refutations of P U{G?} via R of length n — 1.
Suppose that the length of the refutation of P U {G} via R is n. Then G has the form
't «LiN---ANL,. Let I' + L, be the selected literal. Either

e I' - L, is astandard positive literal. Suppose I' - L,, is not a predecessor atom. Then
it is a variant or subatom of an atom in S,_; with atom answer #;. By the induction
hypothesis (I' - L,,)0; ...0, is true in Mp.

Suppose I' L, is a predecessor atom. There is a ground instance of a clause I' - L +
LY A---ALy in P such that (T + L,,)# = (I' - L)# that is not overridden by an
instance of another clause in P. There is a goal tree for PU{(I' - <L A---AL})0'}.
There is a refutation for PU{(I' - «+ L} A ---A L})#'} with atom answers 6}, ..., ;.
Let #; = 6’67 ...6}.. By the induction hypothesis (I' - L{ A--- A L})#; is true in Mp,
thus (I' - L,,)61...6, is true in Mp.

e I' - L,, is not in standard form. Let IV - A; A Ay be the standard form of T' + L,,.
It follows from the above that (I' - A1)8; ...6, and (I' - A3)f;...6, are true in Mp,
thus (I' - L,,)61...6, is true in Mp. Or

o [' - L, is a negative literal, I' -+ —A. There is a failed goal tree for PU{I' - + A} in
Ty where k < ¢ with substitution #; = €. By the induction hypothesis (I' + L,,)0;...6,
is true in Mp.

By the induction hypothesis (I' = Ly A--- A Lyt A Lypg1 A oo oA Ly)by .. .0, is true in Mp,
thus (' = Ly A--- A L,)6y...0, is true in Mp. O

Lemma 4.3.1 Let P be a simple program with respect to a set of declarations D, and G a
goal. In the procedure that evaluates G with respect to P and D every tree is finite, and only
finitely many subtrees are generated.

Proof We need to show that every node in a tree has a finite number of children and
generates a finite number of subtrees. Suppose G =1 F <L A---A L.

We use induction on the number of the forests generated by the procedure. Initially
suppose new atom answers are generated only in forest Ty. Then no new atom answers are
generated due to recursion.

We use induction on the rank of the goal tree for P U{G} via R. Suppose the rank is 1.
Then the restriction of P contains only facts, the atoms are in standard form, and there is
no negation. Then the restriction of P contains only i-atoms.

Suppose I' L, is the selected literal. I' - L,, is an i-atom. Let n be the number of
clauses with which I' + L,, unifies, which are not overridden by another clause in P. This
node has n children and no subtrees are generated.

Assume the result holds for goal trees for P U {G} of rank < p — 1.

Suppose the rank of the goal tree for P U {G} is p. Let I' - L,, be the selected literal.
Either

e ' + L,, is a positive literal. Either

— I' + L,, is not in standard form. Suppose IV - A; A A, is the standard form of
I' + L,,. There is a goal tree for P U {I”  + A; A A3} of rank < p — 1. By the
induction hypothesis, in the procedure that evaluates IV + < Ay A Ay with respect
to P and D every tree is finite, and only finitely many subtrees are generated.
Let the number of atom answers for P U {I" < A; A A2} be n. Then the node
I' - <G has n children. Or
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— I' + L,, is a standard positive literal. Either

x I' - L,, is not a successor atom. There is potentially a goal tree for each clause
with which I' - L,, unifies with rank < p — 1. By the induction hypothesis,
in the procedure that evaluates I' + L,, with respect to P and D every tree is
finite, and only finitely many subtrees are generated. Let the number of atom
answers for PU{I' - L,,} be n. Then the node I' + <~ G has n children. Or

* I' - L, is a successor atom. This node has 0 children and generates 0 sub-
trees. Or

o I' - L, is a negative literal, I' - —A,,. This node has 0 or 1 children. There is a
subtree with root I' - + A,, with rank < p — 1. By the induction hypothesis, in the
procedure that evaluates I' - + A,, with respect to P and D every tree is finite, and
only finitely many subtrees are generated.

Assume the result holds where the number of forests generated is ¢ — 1.
Suppose now that the number of forests generated is ¢q. Let I' - L,, be the selected literal.
Either

e ' + L, is a positive literal. Either

— I' + L,, is not in standard form. Suppose IV - A; A A, is the standard form of
I' - L,,. There is a goal tree for PU{I[" - < Ay A Ay} in T,_4. By the induction
hypothesis, in the procedure that evaluates I'' + A; A Ay with respect to P every
tree is finite, and only finitely many subtrees are generated. Let the number of
atom answers for P U{I" - < Ay A A2} be n. Then the node I' - «+ G has n
children. Or

— I' + L,, is a standard positive literal. Either

* I' - L,, is an i-atom that is a variant or subatom of an atom in S,_;. There
is potentially a goal tree for each clause with which I' - L,, unifies with
rank < p — 1. By the induction hypothesis, only finitely many subtrees are
generated. Let there be n answers in S,_;. Then this node has n children.

* I' - L,, is a predecessor atom that is a variant or subatom of an atomin S,_;.
There is potentially a goal tree for each clause with which I'  L,, unifies with
rank < p — 1. By the induction hypothesis, only finitely many subtrees are
generated. Let the number of atom answers for PU{I' -+ L,,} be n. Then
the node I'  + G has n children. Or

* I' v L,, is a successor atom. This node has 0 children and 0 subtrees are
generated. Or

e I' - L, is a negative literal, I' - =A,,. This node has 0 or 1 children. There is a goal
tree with root I' - < A,, in forest T;,_;. By the induction hypothesis, in the procedure
that evaluates I' - < A,,, with respect to P and D every tree is finite, and only finitely
many subtrees are generated. O

Recall that an unrestricted answer is an atom answer in which arbitrary unifiers are used
rather than most general unifiers. Because atom answers are ground instances of answers,
the answers computed using arbitrary unifiers are also computed using most general unifiers.

Lemma 4.3.2 Let P be a simple program with respect to a set of declarations D, and G «a
goal. Suppose that P U{G} has an unrestricted answer 6. Then P U{G} has a computed
answer 8" such that § = 6'.
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Proof Let Gbel - «LiA---AL,. We use induction on the rank of the tree for PU{G}.
Assume the rank of the tree is 1. Then in the restriction of P there is no negation, all the
clauses are facts, and all atoms in the tree are in standard form.

We use induction on the length of the refutation. Let the length be 1. Then Gis ' | « L.
There is a clause I' - L that unifies with I' - Ly with arbitrary unifier #. Ground clause
(I'  L)8 is not overridden by another clause in P. Let 8’ be the mguof I' -+ L and ' L.
For every 8, € [0]p, 0, € [#']p and 6, is an atom answer for PU{l' - « L}.

Assume the result holds for refutations of length n — 1.

Suppose the refutation has length n. Let I' - L,, be the selected literal. There is a clause
I' - L that unifies with I' - L,, with arbitrary unifier #;. Ground clause (I'  L)#; is not
overridden by another clause in P. Let #] be the mgu of I' - L and ' + L,,. For every
0, € [01]p, 0, € [#]]p. By the induction hypothesis, PU{(I' - < Li A~ A Lp_1 ALyt A
-+-A L,)8,} has a refutation with computed answer 5 ...6,,. Thus PU{G} has a refutation
with computed answer 6,6, ...6,.

Assume the result holds for trees of rank k& — 1.

Suppose now that the tree for PU{G} has rank k. We use induction on the length of the
refutation. Let the length be 1. Then G is I' I < Ly. Either

e [' - [y is a standard positive literal. Then there is a clause I' = L « Ly A--- A L}
in P such that I' - L unifies with I' - L; with arbitrary unifier §. Ground clause
(I' = L« LiA---AL%)8 is not overridden by another clause in P. Let 6’ be the mgu of
I'+ Land T | L;. Thereis a tree of rank < k—1 for PU{T" < LiA---AL’}. By the
induction hypothesis PU{I' - <~ L3 A---A L’} has a refutation with computed answer
0; = 01 ...0;. There is an atom answer 6, for PU{I' - < L,,} such that 8, € [00;]p
and 8, € [O/Hj]p.

e ' - L, is anon-standard positive literal. Let the standard formof I' - Ly be ' - A1 A
Ag. Then there is a tree of rank < &k — 1 for PU{l' - «+ Ay A A3}. By the induction
hypothesis, it follows that if there is an unrestricted refutation of PU{[' F + A A Ay},
then there is a refutation of PU{l' - <+ L;}. Or

e ' - Ly is a negative literal, I' - —=A. Then there is no unrestricted refutation for
PUA{l' v « A,,} so there is no refutation for PU{I' -+ « A,,}. By the induction
hypothesis, PU{['  « L} has a refutation.

Assume the result holds for refutations of length n — 1.
Suppose the refutation has length n. Let I' - L,, be the selected literal. Either

o [' - Ly, is a standard positive literal. Then there is a clause I' - L « Ly A--- A L}
in P such that I' + L unifies with I' -+ L,, with arbitrary unifier 8. Ground clause
(' L & Ly A--- A L%)0 is not overridden by another clause in P. Let 6" be the
mgu of ' = L and I' - L;. By the induction hypothesis P U{l' b L A -+ A L%}
has a refutation with computed answer 6; = ¢ ...6%. There is an atom answer ¢, for
PUA{T F < L,,} such that 6; € [#6;]p. It follows that every atom answer #; € [#6;]p,
0, € [Olej]p.

e '+ L, is a non-standard positive literal. Let the standard form of I' - L,, be
I' - Ay A Ay, Then there is a tree of rank < k — 1 for PUA{l' - « A; A Ay}
By the induction hypothesis, it follows that if there is an unrestricted refutation of
PUA{T F < A1 A Az}, then there is a refutation of PU{l' F « L,,} with atom answer
01. Or
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e ' - L, is a negative literal, I' - = A. Then there is no unrestricted refutation for
PUA{l' - < A} so there is no refutation for P U {I' -+ < A}. By the induction
hypothesis, PU{I' + « L,,} has a refutation with atom answer #; = ¢.

By the induction hypothesis, PU{(I' - < L1 A~ A Lyu_1 A Lpg1 A+~ A L,)61} has a
refutation with computed answer #3...6,. Thus P U {G} has a refutation with computed
answer 6160, ...6,. O

Lemma 4.3.3 Let P be a simple program with respect to a set of declarations D, G a goal,
and 8 a substitution. Suppose there exists a goal refutation of P U{G8} via R. Then there
exists a goal refutation of P U {G} via R. Furthermore if 0y,...,0, are the atom answers
from the goal refutation of PU{G8} via R and 61, ...,0, are the atom answers of the goal
refutation of P U{G} via R then 66, ...60, =6, ...6.,.

Proof Suppose the literal I' - L, is selected in Gf and suppose an atom answer for
PU{l' + <« L,,} is #; and the resulting goal is G;. Then there is a clause C; = T' - L «
LiN--- ALy such that (I' = L)#; = (I' - Ly,)8;. We assume 6 does not act on any of the
variables in /1. Now 66, is a unifier for I' -+ L and the atom in G that corresponds to L,,
in Gf. The result of resolving G and C'y using 06, is G;. The result is proven by applying
this result n times. O

Theorem 4.3.2 (Completeness) Let P be a simple program with respect to a set of dec-
larations D, and G a goal. FEvery correct answer for P U {G} is a computed answer for
PU{G} found using the procedure for evaluating G with respect to P and D. The procedure
for evaluating G with respect to P and D terminates.

Proof We use induction on the level of G. Suppose G has level 0. Then there is no
overriding or negation in the restriction of P. Suppose G is the goal I' - < Ay A --- A Ayg.
Since 6 is correct (I' = Ay A -+- A Ag)# is true in Mp. Since for every i, (I' - < A4;)8 is
ground, there is a goal refutation of P U {(I' - « A;)#} such that the computed answer is
the identity. Suppose that the sequence of atom answers for the refutation of P U {G#} is
01,...,0,. Then GO8,...0, = GO. By Lemma 4.3.3, there is a refutation of P U {G} with
atom answers 6}, ...,0 such that 86, ...6, = 6]...0.. Let o be 6] ...8. restricted to the
variables in G. Then # = o, and 6 is a computed answer for P U {G}.

Assume the result holds for all goals of level < k.

Suppose the level of G'is k + 1. Then G is the goal I' - < Ly A--- A L;. Since 8 is a
correct answer, (I' - <~ Ly A---A L;)8 is true in Mp. There are three possibilities for each
'+ L;.

o [' - L, is a positive literal of level < k. By the induction hypothesis PU{(I" - « L;)8}
has a goal refutation.

o [' - L, is a negative literal, I' + —A;. Then A; has level < k and (I' - +—A4;)8 is true
in Mp. By the induction hypothesis, the goal tree for P U {(I' - « A;)8} failed and
(I' F < L;)# has a goal refutation.

o I' - L;is a positive literal of level £41. By Theorem 4.1.1, (I' - L;)0 € Tp,,, tn(Mp,)
for some n > 0.

We prove by induction on n that for every ground atom A of level k+1in Tp,,  tn(Mp,),
P U {+ A} has a goal refutation.

Suppose first that n = 1. Then there exists a ground instance A < Lj A -+ A L; of a
clause of type o in P such that Lj A---A L} is true in Mp, the level of Li A -+ A L]
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is < k, and there is no instance A « Ly A--- A L] of a clause of type 7 in P such
that LY A --- A L} is true in Mp where 7 <; 0. By the main induction hypothesis,
& LyA---ALj has a goal refutation and hence PU{< A} has an unrestricted answer.
By Lemma 4.3.2, P U{+ A} has an atom answer and a goal refutation.

Suppose that n > 1. Then there exists a ground instance A < L{A-- -/\L;/\Al/\- --AA,
where the A; are positive literals such that Lj A--- A L; ANAyA---N A, is true in Mp,
the level of L A---A L; is < k and the level of Ay A---A A, is k4 1. By the induction
hypothesis on k, « Li A--- A Lg has a goal refutation. By the induction hypothesis
on n, PU{+ A;} has a goal refutation for each < A;. As each L! and A; is ground,
these refutations may be combined and P U {¢< A} has an unrestricted answer. By
Lemma 4.3.2, P U {« A} has an atom answer and a goal refutation.

Thus each P U {(I" -+ <« L;)#} has a goal refutation. The goal refutations of the P U
{(I' + « L;)8} may also be combined to give a goal refutation of P U {G#} with computed
answer €.

By Lemma 4.3.3, there exists a goal refutation of P U{G} with computed answer 6 such
that 8’ = fc. By Lemma 4.3.1, in the procedure that evaluates G with respect to P and D
every tree is finite and only infinitely many subtrees are generated. Thus 6 is a computed
answer for P U {G} and the procedure terminates. O

4.4 Summary

In this chapter we describe bottom-up and top-down query evaluation procedures for a de-
ductive object-oriented language, Gulog.

We describe a bottom-up procedure and prove it is sound and complete with respect
to the declarative semantics described in Section 3.5. Because this procedure is not goal
directed, it is inefficient when computing the answers to some queries, such as the value of a
method when the method is applied to a particular object. We then describe a goal directed
top-down procedure. This procedure is sound with respect to the declarative semantics, but
not complete because it does not always terminate. We extend this procedure with a tabling
mechanism, and prove that the new procedure is sound and complete with respect to the
declarative semantics.

The bottom-up procedure that we describe is very similar to the procedure that computes
the standard model of a stratified logic program in [12]. It differs in the following ways: it
is based on the possibility of overriding, as well as the presence of negation; the immediate
consequence operator is a mapping between typed interpretations rather than interpretations.

Brass and Lipeck [23] describe a bottom-up evaluation procedure for deductive object-
oriented database specifications consisting of overridable rules (defaults) and non-overridable
rules (axioms). They determine “conflicts” due to overriding and add their complements to
the original rule set. Then they draw conclusions from the enlarged rule set using traditional
bottom-up evaluation. They include rules with disjunction in the head, which provides an-
other mechanism for dealing with conflicts due to multiple inheritance. However allowing
disjunction complicates the semantics and procedures. Their semantics for overriding is dif-
ferent from ours, and changing their definition to deal with dynamic overriding would not
be simple. It would involve recognizing the truth of the bodies of rules when extending the
program.

Laenens et al. describe a bottom-up query evaluation procedure for ordered logic in [72].
Although their language does not differentiate between objects, classes and attributes, or the
subclass and instance relationship, the procedures they describe are still interesting. Taking
the approach the authors describe, an ordered logic program has several meanings, one for
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each object. Their stratification condition is similar to ours but they are dealing with ground
clauses and consider stratification with respect to an object. Their immediate consequence
operator is also like ours. Because the clauses are ground, they do not need to consider
clauses that possibly override other clauses.

In [65], the authors describe the fixpoint semantics of F-logic, on which a bottom-up
evaluation procedure can be based. The authors describe triggers that are fired to activate
inheritance. A more complex evaluation procedure is needed because it is possible to alter the
inheritance hierarchy dynamically. Thus the inheritance hierarchy is not known in advance
and it is not possible to define levels of the program. We believe that our procedure is simple
and provides an understanding of the interaction of inheritance, overriding and deduction
that is easier to comprehend than the more complex fixpoint semantics provided in [65].

The top-down procedure described in this chapter is based on typed unification and a
variant of SLDNF-resolution [77]. The main difference between this procedure and SLDNF-
resolution is that the answer for the selected literal must be computed before another literal
is selected. It is like SLDNF-resolution with a locality restriction where the answers to
the selected literal are computed before the next literal is selected. The difference between
SLDNF-resolution with a locality restriction and the procedure we propose lies in eliminating
overridden answers. An alternative approach is the SLDNF procedure with a post check to
find the minimal conflicting answers. This approach would provide correct answers but the
tree it generates will usually have more branches than the tree generated by the procedure
we propose. Thus, the SLDNF procedure with a post check would be less efficient.

In [65], the authors describe stratification, unification and a proof theory for F-logic.
However these definitions do not take overriding into account. Also the authors consider the
unification of molecules, rather than atoms, which makes the algorithm asymmetric and more
complex than it needs to be.

In [8], Ait-Kaci and Nasr define a unification procedure that is similar to ours. However
you will recall from Section 2.3 that in LOGIN there is no distinction between classes and
objects, nor functional and multi-valued methods. Part of the contribution of LOGIN was
1-terms that are like molecules in F-logic. The authors describe a procedure for unifying
1-terms. The procedure deals with the subparts of the 1-terms occurring in any order. This
procedure could again be simpler if it was not concerned with the ordering, and if it unified
the parts that make up the ¥-terms.

In [73], the authors describe a partial model and a proof theory for an ordered logic
program which is defined on ground programs. In the language they do not differentiate
between objects, classes and attributes, or the subclass and instance relationships. In another
proof theory for ordered logic [72], the authors extend their language with a fail operator that
allows them to compile all information pertaining to an object and its position in the program
hierarchy into a single extended program for which a proof theory is easily provided. This
procedure requires program rewriting.

The tabling mechanism described in this chapter is based on QSQR/SLS [62]. It differs
from QSQR/SLS and other tabling mechanisms for deductive databases because the under-
lying top-down evaluation procedure is concerned with inheritance and overriding. The outer
part of the algorithm, which iterates through forests, is the same as the outer part of the
algorithm for QSQR/SLS. The part of the algorithm that finds computed answers is differ-
ent. Also the definitions of recursive atoms, predecessor atoms and successor atoms consider
subatoms because of the presence of inheritance and overriding.
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Translation to Datalog

In this chapter, we give a translation from Gulog programs to Datalog (with negation) pro-
grams. This translation enables techniques developed for Datalog programs to be applied to
Gulog programs. It extends the translation from C-logic to first-order logic [36], by including
the translation of overriding. A similar translation is given by McCabe for L&Q in [81]. The
semantics of inheritance with overriding in L&Q is different from the semantics of inheritance
with overriding in Gulog and this is reflected in the translations. The translation we describe
is similar to dynamic rewriting described in [7] except that we consider multiple inheritance
and distinguish between functional and multi-valued methods.

5.1 Translation

The object and hierarchy declarations of a Gulog program are included in the translated pro-
gram. An object declaration a:7 is translated to an atom $7(a). A type hierarchy declaration
o < 7 is translated to a clause $7(z) < $o(z). A variable typing {zq:01,---,2,:0,} is trans-
lated to a conjunction of atoms $oy(z1) A...AS0,(z,). A predicate atom p(ty,...,t,) is left
unchanged in the translation. A functional method atom with arity n, {m@Qt,... ¢, — t']
is translated to an (n + 2) — ary predicate $m(t,tq,...,t,,t"). A multi-valued method atom
with arity n, {{m@Qty, ..., t,—»t'] is translated to $$m(t, 1, ..., t,,t"). Negative literals retain
their negation in the translation, that is, = A is translated to =A’, where A’ is the translation
of A.

Let I' - A be a predicate atom, and B the body of a clause. The clause I' - A « B, is
translated to the clause A’ < I A B’, where A’ is the translation of A, I/ is the translation
of I', and B’ is the translation of B.

If a clause defines a functional method on a type, and another defines the same functional
method on a subtype, these clauses must be considered together. Let T' F ¢[m@tq, ... tx — t']
be a method atom of type 7. A clause defining this method is C' =T | ¢[m@Qty, ...ty — t'] +
B. Let oy, ..., 0, be all the (direct or indirect) subtypes of 7 that have functional method m
of arity k defined on their instances ¢; of type o; by clauses: C; = I['; + t;[mQ@t;q, ... t; —
'] < B, for 1 < ¢ < n. The clause defining functional method m of arity k£ on instances of
type T is translated to the Datalog clauses:

appr gm(titi, ... tr) < I' A B’
Smt,tr, ... g, t") = T A B A —appy, gom (Et1, oo i) A - Aoappy, g (t 1, .0 tr),

where $m(t, ¢y, ..., tg, t') is the translation of {{m@ty,... tx — '], ' is the translation of T,
and B’ is the translation of B. The translation of clauses with multi-valued methods in the
head follows from the translation of clauses with functional methods in the head.
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The predicate app; g,,(t,t1,...,tx) will be true when functional method m has been ap-
plied to instances t of type 7 with arguments ¢;,...,¢;. That is, predicate app, g, (t,t1,...,
tr) will be true if the body of the rule for functional method m of arity &£ on instances ¢ of
type 7 with arguments ¢, ..., ¢ is true.

Example 5.1.1 In this example, we identify if there is a malfunction in the temperature
sensor and identify the problem. Assume a set of declarations D including;:

temp_sensor:part low:level
high:level failure:tf
cesf < sf cf <csf
fsf <esf tf <cf
tf < fsf.

Consider the Gulog program P with respect to the set of declarations D:

{z:sf} + z[problem — “system failure”]

{z:cf} + z[problem — “over efficient condenser”] « z[condenser — low]

{z:csf} F z[problem — “cooling system failure”] <— z[temp — high]

{z:fsf} - z[problem — “cooling system flow high”] < z[flow — high]

{z:tf} + z[problem — “total failure”]

{z:cf} + z[mal function — temp_sensor] < —z[temp — high] A —z[temp — low].

This is translated to the Datalog program P’:

$part(temp_sensor). $level(low).
$level(high). $tf(failure).
$sf(z) « Sesf(z). $esf(z)  $Scf(z).
$esf(z) < $fsf(x). $cf(z) « $tf(z).
$fsf(z) « $tf(z).

$problem(z, “system failure”) < $sf(x) A =appes sproblem (Z) A 2aPPes £ $problem (T)A
TaPPfsf $problem (:C) A TaAPPy f $problem (ﬁ) .
$problem(z, “over efficient condenser”) < $cf(z) A $condenser(z, low)A

TAPPy f $problem (m) .

$problem(z, “cooling system failure”) < $Sesf(z) A $temp(z, high)A
TAPP st $problem (:C) A TAPPc f $problem ($) A —APPy f $problem ($)
$problem(z, “cooling system flow high”) < $fsf(z) A$flow(z, high)A
TAPPy f $problem (m)
$problem(z, “total failure”) « $tf(z).
$mal function(z, temp_sensor) < $cf(z) A —~Stemp(z, high) A =$temp(z, low).

APDsf $problem (‘r) — $Sf('r)

app.f $problem (%) < Scf(z) A Scondenser(z, low).

APPes f $problem (‘r) — $CSf($) N $temp(;r, hlgh)

appysf sprobiem () < $fsf(x) A S flow(x, high).

apptf,$problem($) — $tf($)

APPe f $mal function ()  Scf(x) A —Stemp(z, high) A =$temp(z, low). O

Inheritance with overriding in a Gulog program can thus easily be translated to inference
with negation in a Datalog program.
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In order to investigate the properties of the translation, we also require a translation from
the interpretations of a Gulog program to an interpretation of the corresponding Datalog
program. We now describe such a translation. Given an interpretation I of program P
with respect to a set of declarations D the translation I’ of I (with respect to P and D)
is constructed as follows. Each predicate or method atom in [ is translated to a predicate
atom in I’ as given above. Every object in D is assigned atoms in I’ that are consistent
with the object and type hierarchy declarations in D. We call these atoms type atoms and
the related predicates type predicates. Let C' =T | t[m@ty,...,t, — t'] «+ B (respectively,
C =T F t[mQty,..., t,—»t'] < B) be a clause in P defining functional (respectively, multi-
valued) method m of arity n on instances ¢ of type 7. For every instance C'f of C' consistent
with the typing T, app, ¢, (t,t1, ..., tn)0 € I' (respectively, app; g (t,t1,...,1,)0 € I') if for
every literal B; in B, B; is a positive literal and B;# € I or B; is a negative literal = B;,, and
B;,0 & I. We call these atoms app-atoms and the related predicates app-predicates.

The translation from Gulog to Datalog programs described in this chapter is like the
dynamic rewriting from datalog™*" to Datalog described by Abiteboul et al. in [7]. In
their rewriting, redundant subgoals are generated in the clauses that define the applicable
predicates (app-predicates). They claim that their rewriting is well-founded for positive
datalog™*" programs. They do not have a similar result for datalog™" programs that
contain negative literals. We show below that any i-stratified Gulog program is translated to
a locally stratified Datalog program.

We now study the relationships between the original Gulog program P with respect to a
set of declarations D and its Datalog translation P’, between the preferred model of P with
respect to D and the perfect model of P’, and between computed answers with respect to P’
and correct answers with respect to P and D.

Lemma 5.1.1 Let P be an i-stratified program with respect to a set of declarations D and
P’ be the Datalog translation of P with respect to D. Then P’ is locally stratified.

Proof As P with respect to D is i-stratified, a mapping p consistent with the definition
of i-stratification exists on P. We now demonstrate that a mapping u' consistent with the
definition of local stratification exists on P’. We start by defining the construction of the
mapping u’ based on the mapping pu, the program P with respect to D, and its translation
P’. Let 8 be a substitution.

e In p’ each ground type atom of P’ is assigned to the lowest level.

e lor each ground atom (I' - B)#, which is in the body of a clause C8, and not in the
head of a clause C'¢#' in P, and is assigned level 7 in p, the translation of (I' - B)# is
assigned level 7 in p'.

e For each ground atom (I' - A)#, which is the head of a clause C'f in P, and is assigned
level ¢ in p, the translation of (I' - A)# is assigned level ¢ + 1 in p'.

e For each ground instance of a clause (app; (¢, t1,...,t;) < B)# in P’ let B;# (respec-
tively, =B;0) be a literal in Bf with the greatest level j with respect to p. If =B;8 is
a negative literal then app; (¢, t1,...,t)0 is assigned level 7+ 1 in p/, else if B;f is a
positive literal then app; . (t,t1,...,t;)8 is assigned level j in p'.

We now show that if there is a mapping p on P consistent with the definition of i-
stratification then u’, a mapping constructed using the procedure above, is a mapping on P’
consistent with the definition of local stratification. We have to show that if u(a) < p(3)
then p'(a’) < p/(B"). Suppose C =T A + B is a clause in P, where I' - A is a typed



CHAPTER 5 : TRANSLATION 83

predicate atom. This clause is translated to the clause C' = A’ + T A B" in P’, where A’ is
the translation of A, I'' is the translation of I', and B’ is the translation of B. Based on the
above construction, for every ground instance C’8 of C’, for each positive literal B! in B,
w' (BiB) < 1/ (A'8), for each negative literal =B in B’, p/(B!8) < u'(A’#), and for each atom
Iin T, p/(140) < p'(A'6).

Suppose C' = T+ t[m@Q@ty,...,t;, — t'] < B is a clause defining a functional method
m of arity k on instances t of type 7 in P with respect to D. Suppose also that C; =
i F ti[mQt;y, ...ty — t}] « B;, for 1 < i < n are clauses in P with respect to D for
method m of arity &k defined on instances t; of types o1, ..., 0,, which are all (direct or
indirect) subtypes of 7. Clause C' is translated to the following clauses in P’:

app; gm(titi, ... tr) < ' A B
Sm(t,tr, ..., tg,t") T A B A =appy, gm(tith, .. t) Ao A—appy, sm(ttr, .. tr),

where $m(t,t1,...,tr,t") is the translation of ¢{m@ty,... ,tx — t'], I' is the translation of
I' and B’ is the translation of B. In the level mapping p, p((t;[mQ@t;, ...t — ti])8;) <
p((t[mQty, ..., ty — t'])8), where {t;/a,t;;/a;,t:/al} € 6; and {t/a,t;/a;,t'/d'} € 6§ and
al #a', for 1 < j < k. Based on the above construction of ',

W A(appy, gm ity - tk)0) < p/ (Sm(t,ty, ... 1, t')0),
P (apps gm(tite, . te)0) < p' (3m(t, ty, ... tr, t')0),
M/(F/O) < M/(appﬂ',$m(t7 b,y tk)0)7

for each positive literal B} in B', u/(B!0) < p'(app; gm(t,t1,...,tx)0), and for each negative
literal B in B', p'(Bj0) < p'(app; gm(t,t1,...,tx)8). The results for clauses with multi-valued
methods in the head follows from those for clauses with functional methods in the head.

We have demonstrated that if there is a mapping on P consistent with the definition of
i-stratification then there is a mapping on P’ consistent with the definition of local stratifi-
cation. O

In the above construction of y’, a level mapping on P’, it is possible to assign all the type
atoms to the lowest level because they depend only on other type atoms.

The following example illustrates the construction of a level mapping for the translated
program based on the level mapping of the original program as described in the proof above.

Example 5.1.2 Consider program P in Example 5.1.1. A level mapping g on P assigns
atoms failure[flow — high], failure[temp — high], failure[temp — low], failure| condenser
— low], failure[problem — “total failure”], failure[problem — “cooling system flow high”]
to 1; and failure[problem — “system failure”], failure[problem — “over efficient condenser”],
failure[mal function — temp_sensor], failure[problem — “cooling system failure”] to 2.

Consider the program P’ in Example 5.1.1. A level mapping p’ on P’ can be constructed
as given in the proof of Lemma 5.1.1. This level mapping is given in Table 5.1. O

Lemma 5.1.2 Let P be a program with respect to a set of declarations D and M a model of
P with respect to D. Let P' be the translation of P with respect to D and M’ the translation
of M with respect to P and D. Then M' is a model of P'.

Proof We need to show that every ground instance of a clause C’ in P’ is true in M’.

Suppose C' = 1' -+ A « B is a clause in P with respect to D, where I' - A is a typed
predicate atom. Then there is a clause C' = A’ + I A B in P’, where A’ is the translation
of A, I is the translation of I', and B’ is the translation of B. Because M is a model of P
with respect to D, C8 is true in M for all ground instances C'# of C'. As every atom in M is
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level | atoms

1 | $fsf(failure),$cf(failure),Sesf(failure),$sf(failure),
$flow(failure, high), $temp(failure, high), $temp(failure,low),
$part(temp_sensor), $string(“total failure”), $string(“system failure”),
$string(“cooling system flow high”), $string(“cooling system failure”),
apPsf $problem (failure)7 appfsf,$problem(failure)7 appcsf,$problem(failure)7
appy t $probiem (failure), $t f( failure), $condenser( failure, low),
apPP.  $provlem (failure), $problem( failure, “total failure”)

2 $problem( failure, “cooling system flow high”)
$mal function(failure, temp_sensor)

3 $problem( failure, “over efficient condenser”),
$problem( failure, “cooling system failure”),
$problem(failure, “system failure”)

Table 5.1: A level mapping on P’

mapped to an atom in M', M’ |= ('8 for every @ for which C is true in M. For every other
ground instance of C', C'¢', M' = C'#' because 18’ is false in M'.

Now suppose C' =T F t[m@Qty,...,t, — t'] + Bis a clause defining a functional method
m of arity p on instances t of type 7 in P with respect to D. Suppose also that C; =
[ = t[mQtyy, ..ty — t}] « By, for 1 < i < n, are clauses in P for method m of arity p
defined on instances ¢; of types o1, ..., 0,, which are all (direct or indirect) subtypes of .
Clause C'is translated to the following clauses in P’:

C’j’ = appﬂ',$m(t7 biyees, tp) «TI'"AB.
C'=98m(t, ty, ... .ty t") «— T'AB'A=app,, gm(tti, o ) A Amapp,, sty .00 tp),

where $m/(t,tq,...,ty,t') is the translation of t{m@ty,...,t,,¢'], I is the translation of I' and
B’ is the translation of B.

We first consider substitutions that do not satisfy I'. As every atom in M is mapped to
an atom in M’ M’ = CL8 and M’ |= C'8, for all instances of C.6 and C'8, where 6 does not
satisfy I' because 6 is false in M.

We next consider substitutions that do satisfy I'. For all ground instances C'8 of C', there
are two cases we must consider. Either ('8 is true in M or there is an instance C38; of a
clause C}, that overrides C'6.

In the first case, Cf is true in M and there is no 6; such that (I'; - B;)#; is true in
M, where {t;/a,t;;/a;,t:/al} € 0;, {t/a,t;/a;,t'/a'} € 0 and @} # ', for 1 < j < p. Then
M' = CL0 and M' [ appy, g (t, b1, ..., 1,)0, for 1 < i < n,so M' |=C'6.

In the second case, Cyfy is true in M and ¢[m@Q@ty,...,t,,t']f is not true in M, where
{tx/a,ty;/a;,t},/a} € Ok, {t/a,t;/a;,t'/a’} € 0 and a}, # @, for 1 < 7 < p. Then M’ =
appo, sm(t,t1, ... tp)0, and $m(t,ty,. .., t,,t")8 is not true in M’, so M’ |= C'6, and because
of the way M’ is constructed, M’ |= C.6. The results for clauses with multi-valued methods
in the head follows from those for clauses with functional methods in the head.

We have shown that M’ is a model of P'. O

The next lemma, which demonstrates a relationship between the preferred model of a
program and the perfect model of its translation, uses the concept of “negative dependency”.
The literals in the body of a ground clause C', which is possibly overridden by a ground clause
(', depend negatively on the head of the clause C’. As in logic programming, the negative
literals in the body of a clause also depend negatively on the head of the clause. It is easier
to define “negative dependency” using a dependency graph. In this dependency graph, the
nodes are ground atoms.
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Definition We define a dependency graph for a program P with respect to a set of decla-
rations D as follows. Let [P]p denote the set of all ground instances of clauses in P with
respect to D. The nodes in the graph correspond to the ground atoms in the Herbrand base
of P with respect to D. A positive arc ¢ & 1 connects a pair of nodes ¢, ¥ if there is a
clause ¢ «— ... A9 A...in [P]p. A negative arc ¢ < 1 connects a pair of nodes ¢, ¢ if there
is a clause ¢ ... A= A...in [P]p. A positive arc ¢ & 1 connects a pair of nodes ¢, ¥ if
there are clauses Cy = ¢ « By and Cy = ¢ « By in [P]p, where C possibly overrides C’.
A negative arc ¢ < ¥ connects a pair of nodes ¢, ¢ if there are clauses Cy = ¢ < B and
Ci=A« .. ANYAN...ot Cr=A« ...A=¢A...in [P]p, where C possibly overrides (.
We say a ground atom A; depends on a ground atom As if there is a path from A5 to A4, in
the dependency graph. We say a ground atom A; depends negatively on a ground atom A,
if there is a path from A; to A; and at least one of the arcs in the path is a negative arc.

Lemma 5.1.3 Let P be an i-stratified program with respect to a set of declarations D and
P’ the Datalog translation of P with respect to D. Let M be the preferred model of P with
respect to D and M' the translation of M with respect to D. Then M' is the perfect model
of P'.

Proof Suppose M’ is not the perfect model of P’. Then there is a model N’ < M’ such
that N’ = P

Consider the translation from N’ to N defined as follows.

e Remove all type atoms and app-atoms from N', and

e translate the remaining atoms in N’ to predicate atoms, functional and multi-valued
method atoms in N.

The resulting interpretation N is clearly a model of P with respect to D. We now show
N’ <« M’ implies that N < M, which contradicts the assumption that M’ is not perfect.
Assume there is an A € N — M then there is an A’ € N’ — M’ (where A’ is the translation
of A) and there is a B’ € M’ — N’ such that A" < B'.

We need to show that if B’ € M’ — N’ then thereis a B € M — N. That is, B’ is not a
type atom and if B’ is a app-atom then there is another atom B* in M’ — N’ that is not a
type or app-atom. Due to the construction of M’, M’ contains the minimal model of the type
atoms. This part of the interpretation is based on the declarations D so any type atom in
M’ is also in N'. If B’ is a app-atom then either there is a type atom B* in M’ — N’ or there
is a predicate or method atom B* in M’ — N’ on which B’ depends in P’. We proved above
that there are no type atoms in M’ — N'. Thus B* is a predicate or method atom so we can
assign B* to B’. As B’ is the image of a predicate or method atom B then B € M — N. So
thereisa Be M — N.

We now need to show that if A’ < B’ then A <, B. The relationship A <, B holds if A
is negatively dependent on B in P with respect to D. Due to the way P’ is constructed from
P with respect to D, if A’ < B" in P’ then A <, B.

With these results, if N’ < M’ then N < M. As M is a preferred model of P with
respect to D, this is a contradiction so M’ is the perfect model of P'. O

Proposition 5.1.1 Let P be an i-stratified program with respect to a set of declarations D.
Then P with respect to D has a unique preferred model.

Proof Suppose M and N are preferred models of P. Let M’, N' and P’ be translations
of M, N and P respectively. Then the translations M’ and N’ are perfect models of P’ (by
Lemma 5.1.3). Because P’ is locally stratified (Lemma 5.1.1), P’ has a unique perfect model
so P must have a unique preferred model. O
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In Section 3.5, we showed that simple Gulog programs have unique preferred models. We
have given an alternative proof above.

Proposition 5.1.2 Let P with respect to a set of declarations D be an i-stratified program
and () an atomic query I' = <+ A. Let P’ be the translation of P with respect to D and Q'
the translation of Q with respect to D. If 0 is a computed answer for P' U{Q'}, then 0 is a
correct answer for P U{Q}.

We postpone the proof of this proposition to Section 6.1 where we prove a more general
result.

In Chapter 4, we described bottom-up and top-down query evaluation procedures for this
language. Proposition 5.1.2 provides an alternative procedure for evaluating Gulog queries.

5.2 Summary

In this chapter we presented a translation from Gulog to Datalog with negation. Similar
translations are described in [7, 36, 65, 72, 81]. The translation presented in this chapter is
a generalization of the translation from C-logic to first-order logic [36]. In particular, there
is no concept of overriding in C-logic. Similarly, the translation from F-logic to first-order
logic that is sketched in [65] covers only the monotonic aspects of F-logic and doesn’t include
overriding. The semantics of inheritance with overriding in L&Q is different to the semantics
of inheritance with overriding in Gulog, so the translation described by McCabe is different
from the translation presented in this chapter. McCabe’s translation is similar to the static
rewriting in [7]. The translation presented in this chapter is a generalization of dynamic
rewriting described in [7]. The authors of [7] do not distinguish between functional and
multi-valued methods, and do not consider multiple inheritance. They do claim that their
rewriting is well-founded for positive programs. However they have no results for programs
with negation. The translation described in [72] is different from the translation we describe
because they allow negative literals in the heads of rules. However the principle of the
translation is very similar. The body of the translation of a possibly overridden clause
contains the translation of the body of the possibly overridden clause and the negation of
the translation of the body of any possibly overriding clauses. We show that any i-stratified
Gulog program (which includes programs with negative literals in the body of the rules) is
translated to a locally stratified Datalog program.

We extend the translation described in this chapter to a less restricted class of programs
in Section 6.1.



Chapter 6

Extensions

In this chapter we describe three directions in which Gulog can be extended. These extensions
are unrelated. However they illustrate that it is possible to give a mathematical description of
a wider range of object-oriented and deductive features. The first extension is a generalization
of the class of simple programs. We show that there is a translation from a more general
class of Gulog programs, m-simple programs, to modularly stratified programs. Hence, there
is an efficient evaluation procedure for m-simple programs.

In the second extension we include some type information in the program in a very
restricted way. This provides another way of dealing with conflicts due to multiple inheritance
and a way of modeling monotonic inheritance. We again describe a translation to Datalog
and prove it is correct.

The third extension is the addition of aggregate and arithmetic operators to Gulog. We
describe an evaluation procedure using a translation from a Gulog program with aggregate
and arithmetic operators to a modularly stratified program with aggregates.

6.1 Generalizations

Some programs have intuitively well-defined meanings, but no or several preferred models.
In this section we identify a class of programs that includes the simple programs, and have
an intuitive and well-defined semantics, which we present. This class of programs takes
computation into account. It bears the same relationship to simple programs as modularly
stratified Datalog programs bears to locally stratified Datalog programs.

In the following example we present a program that is not simple and describe the intuitive
meaning of this program.

Example 6.1.1 Assume a set of declarations D including failure:rvf, rvf < psf and
psf < sf. Let P with respect to D be:

z:sf} F z[treatment—» “call supervisor”
p
{z:psf} + z[treatment—» “lower pressure”] <— z[pressure — high]
{z:rvf} b z[treatment—» “open relief valve”] « z[treatment—» “lower pressure”].

Program P with respect to D is not i-stratified because the relationship of the ground atoms
of [P]p requires

p(failure[treatment—» “lower pressure”]) < p(failure[treatment—» “lower pressure”]).

However we believe it has an intuitive meaning.
There is no reason to believe that failure[pressure— high] is true thus there is no rea-
son to believe that failure[treatment—» “lower pressure”] or failure[treatment—» “open re-
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lief valve”] is true. So the natural meaning of the program is failure[treatment—» “call
supervisor”]. O

To introduce this class of programs we first need some preliminary definitions. Our
definition of m-stratified is based on the definition of modular stratification [93]. We give the
relevant revised definitions here to show how they are altered to deal with inheritance with
overriding in Gulog rather than negation in Datalog.

Definition A predicate or method p depends on a predicate or method ¢ if there is a sequence
of clauses rg,...,r,_1 with methods or predicates pq,...,p,—1 in the head respectively such
that:

® p=po and ¢ = p,, and
e fori=1,...,n, p; appears in the body of r;_;.

A predicate or method p is recursive in a predicate or method ¢ if p depends on ¢ and ¢
depends on p.

Definition Let I’ be a component (that is, a subset of clauses) of a program P with respect
to a set of declarations D. The component F' is a complete component if for every predicate
or method p appearing in the head of a clause in I,

e all clauses in P with respect to D with head p are in F, and

e if p is recursive in a predicate or method ¢, then all clauses in P with respect to D with
head ¢ are in F.

If the predicate or method p appears in the head of a clause in F' then we say p belongs to
F. If the predicate ¢ appears in the body of a clause in F, but does not belong to F’, then
we say ¢ is used by F.

Recursiveness is an equivalence relation between predicates and methods. Every predicate
and method has a unique minimal complete component to which it belongs. The minimum
complete components have a natural relation associated with them: F; C F; if some predicate
belonging to F} is used by Fj. The transitive closure of C is called the dependency relation
between components and is denoted <. From now on when we refer to a component of a
program, we mean a minimal complete component.

We say a component Fj has level 1 if there is no component F’ such that FF < Fp. A
component Fj has level n + 1 if there is a component I’ with level n such that F C F%.

Definition Let I’ be a program component, and S be the set of predicates and methods
used by F. Suppose S is fully defined by an (typed Herbrand) interpretation M, that is,
every typed ground instance of a predicate or method in S is either true or false in M. Form
I(F), the typed instantiation of F'; by substituting typed objects for all typed variables in the
clauses of F. Delete from I(F) all clauses having a subgoal whose predicate or method is in
S but which is false in M. From the remaining clauses, delete all subgoals having predicates
or methods in S (which must be true) to leave a set of instantiated clauses Ras(F’), which is
the reduction of F modulo M.

We now give a constructive definition of the class of m-stratified Gulog programs. It is
based on the construction of the well-founded model of a program that is briefly described

in [93].
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Definition Let < be the dependency relation between components. We say that program
P with respect to a set of declarations D is m-stratified with associated model Mp if,

e for every component F; of P with respect to D,

— F) = Up<p, I is m-stratified with associated model M/, and

— Rpp(F}) is i-stratified with (unique) preferred model M;, and
e Mp =J{M; | F; is a component of P with respect to D with associated model M;}.
The next example demonstrates the construction of the associated model of a program.

Example 6.1.2 Consider program P with respect to the set of declarations D in Exam-
ple 6.1.1. Component F; = () defines the method pressure. Component I, defines the
method treatment:

z:sf} F z[treatment—» “call supervisor”
p
{z:psf} b z[treatment—» “lower pressure”] < z[pressure — high]
{z:rvf} b z[treatment—» “open relief valve”] « z[treatment—» “lower pressure”].

The methods used by Fy are S = {pressure}. The set of methods, S, is fully defined by the
Herbrand interpretation M; = (). The typed instantiation of F?, is:

{failure:sf} + failure[treatment—» “call supervisor”]

{failure:psf} + failureltreatment—» “lower pressure”]
failure[pressure — high]

{failure:rvf} & failure[treatment—» “open relief valve”] «
failure[treatment—» “lower pressure”].

The reduction Ry (F) is:

{failure:sf} + failure[treatment—» “call supervisor”]
{failure:rvf} & failure[treatment—» “open relief valve”] «
failure[treatment—» “lower pressure”].

The Herbrand interpretation My = { failure[treatment—» “call supervisor”]}. The reduc-
tions of each of the components of program P is i-stratified so P is m-stratified. The associ-
ated model of P is {failure[treatment—» “call supervisor”]}. O

We now define the class of m-simple programs that generalize simple programs in the
same way that m-stratification generalizes i-stratification.

Definition A program P with respect to a set of declarations D is m-simple if the following
conditions hold:

e P with respect to D is m-stratified, and

e P with respect to D is well-defined.

Lemma 6.1.1 Let P with respect to a set of declarations D be an i-stratified program. Then
P with respect to D is m-stratified.

Proof As program P with respect to D is i-stratified, each component I of program
P with respect to D is i-stratified. The reduction of each component is also i-stratified so
program P with respect to D is m-stratified. O
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Lemma 6.1.2 Let P with respect to a set of declarations D be an m-stratified program. Then
P with respect to D has a unique associated model of P with respect to D.

Proof This result follows from the construction of the associated model and Lemma 3.5.1.
O

It follows that m-stratified programs strictly generalize i-stratified programs and that the
associated model of an i-stratified program P with respect to a set of declarations D is the
unique preferred model of P with respect to D.

The class of m-simple programs extends the class of simple programs. It is an interesting
class of programs because each m-simple program has a unique associated model, and query
evaluation procedures can be defined for this class of programs.

The remaining results describe the relationship between m-simple programs and their
translations. The first lemma, which draws a parallel between the associated model of an
m-stratified program and the well-founded model of its translation, uses the concept of “equiv-
alence” of models.

Definition Let Mp be a model of a Gulog program and Mp: be a model of a Datalog
program. We say Mp is equivalent to Mp: if the translation of every atom in Mp is in Mp:
and, for every atom A’ in Mp/, which is the translation of a Gulog method or predicate
atom A, Aisin Mp.

Example 6.1.3 Consider program P with respect to the set of declarations D, and its
associated model in Examples 6.1.1 and 6.1.2. Consider P’, the translation of P with respect
to D:

$rvf(failure).
$psf(z) « $rvf(z).
$5/(x) & $psf(z).
$$treatment(x, “call supervisor”)

$Sf($) A _'apppsf,$$treatment(‘r) A _'apprvf,$$treatment(‘r)'
$$treatment(x, “lower pressure”) <—

$p5f(‘r) A $pressure(m, hlgh) A _'apprvf,$$t7“eatment(m)'
$$treatment(x, “open relief valve”) « $rvf(z) A $$treatment(z, “lower pressure”).
appsf,$$treatment($) — $Sf($)
apppsf,$$treatment(m) — $p5f(‘r) A $pressure(m, hlgh)
APPry £ $$treatment () < Srvf(x) A $$treatment(x, “lower pressure”).

b}

The associated model of program P with respect to D is Mp = { failure[treatment—» “call
supervisor”]}. and the well-founded model of P' is Mp: = {$rvf(failure),$psf(failure),
$sf(fatlure), $$treatment(failure, “call supervisor”)}. The translation of every atom in
Mp is in Mp:. The only atom in Mps which is a translation of a Gulog method or predicate
is A" = $$treatment(failure, “call supervisor”). The translation of A" is in Mp. Thus Mp
is equivalent to Mp,. O

Lemma 6.1.3 Let P with respect to a set of declarations D be an m-stratified program with
associated model Mp and P' the Datalog translation of P with respect to D. Then P’ is
modularly stratified with well-founded model Np:, which is equivalent to Mp.

Proof We need to show that P’ is modularly stratified. To do this we must show for
every component G of P’

o G = Ug<q, G is modularly stratified with well-founded model N, and
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° RNJ’ (G) is locally stratified with (unique) perfect model N;.

We also need to show that Mp is equivalent to Np:, where Npr = [ J{N; | G is a component
of P’ with well-founded model N;}.

A component F in P with respect to D is translated to one or more components G;, ¢ > 1
in P’. One component G}, of GG; will define predicates mq, ..., m,, which are translations of
the predicates and methods defined in F’. We say that G, corresponds to I. The other com-
ponents G, ¢ # k, will define type and app-predicates and G; < G. (Recall the description
of app-predicates in Chapter 5. A predicate app; g, (t,t1,...,tx) will be true when functional
method m has been applied to instances ¢ of type 7 with arguments #y,...,x.)

We now prove by induction on the maximum level of components in PP with respect to D
that P’ is modularly stratified with well-founded model Np: that is equivalent to Mp.

Assume the maximum level of components in P with respect to D is 1 and F; is a
component at this level then M| = 0, RM{(Fl) = Fi, and Fy is i-stratified with preferred
model Mj. There is a corresponding component G, of P'. Obviously Gﬁcl = UG<Gk1 G
is locally stratified (by Lemma 5.1.1), hence modularly stratified and has a well-founded
model N{Cl = UGHle N;. Also because F is i-stratified, RN;(Gi)v for i < kq, is locally
stratified with perfect model N;. The preferred model of F; is equivalent to the perfect
model of UGﬁle G (by Lemma 5.1.3). Hence the associated model of I} is equivalent to the
well-founded model of Jg<q, G-

Assume the above results hold where the maximum level of components of P with respect
to D is n — 1. Assume F,_; is a component at this level of P with respect to D, where
F,,—1 corresponds to a component G, of P’. The program UGij2 (' is modularly stratified

and its well-founded model [J{N; | G; < G,,G; has well-founded model N;} is equivalent
to U{M; | F; < F,_1, F; has associated model M;}.

Assume the maximum level of components in P with respect to D is n and F), is a
component at this level. There is a component Gy, of P’ that corresponds to F,. The
components G, for kg < © < ks, define type and app-predicates. These components are locally
stratified with perfect models N;. By the induction hypothesis and because the components
G, for ky < i < ks, are locally stratified with perfect models N;, G}, = UG<Gk3 G is
modularly stratified with well-founded model Ny = UGi<Gk3 N;. Model Nj_ is equivalent to
M] so RN;QS (Gk,) is a translation of Ryp (Fy,) and Ny, is equivalent to M,.

Because the associated model of a component of a Gulog program is equivalent to the
well-founded model of the corresponding Datalog component the associated model Mp is
equivalent to Np:,. O

The next example shows that the associated model of program P in Example 6.1.1 is
equivalent to the well-founded model of the Datalog translation of P.

Example 6.1.4 Consider program P with respect to the set of declarations D, and its
associated model in Examples 6.1.1 and 6.1.2. Consider P’, the translation of P with respect
to D, given in Example 6.1.3. Component Gy defines predicate $rvf. The model of Ry(G1)
is Ny = {$rvf(failure)}. Component GGy defines predicate $psf. The model of Ry (G3) is
Ny = {$psf(failure)}. Component G5 defines the predicate $sf. The model of Ry, (G3) is
N3 = {$sf(failure)}. Component G4 defines predicate $pressure. The model of Ry(G4) is
]V4 = @

Component G5 defines predicate app; ¢ sstreatment- The model of RN5' (G5) is

17V5 = {appsf,$$treatment(failure)}‘

Component Gg defines predicate app,s ¢ sstreatment- T he model of RNé (Gg) is Ng = 0.
Component G7 defines predicates $3treatment and app,, s sstreatment:
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$$treatment(x, “call supervisor”)

$Sf('r) A _'apppsf,$$treatment('r) A _'apprvf,$$treatment(‘r)'
$$treatment(x, “lower pressure”) <—

$p8f($) A $pressure(m, hlgh) A _'apprvf,$$treatment(‘r)'
$$treatment(x, “open relief valve”) « $rvf(z) A $$treatment(z, “lower pressure”).
APy £ $$treatment (L) < Srvf(x) A $8treatment(z, “lower pressure”).

Component GG7 corresponds to component FI,. The typed instantiation of G'7 is:

$$treatment(failure, “call supervisor”) «

$Sf(failure) A _'apppsf,$$treatment(failure) A _'apprvf,$$treatment(failure)'
$$treatment(failure, “lower pressure”) <

$p8f(f@il‘l““€) A $pressure(failure, hlgh) A _'apprvf,$$treatment(failure)'
$$treatment(failure, “open relief valve”) «

$rvf(failure) A $$treatment(failure, “lower pressure”).
APPry £ $$treatment (failure) < $rv f(failure) A $$treatment(failure, “lower pressure”).

The reduction Ry, (G7) is:

$Streatment (failure, “call supervisor”) < —app,, ¢ $streatment (failure).
$$treatment(failure, “open relief valve”) < app,., f sstreatment (failure).
APPyy £ $$treatment (failure) < $Streatment( farlure, “lower pressure”).

The model of Ry;(G7) is Ny = {$Streatment(failure, “call supervisor”)}. The reduction
of each of the components of P’ is locally stratified so P’ is modularly stratified. The well-
founded model of P is {$rvf(failure),$psf(failure), $sf(failure),$$treatment(failure,
“call supervisor”)}. Clearly the associated model of P with respect to D and the well-founded
model of P are “equivalent”. O

The construction of the associated model of a Gulog program is analogous to the con-
struction of the well-founded model of a Datalog program. This analogy allows us to claim
that this is an appropriate intuitive semantics for Gulog programs.

The definition of “answer” and “correct answer” for m-stratified programs is a natural
extension of the definition for i-stratified programs.

Proposition 6.1.1 Let P with respect to a set of declarations D be an m-stratified program
and () an atomic query I' = < A. Let P' be the translation of P and Q' the translation of
@ with respect to D. If 0 is a computed answer for P'U{Q'}, then 8 is a correct answer for
PuU{Q} with respect to D.

Proof The query @ is translated to query Q' = < I'" A A’, where '/ is the translation
of ' and A’ is the translation of A. Let Mp be the associated model of P with respect to
D and Mp the well-founded model of P'. If 6 is the computed answer for P’ U {Q'} then
Mp = (I"AA")8 and so (I' - A)# is true in Mp (by Lemma 6.1.3). O

We illustrate this with an example.

Example 6.1.5 Consider program P with respect to the declarations D in Example 6.1.1
and the query Q = {z:rvf, y:string} + < z[treatment—»y]. The program is translated to
P’ in Example 6.1.4 and @ is translated to Q' =« $rvf(z) A $string(y) A$$treatment(z, y).
The computed answer for P’ U {Q'} is {z/failure,y/“call supervisor”}, which corresponds
to {z:rvf, y:string} + {z/failure,y/“call supervisor” }, the correct answer for PU{Q@Q} with
respect to D. O
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To summarize, we have introduced a more general class of Gulog programs, and Proposi-
tion 6.1.1 provides an efficient evaluation procedure based on evaluation procedures developed
for Datalog. It is a subject for future research to determine whether the bottom-up query
evaluation procedure and the top-down query evaluation procedure with tabling described in
Chapter 4 are sound and complete with respect to the declarative semantics for m-stratified
programs.

6.2 Roles

In the language we have defined, the schema declarations are defined separately from the
data definitions. We have shown that such a language has a clean semantics similar to that
of logic programming. A model contains information about the data only and no information
about the typing. In this section we show it is possible to include some type information
in a program. We discuss other ways of including type information in Section 7.3. In this
section, we introduce a roled-language that allows typed or roled atoms rather than atoms.
A consequence is that an interpretation and model then contains roled atoms. This extension
provides another way of dealing with ambiguities due to conflicts with multiple inheritance.
It also provides a way to model monotonic inheritance [7, 65], that is, inheritance without
overriding. Generally, roles provide a means of explicitly controlling from which type a
method is inherited. We also discuss the use of the word super to refer to the direct supertype
of the type of an object.

The following examples motivate the introduction of roled atoms. The first example illus-
trates how it is possible to use roles to eliminate ambiguities due to conflicts with multiple in-
heritance. In this example {z:ta, y:integer} + x::student[phone_number—»y] is a roled atom.
This roled atom states that the definition of 0-arity multi-valued method phone_number from
type student is to be applied to objects of type ta.

Example 6.2.1 Assume a set of declarations D including ta < student, ta < emp, and
bob:ta. Consider the following program P with respect to the set of declarations D that
states that the phone number of any object of type ta is inherited from type student:

{z:student, y:integer} &+ z[phone_number—»y] « x[home_number — y|
{z:emp, y:integer} - z[phone_number—»y| < z[work_number — y]
{z:ta,y:integer} - x[phone_number—»y| < x::student[phone_number—»y]
boblhome_number — 3872651]

boblwork_number — 2822493

In program P, the atom {xz:ta,y:integer} - z::student[phone_number—»y| is a roled atom.
Consider declarations D, program P and query {y:integer} - < bob[phone_number—»y].
The expected answer is {y:integer} - {y/3872651}. O

The second example is taken from [65]. It illustrates the non-monotonic inheritance with
which we are familiar.

Example 6.2.2 Assume a set of declarations D including: female < person, writer
< person and mary: female. Let P,,, be a program with respect to the set of declarations
D, in which overriding does occur where P,,, is:

{z:female, y:year, z:string} - z[legal namesQy—»z] + z[maiden_name — z]
{zwriter, y:year, z:string} + z[legal namesQy—»z| + z[pen_nameQy — z]
{z:person, y:year, z:string} + z[legal namesQy—»z| + z[last_ nameQy — z]
mary[last_name@1992 — jones; maiden_name — smith)].
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Consider the query {y:string} + < mary[legal names@1992—»y] and program P,, with
respect to D. The expected answer is {y:string} + {y/smith}. O

Recall from Section 2.3 that monotonic inheritance is inheritance without overriding.
Without roles, the only way to model monotonic inheritance in Gulog would be to state the
body of the inherited clause explicitly as part of the body of the inheriting clause.

Example 6.2.3 Let P.,. be the following program with respect to the declarations in Exam-
ple 6.2.2. In P.., clause bodies are repeated explicitly to model monotonic inheritance.

{z:person, y:year, z:string} + z[legal namesQy—»z| + z[last_ nameQy — z]
{z:female, y:year, z:string} + z[legal namesQy—»z] + z[maiden_name — z]
{z:female, y:year, z:string} + z[legal namesQy—»z] «+ z[last_-nameQy — z|
{zwriter, y:year, z:string} + z[legal namesQy—»z| + z[pen_nameQy — z]
{zwriter, y:year, z:string} + z[legal namesQy—»z] + z[last_ nameQy — z]
mary[last_name@1992 — jones; maiden_name — smith]

Consider the query {y:string} - + mary[legal names@1992—»y| and program P, with
respect to D. The expected answers are {{y:string}  {y/smith}, {y:string} + {y/jones}}.
O

This is not satisfactory. When a definition changes, the program could have to be changed
in more than one place. For example, in Example 6.2.3, if you changed the body of the clause
for method legal_names of arity 1 applied to an object of type person, then it would be
necessary to change three clauses.

Example 6.2.4 Let P, be a program with respect to the declarations in Example 6.2.2, in
which the values of the set legal_names is inherited monotonically. Program P, is:

{z:person, y:year, z:string} + z[legal namesQy—»z| + z[last_ nameQy — z]
{z:female, y:year, z:string} + z[legal_namesQy—»z] + z[maiden_name — z]
{z:female, y:year, z:string} + z[legal namesQy—»z]

z:person|legal namesQy—yz]
{zwriter, y:year, z:string} + z[legal namesQy—»z| + z[pen_nameQy — z]
{z:writer, y:year, z:string} + z[legal namesQy—»z] +

z:person|legal namesQy—yz]
mary[last_name@1992 — jones; maiden_name — smith]

Consider the query {y:string} + < mary[legal_names@1992—»y| and the program P,, with
respect to D. The expected answers are {{y:string} + {y/smith},{y:string} - {y/jones}}.
O

The final motivating example illustrates that, using roles, it is possible to inherit from
more than one supertype where there are conflicting definitions due to multiple inheritance.

Example 6.2.5 Consider again the declarations of Example 6.2.2. To accumulate the
legal_names of female writers we introduce another type for female writers in the inheritance
hierarchy:

female_writer < female
female_writer < writer
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The following clauses added to P, allow the monotonic accumulation for this new type:

{z:female_writer, y:year, z:string} + z[legal namesQy—»z]
z::female[legal namesQy—y z]

{z:female_writer, y:year, z:string} + z[legal namesQy—»z]
zuwriter[legal namesQy—» z]

Consider the query {y:string} = + mary[legal names@1992—»y] and the extended pro-
gram with repect to the extended set of declarations. The expected answers are {{y:string}

F {y/smith},{y:string} + {y/jones}, {y:string} - {y/brown}}. O

To extend Gulog to include roles many of the definitions need to change. In this section,
we consider only positive programs in order to keep the definitions and semantics clear and
simple. Adding negation has the usual consequences.

Definition Given a variable typing I, a roled atom is defined as follows:

e If pis an n-ary predicate symbol with signature 7 X ---x 7, and I" contains the typings
for the variables in t;, and I' - #;:0; is a term, where o; < 7; (1 < ¢ < n), then
' - p(ti,...,t,) is a roled predicate atom.

e If m is a functional n-ary method symbol with signature 7 x 71 X --- x 7, = 7/ and
' contains the typings of all the variables in t,¢;, and ¢, and I'  t:0,T" | #;:0; (1 <
i < n), and T t t":0’ are terms, where ¢ < 05 < 7, 0; < 7, and o' < 7/, then
[ tiogmQty,... t, — t'] is a roled functional method atom.

e If m is a multi-valued n-ary method symbol with signature 7 x 7y X -+ - x 7,=$7" and T
contains the typings of all the variables in ¢,¢;, and ¢/, and I'  t:0,1" - t;:0; (1 <
i < n), and T - t":0’ are terms where 0 < o, < 7,0, < 7, and ¢’ < 7 then
I' - tiog[m@ty, ..., t,—»t'] is a roled multi-valued method atom.

The atom {t:o,...} - t[m@Qty,...,t, — t'] (respectively, {t:0,...} F t[mQty,... t,—»t])
is a shorthand for {t:o,...} - tuo[m@ty,...,t, — t'] (respectively, {t:o,...} F t::o[m@ty,
..., t,=»t']). The type of atom {t:o,...} F tur[m@Qty, ..., t, — t'] (respectively, {t:0,...} F
tur[m@ty, ... t,—»t']) is 7.

The word super can be used to refer to the direct supertype of the type of an object.
Let D be a set of declarations. The atom T' - t:isuper[m@ty, ... t, — t'] (respectively,
[ tusuper[m@ty, ..., t,—»t']) with respect to D is a shorthand for I' - tur[m@ty, ... ¢,
— t'] (respectively, I' - t::7[m@Qty, ..., t,—»t']) with respect to D where I' - t:0 is a term
and o < T € D.

Example 6.2.6 Consider the program in Example 6.2.4. With the keyword super it can be
written more clearly as:

{z:person, y:year, z:string} + z[legal namesQy—»z| + z[last_ nameQy — z]

{z:female, y:year, z:string} + z[legal namesQy—»z] + z[maiden_name — z]

{z:female, y:year, z:string} + z[legal namesQy—»z]
zsuper([legal_namesQy—»z|

{zwriter, y:year, z:string} + z[legal namesQy—»z| + z[pen_nameQy — z]

{z:writer, y:year, z:string} + z[legal namesQy—»z] +
z:super([legal_namesQy—»z|

mary[last_name@1992 — jones; maiden_name — smith]. O



CHAPTER 6 : EXTENSIONS 96

Definition Given a variable typing I, roled atoms I' - A, ' + By,...,' - B,, ' - A «
By A---AB, is a roled clause. The roled atom I' + A is the head of the clause and I' - By A
-+ A By, is the body.

The definition for roled goal follows from this.

Definition A roled goal is a roled clause of the form I' v <« By A---A B,, that is, a roled
clause with an empty head. If I' is empty we write < By A ---A B,,.

Definition A roled program with respect to a set of declarations D is a finite set of roled
clauses with respect to the set of declarations, D.

Roled substitutions are like substitutions described in Section 3.3. The ground atom
tfm@Qty, ..., t, — t'] (respectively, t{m@ty,...,t,—»t']), where I' - t:0 is a term, is a short-
hand for t::0[m@ty, ..., t, — t'] (respectively, t::0[m@ty, ..., t,—»t']). More importantly, the
atoms in an interpretation are now all ground roled atoms. Throughout the remainder of this
section we will indicate whether we are referring to roled interpretations or interpretations if
it is not obvious from the context.

We now define a class of roled programs which have a natural meaning. The defini-
tions differ from those in Section 3.4 because we are now dealing with roled atoms. There
is a small extension to the definition of i-stratified programs. In the following definition
we refer to the unroled equivalent of a ground roled atom. The unroled equivalent of a
roled method atom I' - t::0,[m@ty, ... t, — t'] (respectively, I' | tios[m@Qty, ..., t,—»t])
is T F t{mQty,... t, = t'] (respectively, ' - t[m@ty,...,t,—»t']). The unroled equivalent of
a roled predicate atom is itself. For example, the unroled equivalent of failure::sf[problem —
“system failure”] is failure[problem — “system failure”].

Definition A roled program P with respect to a set of declarations D is inheritance-stratified
(or i-stratified) if there exists a mapping u from the set of unroled equivalents of ground roled
atoms to the set of non-negative integers such that, for every ground instance C8 of every
clause C' in P,

o u(B*) < p(A*), where B is an atom in the body of the clause instance C'f, A is the
head of the clause instance C'@, B* is the unroled equivalent of B, and A* is the unroled
equivalent of A,

o 1(B*) < p(A*) for every ground instance C’#’ that possibly overrides C'6, where B’ is
a roled atom in the body of C'¢’, A is the head of the clause instance C8, A # B', B*
is the unroled equivalent of B’, and A* is the unroled equivalent of A,

o (A*) < p(A*) for every ground instance C’'6#’ that possibly overrides C'#, where A’ is
the head of C'#’, A is the head of C'#, A* is the unroled equivalent of A, and A** is the

unroled equivalent of A’.

This definition differs from the definition of i-stratified programs given in Section 3.4 where
a ground instance possibly overrides another ground instance. Informally, programs in which
a value of a method depends on the inherited value of the same method have no natural
meaning. However, programs in which a value of a method depends on the value of the same
method applied to the same object where the type is explicitly stated does have a natural
meaning. Throughout the remainder of this section, we will indicate whether we are referring
to the definition of i-stratified programs in this section or that given in Section 3.2 if it is not
obvious from the context.
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Example 6.2.7 Consider the program P and the set of declarations D in Example 3.4.2.
The new definition for programs with roled atoms requires:

p(fatlure[problem — “system failure”]) <
p(fatlure[problem — “cooling system failure”])
p(fatlure[problem — “cooling system failure”]) <
p(fatlure[problem — “system failure”])
p(fatlure[problem — “system failure”]) <
p(failure[problem — “system failure”])
which is unsatisfiable. As expected, using the new definition for programs with roled atoms,
P with respect to D is not i-stratified.
Now, consider the program P’ with respect to D:
{z:sf} + z[problem — “system failure”]
{z:csf} b z[problem — “cooling system failure”] +
zusf[problem — “system failure”].

Then [P']p is:

{failure:sf} - failure[problem — “system failure”]

I~ N
[er BN
[N

~—

{failure:csf} + failure[problem — “cooling system failure”]
failure::s f[problem — “system failure”]

The i-stratification for programs with roled atoms of [P']p requires:

p(fatlure[problem — “system failure”]) <
p(fatlure[problem — “cooling system failure”])

p(fatlure[problem — “cooling system failure”]) <
p(failure[problem — “system failure”]),

which is satisfiable. Hence P’ with respect to D is i-stratified using the new definition for
programs with roled atoms. O

We now describe what an unambiguous program is. This definition is similar to that in
Section 3.4 except there is now a tuple for every method atom in the body of a clause defining
each method.

Definition Let P be a program with respect to a set of declarations D. For each type
o in D, let R(o) be {< m_,n,7,m.,n’,7" >| for each method atom m.. of arity n’ of
type 7' in the body of every clause that defines functional method m_, of arity n on type 7,
o <; 7,and m., = _, n’ = _, and 7/ = _ if there are no method atoms in the body of the
definition } U{< m—y,n, 7, m..,n’, 7" >| for each method atom m., of arity n’ of type 7’ in
the body of every clause that defines multi-valued method m—_s of arity » on type 7, ¢ <; T,
and m.. = _, n’ = _ and 7’/ = _if there are no method atoms in the body of the definition}.
Program P is unambiguous with respect to multiple inheritance if and only if for every type
oin D, if < m,n,m,my ., 0,7 > € R(0) (respectively, < m—y,n, 7, my ., 0}, 7] > €
R(0)) and < m_y,n, Ty, mg ., nh, Ty > € R(0) (respectively, < m—y,n, 1y, mg ., nh, 75 > €
R(0)), where 1y # 73, then either 7 <; 7 or 72 <; 71, or if 7y £; 72 and 73 £; 71 then there
is a tuple < m_,,n,0,m_,n, 7 > (respectively, < m—y,n,0, m—y,n, 7 >) such that ¢ <; 7
and there is a tuple < m_,, n, 7, m..,n', 7" >€ R(o) (respectively, < m—y,n,7,m..,n’, 7" >€

R(o)).
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Example 6.2.8 Consider the declarations and program given in Example 3.4.4. Based on
the new definition of unambiguous, R(tf) = {< problem,0,cf,_, -, >, < problem,0, fsf,_,
_,—>}. In the type lattice ¢f £; fsf and fsf £ cf. As expected this program is ambiguous.

Now consider the following program with respect to the declarations given in Exam-
ple 3.4.4.

{z:cf} + z[problem — “call supervisor”]
{z:fsf} + z[problem — “check history”]
{z:tf,y:string} - z[problem — y] + z::cflproblem — y]

Based on the above definition, R(tf) = {< problem,0,cf,_, _,_ >, < problem,0, fsf,_, - >
, < problem,0,tf, problem,0,cf >}. Now, in the type lattice c¢f &£; fsf and fsf &£;
cf but there is the tuple < problem,0,tf, problem,0,cf > such that tf <; c¢f and <
problem,0,cf,_,_,_ >€ R(tf). As the condition also holds for the other types in D, this
program is unambiguous. O

The definitions of “restricted” and “well-defined” now follow from Section 3.4, using the
new definition of unambiguous. Similarly the definition of “simple” uses the definitions of
“unambiguous” and “well-defined” given in this section.

Definition A program P with respect to a set of declarations D is r-simple if the following
two conditions hold:

e P with respect to D is i-stratified, and
e P with respect to D is well-defined.

The interpretation assigns a truth value to every ground instance of a clause in a program.
We first describe the assignment of a truth value to an atom.

Definition Let [ be an interpretation, A a roled atom, and 7 a term assignment (with
respect to I'). Then A is given a truth value in I (with respect to 7 and I') as follows:

o If Ais I' F p(t1,...,tn), and },..., ¢, are the term assignments of ¢y,...,¢, (with

"1 vn

respect to 7 and T'), then A is true in I (with respect to 7 and T') if p(#],...,t,) € I.

o If Aistuo[m@Qty, ... ty — t,],and t',t],... 1}, ¢, arethe term assignments of ¢, ¢y,..., ¢, ¢,
(with respect to 7 and I'), then A is true in I (with respect to 7 and ') if t'::7[m@t}, ..., ¢}, —
t7] € I, where o0 < 7, and there is no atom t'::¢'[m@t},..., ¢, — t!'] € I such that

t £t and o <o’ < T.

o If Ais tuo[m@ty,... ty—»t,] and t/,t],... 1}, 1, are the term assignments of ¢,¢;,...,
tr,t, (with respect to 7 and I'), then A is true in [ (with respect to 7 and I') if
t'er[m@ty, ... t,—»tl] € I, where ¢ < 7, and there is no atom t'::¢'[m@t}, ...t} —

t”] € I such that ¢ #¢ and ¢ <o’ < 7.

That is, a ground method atom is now true in an interpretation if it is in the interpretation
or the atom in the interpretation for that object and arguments with the next greatest type
has the same value.

Example 6.2.9 Suppose c¢f < csf, csf < sf and I = {failure:cftreatment — “lower
temperature”], failure::sf[treatment — “tell supervisor”]}.

The ground atom failure::cftreatment — “tell supervisor”] is not true in I. Whereas the
ground instance failure::csf[treatment — “tell supervisor”] is true in 1. O



CHAPTER 6 : EXTENSIONS 99

A ground instance of a clause is given a truth value in I (with respect to 7 and I') in the
normal way.
We now define the “model” and “preferred model” of a roled program.

Definition Let P be a roled program and I an interpretation. We say that I is a roled model
of P if, for every ground clause C' € [P], C is true in I.

Because the type of the object is specified for each atom it is not necessary to consider
overriding in the definition of “roled model”. It is considered in the definition of truth value.

Definition A roled method atom t:7[m@Qty,...,tpy — t,] (respectively, t::7[m@Qty,... ¢t
—» t,]) in an interpretation [ is minimal if there is no other atom t::o[m@ty, ... tp — t!]
(respectively, t::o[m@ty,... ,tx—»t]] in I such that ¢ < 7. Every predicate atom in an
interpretation is minimal.

Example 6.2.10 Assume a set of declarations D including failure:cf, cf < csf and esf <
sf. Consider the program P with respect to D:

{z:sf} + z[treatment — “tell supervisor”]
{z:cf} F z[treatment — “lower temperature”]

The two interpretations
Iy = {failure:cfltreatment — “lower temperature”],
failure:sf[treatment — “tell supervisor”]} and
I, = {failure:csf[treatment — “lower temperature”],
failure::sf[treatment — “tell supervisor”]} are models of P.
In model Iy, failure:cf[treatment — “lower temperature”] is a minimal atom. In model
Iy, failure:csf[treatment — “lower temperature”] is a minimal atom. These atoms are the
only minimal atoms in I; and I3 (respectively). O

The goal of the following preference relation is to give priority to minimal atoms.

Definition Suppose that M and N are two distinct models of a roled program P with
respect to a set of declarations D. Then N is r-preferable to M (N < M) if, for every
atom A in N — M, there is an atom B in M such that A = t::o[m@Qty, ..., tp — t,] (re-
spectively, A = tio[mQty, ..., ty—»t,]), B = tur[mQty, ...ty — t,] (respectively, B =
tur[mQty, ... tp—»t,]), and ¢ < 7. We write N < M if N < M or N = M. We say model
N is an r-preferred model of P if there are no models of P r-preferable to V.

Example 6.2.11 Consider program P with respect to the declarations D of Example 6.2.10
that has two models. Because failure::cf[treatment — “lower temperature”] € Iy — I and
failure:csftreatment — “lower temperature”] € I3, and this condition does not hold for
any atoms in Iy — Iy, model I; is r-preferable to I5. O

Lemma 6.2.1 Let D be a set of declarations, and P with respect to D be an r-simple program.
Then P with respect to D has exactly one r-preferred model, which we denote Mp. For every
model M, we have Mp < M.

Proof Let {M;} be the set of models of P with respect to D. The preferred model must
be a set with the smallest cardinality. Then the sets with smallest cardinality, {S;} C {M;}.
Let I = n{M;} which is unique, and R ={a | a € C — N{M;},C € {S;}, @ is minimal in
{M;}} which is also unique. The preferred model Mp = I U R thus P with respect to D has
exactly one preferred model.
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Consider a model M € {M;} such that M < Mp. Then there is an atom A € M — Mp
and there is an atom B € Mp such that A = tuo[m@ty,... tx — t,] (respectively, A =
tuomQty, ... ty—»t,]), B =tur[mQty, ...t — t,] (respectively, B = tur[mQty, ..., tp—»t,]),
and o < 7. This is a contradiction, so for every model M, we have Mp < M. O

We now show that roled programs are a generalization of Gulog programs (without nega-
tion). Using the shorthands described previously in this chapter, any simple positive Gulog
program can be written as a roled program, and any positive Gulog atom can be written as
a roled atom.

Theorem 6.2.1 Let D be a set of declarations, and P with respect to D be a simple positive
Gulog program. Let Mp be the (unique) preferred model of P with respect to D, Mp the
(unique) r-preferred model of P with respect to D. Then

e every ground atom A in Mp is true in Mp, and

e every minimal atom A" € M} has an unroled equivalent A € Mp.

Proof Suppose A + B is a ground instance of a clause in [P]p. As A is true in Mp,
B is true in Mp, and A < B is not overridden by another clause in [P]p. As Mp is the
r-preferred model of P, and A + B is not overridden by another clause in [P]p then A + B
is true in Mp. If A were not true in Mp, then B would not be true in Mp. If B is true in
Mp but not true in Mp, then there is a contradiction. Hence, A is true in Mp.

Now we want to show that every minimal atom A’ € M} has an unroled equivalent
A such that A € Mp. Suppose there is a ground clause A < B in [P]p where A is
{tio ...} + t[mQty, ...ty — t,] (vrespectively, A is {t:o} - t[m@Qty,...t,—»t,]). Then A’ =
to[mQty, ...ty — t,] (respectively, A’ = t::o[m@Qty,...t;—»t,]). As A’ € M} and because
it is a minimal atom, there is no clause in [P]p that overrides A’ + B so A € Mp. Obviously
this result holds where A’ is a roled predicate atom. O

We now give a translation from roled programs to Datalog, thus providing an evaluation
procedure for roled goals with respect to roled programs. This translation is different from
that given in Chapter 5. It is necessary to include type information in atoms that represent
method atoms.

An object declaration a:7 is translated to an atom $type(a, 7). A type hierarchy decla-
ration o < 7 is translated to $sub(o, 7). There are clauses included in the translation that
represent the transitive closure of the type lattice

$subt(z,y) « $sub(z,y).
(

$sub™ (z,y) « $sub(z, 2) A $sub™ (2, y).

$sub*(z,z) + Stype(y, z).

$sub*(z,y) + $sub™(z,y).
A variable typing I' = {zq:04,...,2,:0,} is translated to a conjunction of atoms IV =
Stype(z1,y1) A $sub™(y1,01) A -+ A Stype(zn, yn) A $sub*(y,, 0,). A predicate atom is left
unchanged in the translation. A functional method atom ¢::0[m@t,, ... ¢, — ¢'] is translated
to $m(o,t,t1, ..., t,,t"). A multi-valued method atom t::0[m@Qty, ... t,—»t'] is translated to

$$m(o,t,t1,...,tn,t"). Aclause I' - A < B where A is a roled predicate atom is translated
to A" < I A B" where A’ is the translation of A, I' is the translation of I" and B’ is the
translation of B.
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For any set of clauses that define a functional method m of arity &

{tpmpy ULy b= tp[m@ty oty — 1n,] < By

{tllTl} U Fl = tl[m@th, .. .,tkl — tnl] — B1
{t:c}UT + t(mQty,,... tg, — t,,] < B

where 0 < 7 < -+ < 7y, there are clauses in the translation
$m(o,t,t1,, . tr, tn,) B A S$type(t,y) A $sub*(y,o) AT’ (6.3)
appgm (0, tyt1,, otk ) < B A S$type(t, y) A $sub*(y, o) AT’ (6.4)
$m(T1, 1,81,y - v oy by By ) < By A Stype(tr, y) A $sub*(y, m) AT (6.5)
app$m(7-17 t17 t117 ey tkl) — Bi N $typ€(t1, y) N $S‘U’b*(y7 Tl) A F/1 (66)
$m(Tp, by t1y,s .o thystn,) < By A Stype(ty, y) A $sub™(y, ) AT, (6.7)
apPs (Tpy tpstiy, - ooy thy,, ) B;) A Stype(t,, y) A $sub™(y, ) A F; (6.8)

Sm(o,t,ty, ... bk, xn) & Sm(T1, 6,1, ..o te, T0) A Stype(t, y) A $Ssub*(y, o) A (6.9)
' A —appg,, (o,t,t1, ..., tk)

Sm(r, tt, .tk Tn) < Sm(Te, t tr, .o e, ) A Stype(t, y) A (6.10)
$sub*(y, 1) AT A =appg,, (o, t,t1, ... tk) A =appg, (T1,t,t1, ..., tk)

Sm(rp_1t,te, .. th, 2y) < Sm(Tp, bty .o g, 2,) A Stype(t, y) A (6.11)
$sub™(y, Tp—1) AT _y A —appg,n (0,8, t1, .o tk) A =appgy (T, ty b, oo tk) A s A
=aPPg, (Tp—1,t, t1, .. ., tg)

$m(z,t,t1, s th, ) & Sm(a,t, by, .. thy T0) A Stype(t, 2) A $sub™(z,0)  (6.12)

$m(z,t,ty, ... te, o) & Sm(7y, by, . oo b, ) A Stype(t, 2) A (6.13)
$sub™ (o, 2) A $sub™ (2, 1)

$m(z, b te, ..oyt 2y) & Sm(7p, b, oty ) A Stype(t, 2) A (6.14)
$sub™ (ry-1, 2) A $sub™(z,7,),

where B’ is the translation of B, By is the translation of By, B is the translation of B, I is
the translation of T', '] is the translation of 'y, F; is the translation of I',. The translation
of clauses with multi-valued methods in the head is similar. Notice that variables z, y and z
are bound to “types” rather than “objects” in the translation.

The translation of clauses with methods in the head is interesting. This is where inheri-
tance is considered in the translation. Clauses 6.3 to 6.8 give the value of the method when
applied to an object of the specified type, including subtypes. Clauses 6.9 to 6.11 deal with
overriding and clauses 6.12 to 6.14 incorporate inheritance. The value of a method for an
object of a type which is smaller than any which have the method defined on them, must
inherit from the smallest type on which the method is defined. The value of a method for an
object of a type between two types on which the method has been defined inherits from the
greater of the two types.

We illustrate the translation in the following example.
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Example 6.2.12 Assume a set of declarations D including failure:cf, csf < sf, and ¢f <
c¢sf. Consider the program P with respect to the declarations D:

{z:sf} + z[problem — “system failure”]
{z:cf} + z[problem — “over efficient condenser”] « z[condenser — low]
failure[condenser — low].

This is translated to the Datalog program P’:

Stype(failure, cf).

$sub(cf,csf).

$sub(esf,sf).

$sub (z,y) « $sub(z,y).

$subt (z,y) « $sub(z, z) A $sub™ (z,y).

$sub*(z, z) « Stype(y, z).

$sub*(z,y) « $subt(z,y).

$problem(sf, x, “system failure”) « $type(z, y) A $sub*(y, sf).

APP$problem (Sf7 ‘r) — $typ6($, y) A $sub® (y7 Sf)

$problem(cf, z, “over efficient condenser”) < $type(z, y) A $sub*(y, cf)A
$condenser(cf, z,low).

appsprobiem (¢ f, )  Stype(z,y) A $sub™(y, cf) A $condenser(cf, z, low).

$problem(cf,z,y) « $problem(sf,z,y) A $type(z,y) A $sub*(y, cf)A
TAPP$problem (Cf7 .Z‘)

$condenser(cf, failure, low) « $type(failure, y) A $sub*(y, cf).

APPgcondenser (Cf7 failure) « $type(failure, y) A $sub® (y7 Cf)

$problem(z,z,y) < $problem(sf,z,y) A $type(z, z) A $sub™ (cf, 2) A $sub™ (2, sf).

$problem(z, z,y) « $problem(cf, z,y) A $type(z, 2) A $sub™(z, cf).

$condenser(z, failure,y) + $condenser(cf, failure,y) A Stype(failure, z)A
$sub™ (z,cf). O

We now describe a translation from an interpretation of a roled program to an interpreta-
tion of a Datalog program. Given an interpretation I of a roled program P (with respect to
a set of declarations D) the translation I’ of I (with respect to P) is constructed as follows.
Each predicate or method atom in [ is translated to a predicate or method atom as given
above. For any set of atoms which are translations of method atoms for functional method
m of arity k {$m(ri,t,ty, ... tr,tr), Sm(ro b, by, otk try), o STyt oo Eg, E2)) ) D
I' such that there are no atoms $m(oy,t,ty, ... tg,ts,) in I', where 1 < i < p+ 1 and
01 < T <0< Ty < <0, <T < Opy1, there is an atom $m(o;,t,t1,. .., g, t5) included
in I' for every t:0; in D, 1 < i1 < p. The same kind of translation applies for sets of atoms
which are translations of method atoms for multi-valued method m of arity k. For every
declaration o:7 in D there is an atom $type(o, 7) included in I’. For every declaration 7 < o
in D there is an atom $sub(7, o) in I'. The transitive closure of $sub is described by $sub*
and $subt in I'. The applied clauses are described by app-predicates in I'.

Example 6.2.13 Consider program P and the set of declarations D given in Example 6.2.12.
An interpretation of P with respect to D is I = { failure::sf[problem — “system failure”],
failure:cfproblem — “over efficient condenser”], failure::cf[condenser — low]}.

The translation of these atoms gives I; = {$problem(sf, failure, “system failure”),
$problem(cf, failure, “over efficient condenser”), $condenser(cf, failure,low)}. Considering
the types between cf and sf gives I, = {$problem(csf, failure, “system failure”)}. Consider-
ing the declarations gives Ip = {$type(failure,cf), $sub(csf,sf), $sub(cf,csf), $sub*(csf, sf),
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$sub*(cf,csf), $sub*(cf,sf)}. Finally, considering the clauses which are applied gives I4 =

{app$problem(cf7 failure), app$problem(8f7 failure)7 APPgcondenser (Cf7 failure)}'
Then I’, the translation of I with respect to D, is ; U, UIp UI4. O

We now prove the correctness of this translation.

Lemma 6.2.2 Let D be a set of declarations, P with respect to D be a positive i-stratified
roled program and P’ be the Datalog translation of P with respect to D. Then P’ is locally
stratified.

Proof The program P with respect to D contains no negation. Negation is added in
the translation only through the app-predicates. So the resulting program, P’, is locally
stratified. O

The following lemma is used in the proof of proposition 6.2.1.

Lemma 6.2.3 Let D be a set of declarations, P with respect to D be a positive i-stratified
roled program and M the r-preferred model of P with respect to D. Let P' be the translation
of P with respect to D and M' the translation of M (with respect to P and D). Then M’ is
the least model of P'.

Proof We are required to show that every ground instance of a clause in P’ is true in M’
and that M’ is the least model of P’.

Each type clause in P’ is a translation with respect to D and each type atom in M’ is
a translation with respect to D. Let C’# be a ground instance of a type clause in P’. Then
M' = C'.

Suppose that C = I' - A « B is a clause in P with respect to D that contains only
predicate atoms. Then there is a clause C' = A + I A B in P’ where I" is the translation of
I'. Because M is a model of P with respect to D, C# is true in M for all ground instances
C8 of C. As every predicate atom in M is included in M', M' = C"8 for every 6 for which
C# is true in M. We next consider substitutions 8’ that do not satisfy I', M’ = C"6’ because
6" is false in M’.

Suppose C' = T' | tur[m@Qty,...,t, — t,] < B is a clause in P with respect to D.
There is a clause C” = $m(r,t,t1, ..., t,,t,) « type(t,y) A $sub*(y,7) A I" A B" where
[ is the translation of I' and B’ is a translation of B with respect to D. Every atom
tur[m@ty, ..., t, — t,]0 in M is translated to an atom m(r,t,t1,...,t,,t,)0 in M’, so for
every C'@ which is true in M, M' = C'8 and M’ = C"6. We now consider substitutions to
atoms in P’ that would cause type inconsistencies in P. For substitutions ¢’ which do not
satisfy I', M' |= C"0" and M’ |= C"#' because "¢’ is false in M’. If C'is a clause in a set of
clauses in P:

{tp:Tp} U Fp = tp[m@tlp, ey tkp — tnp] — Bp

{tim} Ul F ta[mQty oty =t ] < By
{7} UT & t[m@ty ..ty = 1,,] & B,

where 7 < 7 < -+» < 1,. Then there is a clause C' = $m(z,t,t1, ..., tg, z,)  $m(7, ¢, 11,
ooy iy ) AStype(t, 2) A$sub*(z,7) in P’. In the translation from M to M’ there is an atom
included for every o:0 in D, where ¢ < 7. Thus for any  which satisfies I', M' = C'f. For
substitutions 6" which do not satisfy I', M |= C'¢' and M = C"6' because [# is false in M.

This also follows where C' is a clause in {t;:m} U 'y F t1[mQty,, ...t — tn,] <
By, . Aty UL, | tp[m@ty .oty — t,] < By,
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This also applies where the head of C' is a multi-valued method atom.

As M is the r-preferred model, there are no unsupported atoms and the most specific
atoms are part of the model. Therefore there can be no unsupported facts in the translation
and the values of methods apply to the correct types so M’ is a least model of P’. O

The following proposition shows that standard query evaluation can be used to compute
answers for roled queries on roled programs after they have been rewritten and the expected
answer is computed.

Proposition 6.2.1 Let D be a set of declarations, P with respect to D be a positive i-stratified
roled program and Q) an atomic query I' - < A. Let P’ be the translation of P with respect to
D and Q' be the translation of Q@ with respect to D. If 8 is a computed answer for P'U{Q'},
then 8 is a correct answer for PU{Q}.

Proof The query @ with respect to D is translated to the query Q' =« I'" A A’, where
[ is the translation of I' and A’ is the translation of A with respect to D. Let M be the
preferred model of P with respect to D. Then, the translation M’ of M with respect to D
is the least model of P’ (by Lemma 6.2.3). If 6 is a computed answer for P’ U {Q’} then
M= (I"A A8 and so (I' - A)f is true in M. O

6.3 Aggregate and arithmetic operators

Aggregate operators [33] and arithmetic operators [104] have been added to logic program-
ming and deductive databases in order to make the language more expressive. Harel discusses
recursive languages, which are a generalization of languages with arithmetic [51]. In this sec-
tion we describe how arithmetic and aggregate operators can be included in Gulog. Again
we consider only positive programs.

Aggregate atoms and arithmetic operators are allowed in the body of a clause. We
illustrate the use of an aggregate atom in the following example.

Example 6.3.1 Clause 6.15 counts the number of failures that are recorded for each reactor
and stores the reactor identifier and count in a relation failure_count.

{z:reactor,y:date, z:sf, ciinteger} & failure_count(z,c) + (6.15)
group_by(z[failureQy—»z], [z], c = count)

The group_by atom groups the failure method on the object z to which it is applied and
counts the number of failures for each z. The aggregate operator count does not take an
argument as it is the count of the number of failures for each z. O

Arithmetic operators are modeled as predicate atoms. There are built-in predicates for
equality, arithmetic comparisons, and arithmetic operators that operate on integers. Ag-
gregate operators are sum, count, maz, min, and average. An aggregate atom is defined
as follows: I' - groupby(A,[z1,...,z,],y = f(z1,...,2p,21,...,2,)) is an aggregate atom

where A is an atom involving variables (z1,...,%n,21,...,2m), 21,..., 2, are the group_by
variables, f is an aggregate operator, (z1,...,%p, 21,...,2,) is a list of terms involving only
some subset of the variables (z1,...,2,,21,...,2,). The list may be empty. The variables
21, ..., 2y, may not appear outside the aggregate atom. A ground instance of an aggregate
atom consists of replacing the variables zy,...,2,,y by ground terms z,,,...,2,,,%. The

variables zq,..., 2, are not instantiated in such a ground instance.
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Definition Given a variable typing I', atom I' - A, and atoms, aggregate atoms or arith-
metic atoms I' - By,...,' - B,, ' F A « By A---A B, is an aggregate clause. Atom
I' v A is the head atom of the clause. AtomsI' + By, ..., ' + B, are the body atoms.

Definition An aggregate program with respect to a set of declarations D is a finite set of
aggregate clauses with respect to the set of declarations, D.

Example 6.3.2 Assume a set of declarations including r1:reactor.

The atom A = {y:integer,z:part} - groupby(rl[parts—»z],[],y = count) gives the cardi-
nality of the set of parts for reactor r1. The atom group_by(r1[parts—»z],[], 100 = count) is
a ground instance of A. Note that variable z is not instantiated in this ground instance of
A. O

Definition An aggregate program P with respect to a set of declarations D is inheritance-
stratified (or i-stratified) if there exists a mapping u from the set of ground atoms to the set
of non-negative integers such that, for every ground instance C#8 of every clause C' in P with
respect to D,

o u(A") < p(A), where A" is an atom or arithmetic atom in the body of the clause
instance ('8, and A is the head of the clause instance C#,

o u(B') < p(A) for every ground instance B’ of A’ where A’ is the atom in the ground
aggregation atom in (I' - group_by(A’,
[Z1,.. ., 2a),y0 = f(z1,...,2p,21,...,2,)))0 in the body of the ground clause C'# and
A is the head of the ground clause C'8,

e /i(B') < p(A) for every ground instance C'¢ that possibly overrides C'f, where B’ is
an atom or arithmetic atom in the body of C'¢’, or for every ground instance B’ of A’
where A’ is the atom in the ground aggregation atom in (I' - group_by(A’,

[Z1,. ., 20,90 = f(@1,...,2p, 21,...,2p)))0 in the body of C'#', and A is the head of
4,

e ;1(A") < p(A) for every ground instance C’¢ that possibly overrides C'6, where A’ is
the head of C’'#', and A is the head of C6.

The class of simple aggregate programs is a generalization of the class of simple Gulog
programs. It is necessary to extend the syntactic condition which ensures that functional
methods are single-valued to include arithmetic predicates. Such an extension involves the
definition of “finiteness dependency”. The following definition and example are from [100].

Definition A finiteness dependency on a predicate R is a pair S — j, where 7 and each
element of S are argument positions of R. A database B satisfies a finiteness dependency
S — j for a predicate R if, for every tuple ¢ in R, the set of tuples {s[j] | s € R and
s[S] = t[S]} is finite ( where ¢[S] is the projection of ¢ onto the positions in S.)

Example 6.3.3 The arithmetic relations = and + have the following finiteness dependencies.
= {1} —=2,{2} =1
+ {1,2} =5 3,{2,3} = 1,{3,1} = 2

Comparison relations do not have any finiteness dependencies. Each (finite) k-ary base
relation has k dependencies § — j,for 1 < 7 < k. O

Definition A variable z is restricted with respect to the terms {t,¢y,...,¢,} in the conjunc-
tion C'if
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e C contains a method atom #'[m’@Qt}, ...t} — z] and each variable in ', #{,...,#} either
occurs in t, t1,...,t, or is itself restricted with respect to {¢,#1,...,¢,} in the remainder
of C. For example, the variable z is restricted with respect to {a, z} in the conjunction
a[m'@Qz — y] A a[m”"Qy — z].

e C contains an arithmetic predicate p(t},...,t,), some ¢’ is 2, p has a finiteness de-

pendency S — j, and every variable in {t! | ¢ € S} is restricted with respect to
{t,t1,...,tn, 2z} in the remainder of C.

Definition An aggregate program P with respect to a set of declarations D is well-defined
if the following conditions hold:

e For each clause T' + t{m@ty,...,t, = t'] & C in P with respect to D, t’ is either an
object symbol or is a variable that is restricted with respect to {t,¢,...,¢,} in C.

e For each functional method m with signature 7 x 7y X --- x 7, — 7/, and for each type
o < 1, program P with respect to D does not contain two clauses

[ - t[mQty,... t, = s] < C
I - ¢[m@t,,...  t — 5] C

such that ' - t:0, I I t":0, and atoms ¢{[m@ty, ... t, — z] and t'[m@t},... ¢, — 2']
(where z and z’ are new variables) are unifiable. This together with the first condition
ensures that functional methods really are single-valued.

e P with respect to D is unambiguous with respect to multiple inheritance.

e For each clause I' - A« ---ABA---where B is an arithmetic atom, every variable t;
in B is restricted with respect to () in the remainder of B.

Example 6.3.4 Assume appropriate declarations. Consider the aggregate program:
{z:integer, y:integer} - p(z,y) —x4+y=>5

Because = and y are not restricted with respect to () in the remainder of this clause, this
program is not well-defined. O

Definition Let I be an interpretation, L be an atom, and 7 a term assignment (with respect
to I'). Then an atom, arithmetic atom or aggregate atom, A, is given a truth value in I (with
respect to 7 and I') as follows:

o If Ais I' F p(t1,...,tn), and ¢},..., ¢, are the term assignments of ¢y,...,¢, (with
respect to 7 and I'), then A is true in I (with respect to 7 and I') if p(#},...,t!) € I.

o If Ais I' - t[mQty,...,ty — t,], and t',#],... ¢}, ¢, are the term assignments of
t,t1, ..., tk, t, (with respect to 7 and I'), then A is true in I (with respect to 7 and I')
if m@t,, ...t >t ]el.

o If AisT' | t[mQty,...,ty—»s],and t', ¢}, ... 1}, s" are the term assignments of ¢, 11, .. .,
tr,s (with respect to 7 and I'), then A is true in I (with respect to 7 and T) if
t'ImQt], ... t—»s'] € I.

o If Ais I' - groupby(A'(t,t1,...,t.),[t],y = f(t,t1,...,t,)) and ¢/, ¢}, ... ¢! are the
term assignments of ¢,¢1,...,¢, (with respect to 7 and I'), then A is true in I (with
respect to 7 and T) if A'(¢',t],...,t) € I and f(S) is defined for the set S =
{8y, ..., t) | A ... th) € T} and y = f(9).
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Example 6.3.5 Suppose I = {rl[parts—»valve], rl1[parts—»heat_exchanger]}. Then the
following ground instance is true in I:

group_by(rlparts—»z],[],2 = count).
O

Definition Let P be a program with respect to a set of declarations D. We define an
aggregate priority relation <,, based on P between ground atoms with respect to D. We
write a < b to denote a <,, b or a = b. We define the relation <,, by the following rules, for
every ground instance C'f of a clause C in P with respect to D:

o A<,, A’ where Ais the head of C'f, and A’ is an atom or arithmetic atom in the body
of C,

o A <,, B for every ground instance C'#' of C' in P with respect to D, that possibly
overrides C'#, where A is the head of C'f and B’ is an atom or arithmetic atom in the

body of C'#',

e A <, A for every ground instance C'8" of C’ in P with respect to D, that possibly
overrides C'f, where A is the head of C8 and A’ is the head of C’#’, and

o A <,, A" where A is the head of C' and A’ is the ground instance of an atom in the
ground aggregation atom in the body of C.

It is obvious that this language is a generalization of Gulog. We now describe an evaluation
procedure for a query in this language by translating the program and query to Datalog.
An aggregate atom I' = groupby(A,[z1,...,2,],y = f(z1,...,2p,21,...,2)) is trans-
lated to T A groupby(A’,[z1,...,2,],y = f(z1,...,2p, 21,...,%,)) in the translation to
Datalog, where I is the translation of I' and A’ is the translation of A. The rest of the
translation follows that described in Chapter 5.
This conjecture and the following discussion describes a possible evaluation procedure.

Conjecture 6.3.1 Let P with respect to a set of declarations D be a simple aggregate program
and Q a query. There is a query evaluation procedure for P U{Q} that is sound with respect
to the semantics described in this section.

The translation above and the definitions in this section treat aggregate atoms in the same
way as negative literals are treated in the previous sections. In Lemma 6.1.1, we proved that
if a program P with respect to D is i-stratified then P with respect to D is m-stratified. In
Lemma 6.1.3, we proved that if P with respect to D is m-stratified then its translation P’ is
modularly stratified, and that the well-founded model of P’ is equivalent to the associated
model of P with respect to D. Ross proves, in [93], that any modularly stratified program
can be rewritten as a left-to-right modularly stratified program. Lastly, Ramakrishnan et al.
provide a procedure that evaluates programs with left-to-right modularly stratified negation
and aggregation in [92] that is sound with respect to well-founded semantics. We believe
that these steps provide an evaluation procedure for aggregate programs and queries which
are sound and complete with respect to the semantics described in this section. Proving this
belief is a subject for further research.

It is important to realize not only what can be expressed but also what cannot be expressed
in a language. We now discuss what can and cannot be expressed in Gulog with arithmetic
and aggregates. The addition of arithmetic and aggregates to Gulog allows queries that
involve counting to be expressed for a first time. With counting it is possible to express a
queries such as the one in the following example that determines if the size of a relation is
even or odd.
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Example 6.3.6 Let p(0) represent true and p(1) represent false. Consider a query that
returns true if the size of a relation ¢ is even and false otherwise. This is expressed in the
following clause:

{z:integer, y:integer, z:integer} - p(z) < groupby(q(2),[],y = count) Az = y mod 2.
O

Some queries cannot be expressed even with arithmetic and aggregates. Consider a query
whose input is a relation, r, which has n tuples, and whose output is the cross product of
r with itself, n times. As the width of the output relation depends on the data, it is not
possible to express such queries in Gulog with arithmetic and aggregates. We conjecture in
Gulog with arithmetic and aggregates it is possible to express all computable queries whose
answers have a fixed or known width.

6.4 Summary

In this chapter we described three extensions to Gulog. The first described a more general
class of program. This is similar to generalizing the class of locally stratified programs
to modularly stratified programs. We proved that the same relationships exist between i-
stratified and m-stratified programs as between locally stratified and modularly stratified
programs.

The second described how roled atoms can be included in clauses. Roles allow the model-
ing of monotonic inheritance as described in [65] and provide user-controlled inheritance [65].
User-controlled inheritance provides another mechanism for dealing with conflicts due to mul-
tiple inheritance. This mechanism allows the user to write programs that determine which
supertype to inherit from as described in Section 2.2.

In F-logic it is possible to model user-controlled inheritance and monotonic inheritance
without introducing roled atom because classes can be variables and method names can be
function symbols. Roles are analogous to the use of scope resolution operators in object-
oriented languages like Eiffel [82] and C++ [76].

The third extension described how aggregate and arithmetic atoms can be included in
the bodies of clauses. The result of adding these atoms to an object-oriented logic language
is a more expressive language.



Chapter 7

Conclusion and Future Directions

7.1 Conclusion

This thesis proposed a deductive object-oriented language, called Gulog, that captures ob-
jects, types, functional and multi-valued methods, predicates, inheritance and multiple inheri-
tance, overriding, deduction and negation. This language provides a mathematical foundation
for deductive object-oriented database systems, leading to a better understanding of how to
effectively apply and implement these concepts.

In Gulog, as in the relational data model, the data is separated from the schema. The
language is strongly typed, with signatures of the methods, attributes, predicates, the subtype
relation and the instance relation declared in the schema. There is a distinction between types
and objects, and between the subtype and the instance relationships. Overriding is dynamic.
Conflicts due to multiple inheritance are dealt with using the skeptical approach.

Chapter 1 provided the motivation for this work and Chapter 2 introduced concepts and
reviewed related work that has been referred to throughout the thesis.

Chapter 3 introduced the context in which the remaining work was done. First there
was an informal introduction to the logic language, Gulog. This was followed by a formal
introduction. The formal introduction included syntactic restrictions on the language that
are used later to define classes of programs with interesting properties. One of the restrictions
is i-stratification. I-stratification is similar to local stratification in logic programming, which
disallows programs with cycles due to recursion through negation. I-stratification disallows
programs with cycles in method definitions which are due to a combination of inheritance,
negation and deduction. The class of programs of interest are called simple programs. In
this class, functional methods are single-valued, there are no ambiguities caused by con-
flicts due to multiple inheritance, and the programs are i-stratified. Disallowing programs
with ambiguities caused by conflicts due to multiple inheritance is one approach to dealing
with multiple inheritance. We discussed two other approaches in Sections 6.2 and 7.3. Us-
ing the first approach, we specified a syntactic condition that disallows programs in which
such conflicts could occur while still allowing multiple inheritance. Then, the declarative or
model-theoretic semantics of the language, which captures the natural or intended meaning
of deductive object-oriented databases, is described. The definition of model differs from the
definition of model in logic programming. However, it becomes evident that our definition
has an interesting and useful theory associated with it. We proved that each simple Gulog
program has a unique intuitive model. Finally, we investigated the expressive power of Gulog,
proving that it is possible to model negation in a language without negation using inheritance
with overriding.

Chapter 4 proposed and examined a bottom-up query evaluation procedure, and top-down
query evaluation procedures with and without tabling. The bottom-up procedure is similar
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to the procedure that computes the standard model of stratified logic programs except it is
based on the possibility of overriding, as well as the presence of negation, and the immediate
consequence operator is a mapping between typed interpretations rather than interpretations.
We initially described a top-down procedure without tabling and showed that it was not
complete with respect to the declarative semantics. However, this procedure is important as
it forms the basis for the top-down procedure with tabling. The top-down procedure is based
on typed unification and a variant of SLDNF-resolution. Due to overriding, it is necessary
to compute all the possible answers for an atom, and apply only those which are minimal
(due to typing) to the rest of the query. With tabling, atom answers are stored in a table
when the minimal answers are computed and can be reused later in the procedure. This is
like QSQR/SLS except inheritance and overriding had to be considered in the definitions of
recursive atoms, predecessor and successor atoms. Each of the procedures is defined directly
on the queries and the programs. We proved that the bottom-up procedure and the top-
down procedures are sound, and the bottom-up procedure and the top-down procedure with
tabling are complete with respect to the declarative semantics described in Chapter 3.

Chapter 5 described a translation from Gulog to Datalog with negation. We proved that
any i-stratified Gulog program (which includes programs with negative literals in the body of
the clauses) is translated to a locally stratified Datalog program. This provides an alternative
query evaluation procedure to those presented in Chapter 4. It also provides the relationship
between a language for deductive object-oriented database systems and a well-understood
language for deductive database systems.

Chapter 6 proposed extensions to Gulog that made it more expressive. This is important
as it shows that it is possible to give a mathematical description of a wider range of object-
oriented and deductive features. The first extension described a syntactic restriction that
generalized the restriction in Chapter 3. In this description, we investigated m-stratified
programs and the class of m-simple programs. The class of m-simple programs is a larger
class than the class of simple programs, and includes the class of simple programs. We proved
that any m-stratified program can be translated to a modularly stratified logic program. The
translation provides a query evaluation procedure for m-simple programs.

The second extension allows inheritance to be altered in the program or database. This
is done by allowing the specification of the type of an atom in the body of a clause. We
called atoms that can have their type specified “roled atoms”. This extension provides an
alternative when dealing with conflicts due to multiple inheritance and a way to model mono-
tonic inheritance. This approach to conflicts due to multiple inheritance allows the user to
control which definition is inherited. Interpretations are now composed of roled atoms and
inheritance is dealt with in the definition of the truth value of an atom in an interpretation
rather than in the definition of model. We provided a translation to Datalog with negation
that requires type information in the translations of method atoms. This was not necessary
in the translation given in Chapter 5. Then, we proved that the translation is correct. It
provides an evaluation procedure for queries and programs in this extended language.

The third extension allows aggregate and arithmetic operators in the bodies of clauses.
With these operators it is possible to express all computable queries where answers have
a fixed or known width. We provided a query evaluation procedure by translating Gulog
programs with arithmetic and aggregate operators to modularly stratified programs with
arithmetic and aggregate operators.

We now have a better understanding of query languages for deductive object-oriented
databases, and have demonstrated that such systems can be based on a firm mathemati-
cal foundation, offering prospects of easier use, simpler development and greater reliability,
without affecting its applicability to a range of purposes.
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7.2 Comparison with related work

The combination of object-orientation and logic has been investigated for different reasons
using different approaches. The approaches can be categorized as follows:

e combining object-orientation with logic to build a programming language,

e studying object-oriented concepts in a mathematical framework, with the aim of for-
malizing the notion underlying object-oriented systems,

e studying object-oriented concepts in a mathematical framework, with the aim of build-
ing object-oriented databases or query languages.

Although there is an overlap between the combination of object-orientation and logic to
build a programming language and the combination of object-orientation and logic to build
a database and query language, the concerns in these areas are quite different. The main
concerns in the first area are software engineering issues, whereas, the main concerns in the
third area are database issues. Due to these different concerns, different choices have been
made in the languages in the areas.

In the second category, F-logic is the best developed logic with the aim of formalizing the
notion underlying object-oriented systems. There are many things that can be expressed in
F-logic that cannot be expressed in Gulog. They include:

e querying the schema,

e including object declaration and hierarchy declaration in the head of clauses in the
program,

e distinguishing between inheritable and non-inheritable properties, and
e using function symbols as constructors of objects and class ids.

However, it was demonstrated in [74] that F-logic is not easy to implement. So while F-logic
provides a general mathematical foundation for deductive object-oriented languages, Gulog
provides a tractable foundation by limiting the scope of the language and by introducing
strict typing.

The work described in this thesis fits best in the third category. In the design of many of
the logics in this category overriding was not considered at all, was considered only in part
of the description, or was added later. Overriding has been central in the design of Gulog
from the beginning. We believe that using this approach one gains a better understanding
of how overriding interacts with other features of the language. We also believe that dealing
with conflicts due to multiple inheritance is an important issue and its importance has been
played down in much of the related work.

Like us, Abiteboul investigated the issues in stages [1, 4, 6]. At each stage he altered the
syntax and semantics of his languages. Although our language was designed in stages, we
retained a uniform framework throughout the design.

The semantics of our language is first-order and the language is closely related to logic
programming so we can extend the results from that area. We kept the semantics as simple as
possible, thus as in logic programming, for a certain class of programs we can prove particular
results. We believe that our model is simpler than many of those discussed in Section 2.3
and therefore could be implemented more efficiently.
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7.3 Future directions

There are many possible extensions to Gulog. In this section we describe some of them.

In Section 2.2, we outlined another way of dealing with conflicts due to multiple inheri-
tance that we have not yet investigated. This method involves imposing a static ordering on
supertypes where there is no obvious ordering. In the schema it should be possible to specify
an ordering on classes for a particular method. This ordering is called a hierarchy list. A
method definition would then be inherited in the order specified in the hierarchy list. If the
hierarchy list is empty, the ordering given in the type hierarchy declarations is assumed. Pro-
viding static ordering would involve very few changes. There would be a default hierarchy,
and a method specific hierarchy would have priority over the default if specified.

We could also consider complex values in Gulog. Complex values are structured values
based on set and tuple constructors [20]. The example in [65] taken from [39] could be written
in Gulog as:
eiffelTower[name — “Eiffel Tower”; address — [city — paris; street —champDeMars]].

The complex value is [city — paris;street — champDeMars]. Practically it would be
preferable to allow a very general approach but this would lead to higher order semantics [4].
However, it has been suggested that complex values are usually accessed only through other
objects, as in the example above. In [65], Kifer et al. propose two approaches where a
complex value is represented by an object whose object identifier is unknown to the user. In
the first approach, the object identifier can depend on the position of the complex value. In
the second approach, the object identifier depends on the values of properties of the complex
value. The first approach could easily be adopted in Gulog. However, as the authors of [65]
point out, something else is required if complex values are allowed as set elements because
set elements do not have unique positions. The second approach could also be adopted in
Gulog. In F-logic, the object identifier is a function symbol with relevant arguments. Because
function symbols are not part of Gulog, the object identifier would be a function on those
arguments.

It would also be useful to be able to express parametric polymorphism in Gulog. Para-
metric polymorphism allows a procedure to have different types in different calls, which aids
code reuse. For example, there may be a procedure that counts the number of times each let-
ter occurs in a piece of text. To implement a procedure that counts the number of times each
word occurs in a piece of text, it should be possible to use the same procedure telling it that
we are now counting words rather than letters. In C++4, this is possible using inheritance
and virtual functions. There are two approaches to extending logic to include parametric
polymorphism. One approach is described by Kifer et al. in [65] proposed extending F-logic
using the Hilog approach. The Hilog approach described in [35] is a popular approach in logic
programming because although it has higher order syntax, it has first-order semantics. An-
other approach is described by Hill and Topor in [54] for a strongly typed language. In [54],
the authors define a typed first-order logic on which typed logic programs are based. Using
this approach types can be variables enabling parametric polymorphism. The authors have
defined declarative and procedural semantics for the typed first-order language they define.
Because Gulog is a typed language and the logic has first-order semantics, this approach could
be adopted in Gulog while retaining the underlying principles of Gulog. The issue of how
parametric polymorphism fits in with other object-oriented features needs to be explored.

We could also consider the consequences and implications of allowing type information in
the heads of clauses. This would allow the modeling of views [3, 64]. The following example
is taken from [7] and illustrates how virtual classes can be incorporated in our language.
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Example 7.3.1 Consider the set of declarations D:

poor_student < working_student
working_student[salary = integer; age = integer; socins = integer]
poor _student[registration_fees = integer;taxes = integer).

Now consider the following program with respect to the set of declarations D:

{z:working_student, y:integer, z:integer} + x[salary — y]
zlage —» z) ANy =20 X z
{z:working_student, y:integer, z:integer} + x[socins — y| +
z[salary — z] ANy =0.1x z
{z:working_student, s:integer} + x:poor_student «+ x[salary — s] A s < 200
{z:poor_student, y:integer, z:integer} F z[socins — y] +
z[salary — z] Ay =0.01 x z
{z:poor_student, y:integer, z:integer} + z[registration_fees — y]
zlage —» z) ANy =0.1 X z
{z:poor_student} - z[tazes — 0].

There is a clause with an object declaration in the head. The virtual class poor_student
groups some working_students based on the value of the method salary. Method socins is
redefined in the virtual class and other methods are introduced. O

The following example is taken from [7] and illustrates how virtual hierarchies can be incor-
porated in our language. In the example if the rent of the store is too high the big_items
are sold for a reduced amount. Under these circumstances big_item becomes a subtype of
cheap_item.

Example 7.3.2 Consider the set of declarations D:

item[price = integer]
r(item, integer)
s(item, integer)
rent(store_rent)
big_item < item
cheap_item < item.

Now consider the program with respect to the declarations D:

{z:item, y:integer} & z[price — y] + r(z,y)
{z:cheap_item, y:integer} F z[price = y] + s(z,y)
{z:store_rent} |- big_item < cheap_item < rent(z) A z > 2000.

There is a clause with an hierarchy declaration in the head. O

Including virtual classes and virtual hierarchies in Gulog would involve extensive changes to
the declarative semantics, and evaluation procedures.

Also, there is no concept of update or integrity constraint in Gulog. In [20], Beeri states
that he is not aware of any fully satisfactory integration of updates into a logical framework.
This obviously makes the addition of updates to Gulog a difficult task. Nevertheless, updates
in deductive object-oriented databases have been discussed in [10, 19, 22, 80]. Updates make
it possible to change connections between objects, insert objects into types or classes, create
an object and delete an object. These operations can require changes to the schema as
discussed below, and the creation of object identifiers. The creation of object identifiers has
been addressed in [3, 6, 66, 71]. Integrity constraints ensure that the database is consistent
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after a transaction. As in deductive databases, integrity constraints in deductive object-
oriented databases can be represented as clauses. However, the efficient checking of integrity
constraints in deductive object-oriented databases is an open research problem. Triggers
are an alternative approach to expressing integrity constraints [69]. Triggers are procedures
that are executed when a certain event occurs. Related to updates is the problem of view
updates [96]. Views are derived from a database using a clause as described above. In
relational database literature, the view update problem is discussed. That is, if a value in a
view object changes, this change should be propagated to the associated base object. This is a
problem in relational databases since it is unclear how to trace view updates back to updates
of base tuples. In Gulog, since objects have an identity independent of their associated values,
some of the problems no longer exist. Which problems are alleviated is an open question.

One of the features of object-oriented databases that is ignored in most deductive object-
oriented logics, but included in F-logic [65], is the ability to query and update the schema.
To include this facility in Gulog, it would be necessary to include the schema declarations
in the program (or database). That is, to treat the schema declarations the same way as
the data is treated. The resulting language could be a generalization of Gulog. Schema
updates obviously require more complicated consistency checking. Waller discusses these
issues in [108].

Much of the literature about database design for object-oriented database systems is
based on transforming conceptual models into an object model [53, 99]. Database design
in the relational model is based on a conceptual model and normalization. Normalizing
a schema reduces the possibility of update anomalies, and is based on dependencies in the
data. There has been very little work done in normalization in the area of the object-oriented
model. One reason could be that normalization is unnecessary. We do not believe this is
the case. In [109], Weddel shows that dependencies exist in the data in the object-oriented
model. Another reason may be the lack of a well-accepted mathematical foundation for the
object-oriented model. We propose that Gulog provides a context in which it is possible to
study normalization for the object-oriented model.

Further, in this thesis, we have proposed procedures and discussed their efficiency. How-
ever, an important question we have not considered is how to recognize simple programs
efficiently. The recognition of simple programs is clearly decidable because the language is
finite (that is, there are no function symbols) and the conditions for i-stratification and well-
definedness depend only on the finite set of ground instances of the program’s clauses. This
leaves the open problem of efficient recognition.

Finally, we propose building a prototype database system and associated design tools
based on Gulog. This implementation could be used to evaluate the efficiency of the basic
algorithms and data representation techniques and the extent to which Gulog assists in
achieving system reliability. It could then be applied to a range of simplified computer-aided
design and software engineering problems to study its applicability and performance.
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